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PHYSICAL CONTSTANTS 

 

Speed of light � = 2.998 × 108 m/s 

Electron charge � = 1.602 × 10−19 C 

Electron rest mass � = 9.109 × 10−31 kg 

Planck constant ℎ = 6.626 × 10−34 Js 

Boltzmann constant � = 1.3805 × 10−23 J/K 

Permittivity of vacuum �0 = 8.854 × 10−12 C2/N-m2 

Permeability of vacuum �0 = 4� × 10−7 T-m/A 
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1“The Nature of Light: What is a Photon?” OPN Trends, Vol 3., No. 1, October 2003.

Nature of Light

“They could but make the best of it and went around with woebegone faces, sadly com-
plaining that on Mondays, Wednesdays, and Fridays, they must look on light as a wave; on
Tuesdays, Thursdays, and Saturdays, as a particle. On Sundays, they simply prayed.”

The Strange Story of the Quantum
Banesh Hoffmann, 1947

INTRODUCTION

The words cited above—taken from a 1947 popular primer on the quantum
world—delighted many readers who were just then coming into contact with
ideas related to the nature of light and quanta. Hoffmann’s amusing and in-
formative account—involving in part the wave-particle twins “tweedledum”
and “tweedledee”—captured nicely the level of frustration felt in those days
about the true nature of light. And today, some 60 years later, the puzzle of
tweedledum and tweedledee lingers. What is light? What is a photon? Indeed,
in October of 2003, The Optical Society of America devoted a special issue
of Optics and Photonic News to the topic “The Nature of Light: What is a
Photon?” In this issue,1 a number of renowned scientists, through five pen-
etrating essays, accepted the challenge of describing the photon. Said Arthur
Zajonc, in his lead article titled “Light Reconsidered”:

Light is an obvious feature of everyday life, and yet light’s true nature has eluded us
for centuries. Near the end of his life, Albert Einstein wrote, “All the 50 years of con-
scious brooding have brought me no closer to the answer to the question: What are
light quanta?” We are today in the same state of “learned ignorance” with respect to
light as was Einstein.

1
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Nature of Light

2A more in-depth historical account may be found, for example, in Vasco Ronchi, The Nature
of Light (Cambridge: Harvard University Press, 1970).

The evolution in our understanding of the physical nature of light forms
one of the most fascinating accounts in the history of science. Since the dawn
of modern science in the sixteenth and seventeenth centuries, light has been
pictured either as particles or waves—seemingly incompatible models—each
of which enjoyed a period of prominence among the scientific community. In
the twentieth century it became clear that somehow light was both wave and
particle, yet it was precisely neither. For some time this perplexing state of af-
fairs, referred to as the wave-particle duality, motivated the greatest scientific
minds of our age to find a resolution to these apparently contradictory mod-
els of light. In a formal sense, the solution was achieved through the creation
of quantum electrodynamics, one of the most successful theoretical structures
in the annals of physics. However, many scientists would agree, a comfortable
understanding of the true nature of light is somewhat more elusive.

In our account of the developing understanding of light and photons, we
will be content to sketch briefly a few of the high points. Certain areas of
physics once considered to be disciplines apart from optics—electricity and
magnetism, and atomic physics—are very much involved in this account. This
alone suggests that the resolution achieved also constitutes one of the great
unifications in our understanding of the physical world. The final result is that
light and subatomic particles, like electrons, are both considered to be mani-
festations of energy and are governed by the same set of formal principles. In
this chapter, we begin with a brief history of light, addressing it alternately
as particle and wave. Along the way we meet the great minds that champi-
oned one viewpoint or the other. We follow this account with several basic
 relationships—borrowed from quantum physics and the special theory of
 relativity—that describe the properties of subatomic particles, like electrons,
and the photon. We close this chapter with an introductory glance at the elec-
tromagnetic spectrum and a survey of the radiometric units we use to describe
the properties of electromagnetic radiation.

