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Cosmology of Galileons in Mimetic Gravity

Mimetic dark matter

The mimetic DM theory

▶ Define an effective metric gµν as

gµν = −∂αϕ∂βϕĝ
αβ ĝµν .

▶ The above metric is invariant under the conformal
transformation

ĝµν → Ω2(x)ĝµν .

▶ Any theory written in terms of gµν will be conformally
invariant (Mukhanov 2013)

▶ Consider the Einstein-Hilbert action

S =

∫
d4x

√
−gR(gµν) + Sm.
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Mimetic dark matter

Mimetic DM

▶ The metric field equation is

Gµν − Tµν + (R+ T )∂µϕ∂νϕ = 0.

▶ The scalar field equation is

∇µ

[
(R+ T )∂µϕ

]
= 0.

▶ From the first equation one can define an effective
energy-momentum tensor

T̄µν = −(R+ T )∂µϕ∂νϕ,
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Mimetic dark matter

Mimetic DM

▶ It represents dust with

ρ = −(R+ T ), uµ = ∂µϕ, p = 0

▶ One can easily prove that

gµν∂µϕ∂νϕ = −1 ⇒ uµu
µ = −1

▶ Also ∇µT̄
µν = 0. The effective energy-momentum tensor is

conserved.
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Mimetic dark matter

Generalizing Mimetic DM

▶ The geometric dark matter can also obtained from the action

S =

∫
d4x

√
−g

[
R+ λ(gµν∂µϕ∂νϕ+ 1) + Lm

]
.

▶ The Lagrange multiplier enforces that ∂µϕ is time-like.

▶ This breaks the Lorentz invariance dynamically; defining a
preferred direction.

▶ There is a shift symmetry on the scalar field: ϕ → ϕ+ const.

▶ The theory resembles the Horava-Lifshitz gravity.
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Mimetic dark matter

Generalizing Mimetic DM

▶ Dust can not produce a self-accelerated expanding universe.
▶ We want to generalize the Mimetic action such that:

▶ It can also explain the self-accelerated expanding universe.
▶ Preserve the shift symmetry on ϕ.

▶ One may add some higher derivative self interactions of ϕ.

▶ The best candidate is the Galileons.

▶ Galileons are scalar fields which has higher order
self-interactions in the action, but have at most second order
time derivatives in the equations of motion.
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Lorentz violating Galileons

The Model

▶ The action

S =

∫
d4x

√
−g

[
κ2R+ α3L3 + α4L4 + α5L5 + λ(ϕµϕ

µ + 1) + Lm

]
,

▶ where we have

L3 = (ϕαϕ
α)□ϕ,

L4 = (ϕαϕ
α)

[
2(□ϕ)2 − 2ϕµνϕ

µν − 1

2
(ϕµϕ

µ)R

]
,

L5 = (ϕαϕ
α)

[
(□ϕ)3 − 3(ϕµνϕ

µν)□ϕ+ 2ϕ ν
µ ϕ ρ

ν ϕ µ
ρ − 6ϕµϕ

µνGνρϕ
ρ

]
.

▶ Lm is the matter Lagrangian, and ϕµ ≡ ∇µϕ.

▶ Varying wrt λ gives

ϕµϕ
µ = −1,
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Lorentz violating Galileons

The Model

▶ The metric field equations is

κ2Gµν = Tµν + α3T
3
µν + α4T

4
µν + α5T

5
µν − λϕµϕν ,

▶ where

T
3
µν = −ϕµϕν□ϕ,

T
4
µν = −2ϕµν□ϕ + 2ϕµρϕ

ρ
ν +

(
(□ϕ)

2 − ϕρσϕ
ρσ)

(gµν − 2ϕµϕν)

− ϕµϕνR + 2ϕ
ρ
(Rρµϕν + Rρνϕµ) +

1

2
Gµν − 2ϕρR

ρσ
ϕσgµν + 2ϕ

ρ
ϕ
σ
Rµρνσ,

T
5
µν = −3

(
(□ϕ)

2 − ϕσλϕ
σλ)

ϕµν + □ϕ
(
6ϕµσϕ

σ
ν −

3

2
ϕµϕνR

)
+ 3ϕ

σ□ϕ
(
Rσµϕν + Rσνϕµ

)
+ 3□ϕϕ

σ
ϕ
λ
Rµσνλ − 6ϕµσϕ

σρ
ϕρν + 3ϕσλR

σλ
ϕµϕν − 3ϕσR

σλ(
ϕλµϕν + ϕλνϕµ

)
− 3ϕ

σ
ϕ
λρ(

Rµλσρϕν + Rνλσρϕµ
)
+ 3ϕ

σ
ϕ
λ(

Rµσλρϕ
ρ
ν + Rνσλρϕ

ρ
µ

)
+

(
(□ϕ)