1 A BRIEF HISTORY2

In the seventeenth century the most prominent advocate of a particle theory
of light was Isaac Newton, the same creative giant who had erected a com-
plete science of mechanics and gravity. In his treatise Optics, Newton clearly
regarded rays of light as streams of very small particles emitted from a source
of light and traveling in straight lines. Although Newton often argued force-
fully for positing hypotheses that were derived only from observation and ex-
periment, here he himself adopted a particle hypothesis, believing it to be
adequately justified by his experience. Important in his considerations was
the observation that light seemed to cast sharp shadows of objects, in contrast
to water and sound waves, which bend around obstacles in their paths. At
the same time, Newton was aware of the phenomenon now referred to as
Newton’s rings. Such light patterns are not easily explained by viewing light as
a stream of particles traveling in straight lines. Newton maintained his basic
particle hypothesis, however, and explained the phenomenon by endowing
the particles themselves with what he called “fits of easy reflection and easy
transmission,” a kind of periodic motion due to the attractive and repulsive
forces imposed by material obstacles. Newton’s eminence as a scientist was
such that his point of view dominated the century that followed his work.

Christian Huygens, a Dutch scientist contemporary with Newton, cham-
pioned a view (in his Treatise on Light) that considered light as a wave, spread-
ing out from a light source in all directions and propagating through an
all-pervasive elastic medium called the ether. He was impressed, for example,
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Nature of Light

by the experimental fact that when two beams of light intersected, they
emerged unmodified, just as in the case of two water or sound waves. Adopt-
ing a wave theory, Huygens was able to derive the laws of reflection and re-
fraction and to explain double refraction in calcite as well.

Within two years of the centenary of the publication of Newton’s
Optics, the Englishman Thomas Young performed a decisive experiment that
seemed to demand a wave interpretation, turning the tide of support to the
wave theory of light. It was the double-slit experiment, in which an opaque
screen with two small, closely spaced openings was illuminated by monochro-
matic light from a small source. The “shadows” observed formed a complex
interference pattern like those produced with water waves.

Victories for the wave theory continued up to the twentieth century. In
the mood of scientific confidence that characterized the latter part of the
nineteenth century, there was little doubt that light, like most other classical
areas of physics, was well understood. In 1821, Augustin Fresnel published re-
sults of his experiments and analysis, which required that light be a transverse
wave. On this basis, double refraction in calcite could be understood as a phe-
nomenon involving polarized light. It had been assumed that light waves in an
ether were necessarily longitudinal, like sound waves in a fluid, which cannot
support transverse vibrations. For each of the two components of polarized
light, Fresnel developed the Fresnel equations, which give the amplitude of
light reflected and transmitted at a plane interface separating two optical
media.

Working in the field of electricity and magnetism, James Clerk
Maxwell synthesized known principles in his set of four Maxwell equations.
The equations yielded a prediction for the speed of an electromagnetic wave
in the ether that turned out to be the measured speed of light, suggesting its
electromagnetic character. From then on, light was viewed as a particular
region of the electromagnetic spectrum of radiation. The experiment (1887)
of Albert Michelson and Edward Morley, which attempted to detect opti-
cally the earth’s motion through the ether, and the special theory of relativ-
ity (1905) of Albert Einstein were of monumental importance. Together
they led inevitably to the conclusion that the assumption of an ether was su-
perfluous. The problems associated with transverse vibrations of a wave in a
fluid thus vanished.

If the nineteenth century served to place the wave theory of light on a
firm foundation, that foundation was to crumble as the century came to an end.
The wave-particle controversy was resumed with vigor. Again, we mention
only briefly some of the key events along the way. Difficulties in the wave the-
ory seemed to show up in situations that involved the interaction of light with
matter. In 1900, at the very dawn of the twentieth century, Max Planck an-
nounced at a meeting of the German Physical Society that he was able to de-
rive the correct blackbody radiation spectrum only by making the curious
assumption that atoms emitted light in discrete energy chunks rather than in a
continuous manner. Thus quanta and quantum mechanics were born. Accord-
ing to Planck, the energy E of a quantum of electromagnetic radiation is pro-
portional to the frequency of the radiation:

(1)

where the constant of proportionality h, Planck’s constant, has the very small
value of Five years later, in the same year that he published
his theory of special relativity, Albert Einstein offered an explanation of the
photoelectric effect, the emission of electrons from a metal surface when irradi-
ated with light. Central to his explanation was the conception of light as a stream
of light quanta whose energy is related to frequency by Planck’s equation (1).
Then in 1913, the Danish physicist Niels Bohr once more incorporated the

n

6.63 * 10-34 J-s.

E = hn
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Nature of Light

quantum of radiation in his explanation of the emission and absorption process-
es of the hydrogen atom, providing a physical basis for understanding the hy-
drogen spectrum. Again in 1922, the model of light quanta came to the rescue
for Arthur Compton, who explained the scattering of X-rays from electrons as
particle-like collisions between light quanta and electrons in which both en-
ergy and momentum were conserved. In 1926, the chemist Gilbert Lewis sug-
gested the name “photon” for the “quantum of light” and it has been so
identified ever since.

All such victories for the photon or particle model of light indicated that
light could be treated as a kind of particle, possessing both energy and mo-
mentum. It was Louis de Broglie who saw the other side of the picture. In
1924, he published his speculations that subatomic particles are endowed with
wave properties. He suggested, in fact, that a particle with momentum p had
an associated wavelength of

(2)

where h was, again, Planck’s constant. Experimental confirmation of de Broglie’s
hypothesis appeared during the years 1927–1928, when Clinton Davisson and
Lester Germer in the United States and Sir George Thomson in England per-
formed experiments that could only be interpreted as the diffraction of a beam of
electrons.

Thus, the wave-particle duality came full circle. Light behaves like waves
in its propagation and in the phenomena of interference and diffraction; how-
ever, it exhibits particle-like behavior when exchanging energy with matter, as
in the Compton and photoelectric effects. Similarly, electrons often behaved
like particles, as observed in the pointlike scintillations of a phosphor ex-
posed to a beam of electrons; in other situations they were found to behave
like waves, as in the diffraction produced by an electron microscope.

2 PARTICLES AND PHOTONS

Photons and electrons that behaved both as particles and as waves seemed at
first an impossible contradiction, since particles and waves are very different en-
tities indeed. Gradually it became clear, to a large extent through the reflections
of Niels Bohr and especially in his principle of complementarity, that photons
and electrons were neither waves nor particles, but something more complex
than either.

In attempting to explain physical phenomena, it is natural that we ap-
peal to well-known physical models like waves and particles. As it turns out,
however, the complete nature of a photon or an electron is not exhausted by
either model. In certain situations, wavelike attributes may predominate; in
other situations, particle-like attributes stand out. We know of no simpler
physical model that is adequate to handle all cases.

Quantum mechanics describes both light and matter and, together with
special relativity, predicts that the momentum, p, wavelength, and speed,
for both material particles and photons are given by the same general equations:

(3)

(4)

(5)y =

pc2

E
= cB1 -

m2c4

E2

l =

h
p

=

hc

2E2
- m2c4

p =

2E2
- m2c4

c

l, y,

l =

h
p
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3This discussion is not meant to be a condensed tutorial on relativistic mechanics, but, with the
help of Eqs. (3) to (8), a summary of some basic relations that unify particles of matter and light.

In these equations, m is the rest mass and E is the total energy, the sum of the
rest-mass energy and kinetic energy that is, the work done to acceler-
ate the particle from rest to its measured speed. The proper expression for ki-
netic energy is no longer simply but rather is 

where This relativistic expression3 for kinetic energy 

approaches for 
A crucial difference between particles like electrons and neutrons and

particles like photons is that the latter have zero rest mass. Equations (3) to
(5) then take the simpler forms for photons:

(6)

(7)

(8)

Thus, while nonzero rest-mass particles like electrons have a limiting speed of
c, Eq. (8) shows that zero rest-mass particles like photons must travel with the
constant speed c. The energy of a photon is not a function of its speed but
rather of its frequency, as expressed in Eq. (1) or in Eqs. (6) and (7), taken to-
gether. Notice that for a photon, because of its zero rest mass, there is no dis-
tinction between its total energy and its kinetic energy. The following
example helps clarify the differences in the momentum, wavelength, and
speed of electrons and photons of the same total energy.

Example 1

An electron is accelerated to a kinetic energy of 2.5 MeV. (a) Determine
its relativistic momentum, de Broglie wavelength, and speed. (b) Determine
the same properties for a photon having the same total energy as the electron.

Solution

The electron’s total energy E must be the sum of its rest mass energy
and its kinetic energy The rest mass energy is

Since we have
Thus,

or

The other quantities are then calculated in order. Working with SI units we ob-
tain, from Eq. (3):

from Eq. (4):

= 1.58 * 10-21 kg #m>s

p =

2E2
- 1mc22

c
=

214.82 * 10-13 J22 - 18.19 * 10-14 J22

3 * 108 m>s

EK =
1
2 my2, EK = mc21g - 12,

mc2 EK ,

E = 3.011 * 106 eV * 11.602 * 10-19 J>eV2 = 4.82 * 10-13 J

E = mc2
+ EK = 0.511 MeV + 2.5 MeV = 3.011 MeV

5.11 * 105 eV = 0.511 MeV.
13 * 108 m>s22 = 8.19 * 10-14 J.