3 − 3□ϕ(ϕρσϕ
ρσ

) + 2ϕρσϕ
σλ

ϕ
ρ

λ

)
(gµν − ϕµϕν)

+ 3ϕσϕλϕρκR
σρλκ

gµν + 3(ϕσR
σλ

ϕλ)(ϕµν − □ϕgµν).
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Lorentz violating Galileons

The Model

▶ The scalar field equation is

α3E3 + α4E4 + α5E5 − 2∇µ

(
λϕµ

)
= 0,

where we have defined

E3 = − 2(□ϕ)
2
+ 2Rµνϕ

µ
ϕ
ν

+ 2ϕµνϕ
µν

,

E4 = − 4(□ϕ)
3 − 8ϕµνϕ

νσ
ϕ

µ
σ + 12□ϕ(ϕµνϕ

µν
) − 2(□ϕ)R

+ 8(□ϕ)ϕµR
µν

ϕν + 4ϕµνR
µν − 8ϕµϕνϕσρR

µρνσ
,

E5 = − 2(□ϕ)
4
+ 3(□ϕ)

2
(
4ϕµνϕ

µν − R + 2ϕµR
µν

ϕν

)
− 16□ϕ(ϕµνϕ

νρ
ϕ

µ
ρ ) + 12(□ϕ)ϕµνR

µν

− 12(□ϕ)ϕµϕνϕρσR
µρνσ − 6(ϕµνϕ

µν
)(ϕρσϕ

ρσ
) + 12ϕµνϕ

νρ
ϕρσϕ

σµ
+ 3(ϕµνϕ

µν
)R

− 6(ϕµνϕ
µν

)(ϕρR
ρσ

ϕσ) − 12ϕνρR
ρσ

ϕ
ν

σ − 6ϕνρϕσλR
νσρλ

+ 12ϕµϕνϕρσϕ
σ
λR

µρνλ

+ 3(ϕνR
νρ

ϕρ)R − 6ϕνR
νρ

Rρσϕ
σ − 6ϕνϕρRσλR

νσρλ
+ 3ϕνϕρR

ν
σκλR

ρσκλ
.
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Lorentz violating Galileons

The Model

▶ One can easily see that

∇µTµν = −1

2
ϕν

[
α3E3 + α4E4 + α5E5 − 2∇µ(λϕ

µ)
]
.

▶ The energy momentum tensor is conserved, after using the
scalar field equation.
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Cosmological implications

Cosmological implications

▶ Assume
ds2 = −dt2 + a2(dx2 + dy2 + dz2).

▶ And a perfect fluid

Tµ
ν = diag

[
− ρ(t), p(t), p(t), p(t)

]
,

▶ The constraint equation gives

ϕ = t+ c1,

▶ The shift symmetry in ϕ can be used to set c1 = 0 without
loosing any generality.
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Cosmological implications

Cosmological implications

▶ The field equations are reduced to

3

2
(15α4 + 2κ2)H2 − 21α5H

3 − 3α3H − ρ+ λ = 0,

(3α4 + 2κ2 − 6α5H)Ḣ +
3

2
(3α4 + 2κ2)H2 − 6α5H

3 + p = 0,

and

6(15α5H
2 − 12α4H + α3)Ḣ + 90α5H

4 − 108α4H
3

+ 18α3H
2 − 2(3λH + λ̇) = 0.
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Cosmological implications

Cosmological implications

▶ Assume that p = ωρ.

▶ One can solve equations for ρ and λ with the result

λ = 3H(α3 − 6α4H + 5α5H
2) +

c2
a3

,

ρ =
3

2
H2

(
3α4 + 2κ2 − 4α5H

)
+

c2
a3

.

▶ And the scale factor can be obtained as

(2κ2 + 3α4 − 6α5H)Ḣ

+
3

2
(ω + 1)

(
2κ2 + 3α4 − 4α5H

)
H2 +

ωc2
a3

= 0.
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Cosmological implications

Cosmological implications

▶ Writing the evolution equation in terms of redshift

(1 + z)h(z) [1 +m− nh(z)]
dh

dz

=
3

2
(ω + 1)

[
1 +m− 2

3
nh(z)

]
h2(z) + ωs(1 + z)3.

▶ The energy density

r(z) =
3

2

[
1 +m− 2

3
nh(z)

]
h2(z) + s(1 + z)3.