1 eV = 1.6 * 10-19 J, mc2
=

EK .
mc2

= 19.11 * 10-31 kg2

mc2

EK

y =

pc2

E
= c

l =

h
p

=

hc

E

p =

E
c

y V c.1
2 my2

EKg = 1>21 - 1y2>c22 .
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and from Eq. (5):

For the photon, with we get instead,
from Eq. (6):

from Eq. (7):

and from Eq. (8):

There is another important distinction between electrons and photons.
Electrons obey Fermi-Dirac statistics, whereas photons obey Bose-Einstein
statistics. A consequence of Fermi-Dirac statistics is that no two electrons in
the same interacting system can be in the same state, that is, have precisely the
same physical properties. Bose-Einstein statistics impose no such prohibition,
so that identical photons with the same energy, momentum, and polarization
can occur together in large numbers, as they do, for example, in a laser cavity.

In the theory called quantum electrodynamics, which combines the prin-
ciples of quantum mechanics with those of special relativity, photons interact
only with charges. An electron, for example, is capable of both absorbing and
emitting a photon. There is no conservation law for photons as there is for the
charge associated with particles. As indicated in the preceding example, in this
theory the wave-particle duality becomes reconciled in the sense that both
classical waves (i.e., light) and classical particles (i.e., electrons) are seen to
have the same basic nature, which is neither wholly wave nor wholly particle.
Essential distinctions between photons and electrons are removed and both
are subject to the same general principles. Nevertheless, the complementary
aspects of particle and wave descriptions of light remain, justifying our use of
one or the other when appropriate. The wave description of light will be found
adequate to describe most of the optical phenomena we cover.

In this brief comparison we have remarked on some of the differences
and similarities between classical particles and light and have provided several
fundamental relations that apply to both. The notion that light interacts with
matter by exchanging photons of definite energy, momentum, and polarization
will serve us well several chapters hence when we consider laser operation.

3 THE ELECTROMAGNETIC SPECTRUM

We are concerned with the properties and applications of light. Following
the pivotal work of James Clerk Maxwell, for whom the equations that gov-
ern electricity and magnetism are named, “light” is identified as an electro-
magnetic wave having a frequency in the range that human eyes can detect
and  interpret. All electromagnetic waves are made up of time-varying elec-
tric and magnetic fields. Electromagnetic (EM) waves are produced by

l =

h
p

=

6.626 * 10-34 J #s

1.58 * 10-21 kg #m>s
= 4.19 * 10-13 m = 0.419 pm

l =

h
p

=

6.626 * 10-34 J #s

1.61 * 10-21 kg #m>s
= 0.412 pm

p =

E
c

=

4.82 * 10-13 J

3 * 108 m>s
= 1.61 * 10-21 kg #m>s

y =

pc2

E
=

11.58 * 10-21 kg #m>s213 * 108 m>s22

4.82 * 10-13 J

y = c = 3.00 * 108 m>s

= 2.95 * 108 m>s

m = 0,
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 accelerating charge distributions, carry energy, and exert forces on charged
particles upon which they impinge. In the last two sections of this chapter,
we wish to introduce only the most basic characteristics of electromagnetic
waves.

In free (that is, empty) space all electromagnetic waves travel with the
same speed, commonly given the symbol c. This speed emerges naturally
from Maxwell’s equations and is given, approximately, as
As with all waves, the frequency of an electromagnetic wave is determined by
the frequency of the source of the wave. An electromagnetic disturbance that
propagates through space as a wave may be monochromatic, that is, charac-
terized for practical purposes by a single frequency, or polychromatic, in
which case it is represented by many frequencies, either discrete or in a con-
tinuum. The distribution of energy among the various constituent waves is
called the spectrum of the radiation, and the adjective spectral implies a de-
pendence on wavelength. Various regions of the electromagnetic spectrum
are referred to by particular names, such as radio waves, cosmic rays, light,
and ultraviolet radiation, because of differences in the way they are pro-
duced or detected. Most of the common descriptions of the various frequen-
cy ranges are given in Figure 1, in which the electromagnetic spectrum is

c = 3 * 108 m>s.

GAMMA
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3

Figure 1 Electromagnetic spectrum,
arranged by wavelength in meters and fre-
quency in hertz. The narrow portion occu-
pied by the visible spectrum is highlighted.
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displayed in terms of both frequency and wavelength, Recall that these
two quantities are related, as with all types of wave motion, through the
velocity c:

(9)

As indicated in Figure 1, common units for wavelength are the angstrom
the nanometer and the micrometer

The regions ascribed to various types of waves, as shown, are not
precisely bounded. Regions may overlap, as in the case of the continuum
from X-rays to gamma rays. The choice of label will depend on the manner in
which the radiation is either produced or used. The narrow range of electro-
magnetic waves from approximately 380 to 770 nm is capable of producing a
visual sensation in the human eye and is properly referred to as “light.” It is
not surprising that this visible region of the spectrum corresponds to the fre-
quencies of electromagnetic radiation that predominate in the output of the
sun. Humans “see” different wavelengths of light as different colors. The visi-
ble spectrum of colors ranges from red (long-wavelength end) to violet
(short-wavelength end) and is bounded by the invisible ultraviolet and infra -
red regions, as shown. The three regions taken together comprise the optical
spectrum, that region of the electromagnetic spectrum of special interest in a
textbook on optics. In addition, atoms and molecules have resonant frequen-
cies in this optical spectrum and so EM waves in this frequency range interact
most strongly with atoms and molecules. We now provide brief sketches of
the various invisible regions of the electromagnetic spectrum.

Ultraviolet
On the short-wavelength side of visible light, this electromagnetic region
spans wavelengths ranging from 380 nm down to 10 nm. Ultraviolet light is
sometimes subdivided into three categories: UV-A refers to the wavelength
range 380–315 nm, UV-B to the range 315–280 nm and UV-C to the range
280–10 nm. The sun emits significant amounts of electromagnetic radiation in
all three UV bands but, due to absorption in the ozone layer of the earth’s at-
mosphere, roughly 99% of the UV radiation that reaches the earth’s surface
is in the UV-A band. UV radiation from the sun is linked to a variety of
health risks. UV-A radiation, generally regarded as the least harmful of the
three UV bands, can contribute to skin aging and is possibly linked to some
forms of skin cancer. UV-A radiation does not contribute to sunburns. UV-B
radiation has been linked to a variety of skin cancers and contributes to the
sunburning process. The link between UV-B radiation and skin cancer is a
primary reason for the concern related to ozone depletion, which is believed
to be in part caused by human use of so-called chlorofluorocarbon (CFC)
compounds. Ozone is formed when UV-C radiation reacts with oxygen
in the stratosphere and, as mentioned, plays an important role in the filtering
of UV-B and UV-C from the electromagnetic radiation that reaches the
earth’s surface. CFC compounds can participate in chemical processes that lead
to the conversion of ozone into “ordinary” oxygen The concern that CFCs
and other similar chemicals may contribute to the depletion of the ozone layer
and thus increase the risk of skin cancer led to protocols calling for the reduc-
tion of the use of refrigerants, aerosol sprays, and other products that release
these chemicals into the atmosphere. Sunblock and sunscreen lotions are in-
tended in part to block harmful UV-B radiation. On the other hand, UV radia-
tion has the beneficial effect of inducing vitamin D production in the skin.

X-rays
X-rays are EM waves with wavelengths in the 10 nm to range. These
can be produced when high-energy electrons strike a metal target and are

10-6 m2.
11 mm=11 nm = 10-9 m2,

n l.

10-4 nm

1O22.

1O32

11 Å = 10-10 m2,

c = ln
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used as diagnostic tools in medicine to see bone structure and as treat-
ments for certain cancers. X-ray diffraction serves as a probe of the lattice
structure of crystalline solids and X-ray telescopes provide important infor-
mation from astronomical objects.

Gamma Rays
This type of EM radiation has its origin in nuclear radioactive decay and cer-
tain other nuclear reactions. Gamma rays have very short wavelengths in the
range from 0.1 nm to Like X-rays, penetrating gamma rays find use
in the medical area, often in the treatment of localized cancers.

Infrared Radiation
On the long-wavelength side of the visible spectrum, infrared (IR) radiation
has wavelengths spanning the region from 770 nm to 1 mm. Objects in thermal
equilibrium at terrestrial temperatures emit radiation that has its energy out-
put peak in the IR range. Consequently, infrared radiation is sometimes
termed “heat radiation” and finds application in nightvision scopes that detect
the IR emitted from objects in absolute “darkness” and in infrared photogra-
phy wherein objects at different temperatures (and so with different peak
wavelengths of emitted radiation) are imaged as areas of contrasting bright-
ness. Images such as these can be used to map the temperature variation
across the surface of the earth, for example. Infrared radiation is used as a
treatment for sore muscles and joints, and, more recently, lasers that emit IR
radiation have been used to treat the eye for vision abnormalities. Infrared ra-
diation is also used in optical fiber communication systems and in a variety of
remote control devices.