▶ And the Lagrange multiplier

Λ (z) = 3h(z)

[
u− 2mh(z) +

5

6
nh2(z)

]
+ s (1 + z)3 .
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Cosmological implications

Cosmological implications

▶ We have made the definitions

α3 = 2κ2uH0, α4 =
2κ2

3
m, α5 =

κ2

3

n

H0
, c2 = 2κ2H2

0s,

n1 =
n

H0
, ρ(z) = 2κ2H2

0r(z), λ = 2κ2H2
0Λ, H(z) = H0h(z).

▶ The deceleration parameter can be obtain as

q(z) =
3

2
(ω + 1)

1 +m− (2/3)nh(z)

1 +m− nh(z)
+

ωs (1 + z)
3

h2(z) [1 +m− nh(z)]
−1.
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Cosmological implications

Dust dominated universe

▶ The evolution equation reads

(1 +m− n1H)Ḣ +
3

2

[
1 +m− 2

3
n1H

]
H2 = 0,

▶ Which admits a de Sitter expansion

H0 =
3(1 +m)

2n1
.

▶ The general solution is

3

2
(t− t0) =

1

H
+

n1

3(1 +m)
ln

H

3 + 2m− 2n1H
.
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Cosmological implications

Dust dominated universe

▶ For m = 0.002, s = 0.20, and n = 1.653 (solid curve), n = 1.663 (dotted curve), n = 1.673 (short

dashed curve), n = 1.683 (dashed curve), and n = 1.693, respectively.

▶ The Hubble parameter

0.0 0.5 1.0 1.5 2.0

1.0

1.2

1.4

1.6

1.8

z

h
H

z
L



.....
.
....

.
....

.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....

.
....

.
.....

.
....

.
....

.

Cosmology of Galileons in Mimetic Gravity

Cosmological implications

Dust dominated universe

▶ The deceleration parameter
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Cosmological implications

Dust dominated universe

▶ The energy density
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Cosmological implications

A Matter-scalar coupling

▶ Assume that the ordinary matter and the scalar field couple
through a term α6ϕT , with T is the trace of
energy-momentum tensor.

▶ This will add α6T to the scalar field equation and

α6

(
ϕTµν +

1

2
(T − 2Lm)ϕgµν + 2ϕgαβ

∂2Lm

∂gµνgαβ

)
to the metric equation.

▶ For dust particles, the last term vanishes.
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Cosmological implications

A Matter-scalar coupling

▶ The energy momentum tensor is no longer conserved

∇µTµν =
α6

1 + α6ϕ

[
ϕµ(gµνLm − Tµν)

+ ϕ∇ν(Lm − 1

2
T )− 2∇µ(ϕBµν)

]
,

with Bµν = gαβ ∂2Lm

∂gµν∂gαβ .

▶ A test particle will move in a non-geodesic path

d2xλ

ds2
+ Γλ

ρσ

dxρ

ds

dxσ

ds
= −hνλ

ρ

α6

1 + α6ϕ

[
1

2
ϕ∇νρ+ ρϕν

]
.
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Cosmological implications

Cosmological implications

▶ Define

α3 =
2κ2

3
H0η, α4 =

2κ2

15
σ, α5 =

2κ2

21H0
θ, H = H0h,

ρ = 2κ2H2
0r, p = 2κ2H2

0P , λ = 2κ2H2
0Λ, α6 = H0∆, t =

τ

H0
,

▶ Field equations become

3

2
(1 + σ)h

2
(τ) − θh

3
(τ) − ηh(τ) − r(τ) + Λ(τ) +

∆

2
[3P (τ) − r(τ)] τ = 0,

[
1 +

σ

5
−

2

7
θh(τ)

]
dh(τ)

dτ
+

3

2

(
1 +

σ

5

)
h
2
(τ) −

2

7
θh

3
(τ) + P +

∆

2
[5P (τ) + r(τ)] τ = 0,

6

[
5

7
θh

2
(τ) −

4

5
σh(τ) +

η

3

]
dh(τ)

dτ
+

30

7
θh

4
(τ) −

36

5
σh

3
(τ)

+ 6ηh
2
(τ) − 2

[
3Λ(τ)h(τ) +

dΛ(τ)

dτ

]
− ∆ [3P (τ) − r(τ)] = 0.
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Cosmological implications

Dust dominated universe

▶ For ∆ = −0.75 (solid curve), ∆ = −0.65, (dotted curve), ∆ = −0.55 (short dashed curve),

∆ = −0.45 (dashed curve), and ∆ = −0.35 (long dashed curve), respectively.

▶ The Hubble parameter
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Cosmological implications

Dust dominated universe

▶ The deceleration parameter
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Cosmological implications

Dust dominated universe

▶ The energy density
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Cosmological implications

Dust dominated universe

▶ The Lagrange multiplier
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