Microwaves
Beyond infrared radiation we find microwaves, with wavelengths from 1 mm
to 30 cm or so. Microwave ovens, which have become a common kitchen ap-
pliance, use microwaves to heat food. In addition, microwaves play an important
role in radar systems both on the ground and in the air, in telecom munications,
and in spectroscopy.

Radio Waves
Radio waves are long-wavelength EM radiations produced, for example,
by electrons oscillating in conductors that form antennas of various shapes.
Radio waves have wavelengths ranging from meters to thousands of me-
ters. Used commonly in radio and television broadcasts, they include the
AM radio band (540–1600 kHz) with wavelengths ranging from 188 to 556 m
as well as the FM radio band (88–108 MHz) with wavelengths from 2.78 to
3.41 m.

We have indicated that EM waves may lose and gain energy only in dis-
crete amounts that are multiples of the energy associated with the energy
quanta that have come to be called photons. Equation (1) gives the energy of
a photon as When EM wave energy is detected, the detector can record
only energies that are multiples of a photon’s energy. As the following exam-
ple indicates, for macroscopic light sources, the energy of a photon is typical-
ly far less than the total detected energy, and so, in such a case, the restriction
that the detected energy must be only a multiple of a photon’s energy goes
unnoticed. Since the energy per photon decreases with increased wavelength,
for a given total energy, the energy “graininess” is less for long-wavelength
radiation than for short-wavelength radiation. To understand the interaction
of light with individual atoms and molecules, it is important to keep in mind
that EM waves gain and lose energy in discrete amounts proportional to the
frequency of the radiation. Consider the following example.

hn.

10-14 nm.
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Example 2

A certain sensitive radar receiver detects an electromagnetic signal of fre-
quency 100 MHz and power (energy/time) 

a. What is the wavelength of a photon with this frequency?
b. What is the energy of a photon in this signal? Express this energy in J

and in eV.
c. How many photons/s would arrive at the receiver in this signal?
d. What is the energy (in J and in eV) of a visible photon of wavelength

555 nm?
e. How many visible photons/s would correspond to a de-

tected power of 
f. What is the energy (in J and in eV) of an X-ray of wavelength 0.1 nm?
g. How many X-ray photons/s would correspond to a de-

tected power of 

Solution

a.

b.

c. The number of detected photons per second N would be

So each photon contributes but one part in 10 billion of the total power
in the radar wave even for this very weak signal. In such a case, the
“graininess” of the power in the signal is likely to go undetected.

d.

e. The effect of

ad   dition or removal of a single photon would perhaps be noticeable.

f.

g.

One X-ray would be detected every 3 seconds or so. The discreteness
of the energy of light quanta would be very evident in this case.

NX-ray =

Power
Energy>photon

=

6.63 * 10-16 J>s

1.99 * 10-15 J
= 0.33>s.

6.63 * 10-16 J>s.

= 1.99 * 10-15 J = 12,400 eV

EX-ray = hn =

hc

l
=

16.63 * 10-34 J # s213 * 108 m>s2

0.1 * 10-9 m

N555 =

Power
Energy>photon

=

6.63 * 10-16 J>s

3.58 * 10-19 J
= 1850>s.

= 3.58 * 10-19 J = 2.2 eV

E555 = hn =

hc

l
=

16.63 * 10-34 J # s213 * 108 m>s2

555 * 10-9 m

N =

Power
Energy>photon

=

6.63 * 10-16 J>s

6.3 * 10-26 J
= 1010>s

E = 6.63 * 10-26 Ja
1 eV

1.6 * 10-19 J
b = 4.14 * 10-7 eV

E = hn = 16.63 * 10-34 J # s21100 * 106 Hz2 = 6.63 * 10-26 J

l = c>n =

3 * 108 m>s

100 * 106 Hz
= 3 m

6.63 * 10-16 J>s?
1l = 0.1 nm2

6.63 * 10-16 J>s?
1l = 555 nm2
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4The introduction “in the abstract” of so many new units, some rarely used and others mis-
used, is not very palatable pedagogically. Table 1 is meant to serve as a convenient summary that can
be referred to when needed.

In this example we have introduced the notion of a detector and the en-
ergy and power carried by an electromagnetic wave. The energy carried by an
EM wave can be specified in many related ways: the power, power per unit
area, and power per unit solid angle, for example. To quantify these charac-
teristics of EM waves, we turn to the topic of radiometry.

4 RADIOMETRY

Radiometry is the science of measurement of electromagnetic radiation. In
this discussion we are content to present briefly the radiometric quantities or
physical terms used to characterize the energy content of radiation.

Many radiometric terms have been introduced and used in the optics lit-
erature; however, we include here only those approved International System
(SI) units. These terms and their units are summarized in Table 1.4

Radiometric quantities appear either without subscripts or with the sub-
script e (electromagnetic). The terms radiant energy, radiant en-
ergy density, and radiant flux or radiant  power, 
need no further explanation. Radiant flux density at a surface, measured in watts
per square meter, may be either emitted (scattered, reflected) from a surface, in
which case it is called radiant exitance, or incident onto a surface, in which
case it is called irradiance, The radiant flux emitted per unit of solid
angle by a point source in a given direction (Figure 2) is called the radiant
intensity, This quantity, often confused with  irradiance, is given by

(10)

Differential solid angle measured in steradians (sr) is defined in Figure 2.
The radiant intensity from a sphere radiating watts (W) of power uni-
formly in all directions, for example, is since the total surround-
ing solid angle is 4p sr.

£e1W = watts =J>s2,

£e>4p (W>sr),

dv
Ie £e

Ie =

d£

dv

Ie .

Ee . 1£e2
1v2

Me ,

we1J>m
32,

Qe1J = joules2,

TABLE 1 RADIOMETRIC TERMS

Term Symbol (units) Defining equation

Radiant energy —
Radiant energy density
Radiant flux, Radiant power
Radiant exitance
Irradiance
Radiant intensity

Radiance

Abbreviations: J, joule; W, watt; m, meter; sr, steradian.

Le = dIe>dA cos uLea
W

sr # m2
b

Ie = d£e>dvIe1W>sr2
Ee = d£e>dAEe1W>m

22
Me = d£e>dAMe1W>m

22
£e = dQe>dt£e1W2
we = dQe>dVwe1J>m

32
Qe1J = W # s2

Central ray

S

dA

dv

r

Figure 2 The radiant intensity is the flux
through the cross section dA per unit of
solid angle. Here the solid angle dv= dA>r2.

11



Nature of Light

Radiating
surface A

Direction
of viewing

Projected
surface A cos u

u

u

Ap

Normalr

Figure 4 Radiant flux collected along a
direction making an angle with the normal
to the radiating surface. The projected area of
the surface is shown by the dashed
rectangle.

1A cos u2

u

The familiar inverse-square law of radiation from a point source, illus-
trated in Figure 3, is now apparent by calculating the irradiance of a point
source on a spherical surface surrounding the point, of solid angle and
surface area Thus,

(11)

The radiance, describes the radiant intensity per unit of projected
area, perpendicular to the specified direction, and is given by

(12)

The importance of the radiance is suggested in the following considerations.
Suppose a plane radiator or reflector is perfectly diffuse, by which we mean
that it radiates uniformly in all directions. The radiant intensity is measured
for a fixed solid angle defined by the fixed aperture at some distance r
from the radiating surface, shown in Figure 4. The aperture might be the input
aperture of a detecting instrument measuring all the flux that so enters.
When viewed at along the normal to the surface, a certain maximumu = 0°,

Ee =

d£e

dA
=

£e

A
=

4pIe

4pr2 =

Ie

r2 , point source

4pr2.
4p sr

Le =

dIe

dA cos u
=

d2
£e

dv1dA cos u2

Le ,

Ap

A

r

r

3r

2r

A

A

A
A

A

A

A

A

A

A

A

A

A

Figure 3 Illustration of the inverse-square
law. The flux leaving a point source within any
solid angle is distributed over increasingly
larger areas, producing an irradiance that
decreases inversely with the square of the
distance.
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intensity I(0) is observed. As the aperture is moved along the circle of radius
r, thereby increasing the angle the cross section of radiation presented by
the surface decreases in such a way that

(13)

a relation called Lambert’s cosine law. If the radiance is determined at each
angle it is found to be constant, because the intensity must be divided by
the projected area such that the cosine dependence cancels:

(14)

Thus, when a radiating (or reflecting) surface has a radiance that is indepen-
dent of the viewing angle, the surface is said to be perfectly diffuse, or a 
Lambertian surface.

We show next that the radiance has the same value at any point along a ray
propagating in a uniform, nonabsorbing medium. Figure 5 pictures a narrow
beam of radiation in such a medium, including a central ray and a small bun-
dle of surrounding rays (not shown) that pass through the elemental areas

and situated at different points along the beam. The central ray
makes angles of and respectively, relative to the area normals, as shown.
The solid angle where represents the projec-
tion of area normal to the central ray. According to Eq. (12), the radiance

at is given by

(15)

By a similar argument, in which we reverse the roles of and in the
figure,

(16)

For a nonabsorbing medium, the power associated with the radiation passing
through the continuous bundle of rays remains constant, that is, 
so that we can conclude from Eqs. (15) and (16) that It follows that
the radiance of the beam is also the radiance of the source, at the initial point
of the beam, or 

Suppose, referring to Figure 6, that we wish to know the quantity of
 radiant power reaching an element of area on surface due to the
source element on surface The line joining the elemental areas, ofdA1 S1 .

u,

d£1 = d£2 ,

dA2 S2

L1 = L2 = L0 .

L1 = L2 .

L2 =

d2
£2

dv21dA2 cos u22
=

d2
£2

1dA1 cos u1>r
221dA2 cos u22

dA1 dA2

Le =

I1u2

A cos u
=

I102 cos u

A cos u
=

I102

A
= constant

A cos u
u,

I1u2 = I102 cos u

L1 =

d2
£1

dv11dA1 cos u12
=

d2
£1

1dA2 cos u2>r
221dA1 cos u12

L1 dA1

dA2

dv1 = dA2 cos u2>r
2, dA2 cos u2

u1 u2 ,
dA1 dA2

Central
ray

Norm
al Norm

al

r

u1

dv1
dA1 dA2

u2

Figure 5 Geometry used to show the
 invariance of the radiance in a uniform,
lossless medium.

13



Nature of Light

length makes angles of and with the respective normals to the surfaces,
as shown. The radiant power is a second-order differential because both
the source and receptor are elemental areas. By Eq. (15) or Eq. (16),

and the total radiant power at the entire second surface due to the entire first
surface is, by integration,

(17)

By adding powers rather than amplitudes in this integration, we have tacitly
assumed that the radiation source emits incoherent radiation. We shall say
more about coherent and incoherent radiation later. Now, let’s try an example.

Example

Consider a milliwatt Helium-Neon laser emitting a “pencil-like”
beam with a divergence angle of 1.3 milliradians. The laser cavity is de-
signed so that the beam emerges from a surface area
at the output mirror. See the sketch shown in Figure 7.

a. Determine the solid angle in terms of R and 

b. Determine the radiance of this laser light source in units of

Solution
a. The solid angle is equal to where

since for small angles. 

Thus, independent of the value of R. That is

¢v =

pa2

4
=

p10.001322

4
sr = 1.33 * 10-6 sr

r12 , u1 u2
d2

£12 ,

¢v =

1pR2a22>4

R2 =

pa2

4
,

tan1a>22 M a>2

¢AT = prT
2

= p1R tan1a>2222 M pR21a>222,
¢v ¢AT>R

2 ,

W

cm2 # sr
.

d2
£12 =

LdA1dA2 cos u1 cos u2

r12
2

¢v a.

¢AS = 2.5 * 10-3 cm2
a

£e = 5

£12 =

3
A1

3
A2

L cos u1 cos u2 dA1 dA2

r12
2

u1

u2

dA1

dA2

S1 S2

r12

Figure 6 General case of the illumination
of one surface by another radiating surface.
Each elemental radiating area con-
tributes to each elemental irradiated area
dA2 .

dA1

Mirror Output
mirror

Radiating
area �AS R

a

�v

rT

Area �AT

Figure 7 Example 3.
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1 Calculate the de Broglie wavelength of (a) a golf ball of
mass 50 g moving at 20 m/s and (b) an electron with kinetic
energy of 10 eV.

2 The threshold of sensitivity of the human eye is about 100
photons per second. The eye is most sensitive at a wave-
length of around 550 nm. For this wavelength, determine the
threshold in watts of power.

3 What is the energy, in electron volts, of light photons at the
ends of the visible spectrum, that is, at wavelengths of 380
and 770 nm?

4 Determine the wavelength and momentum of a photon
whose energy equals the rest-mass energy of an electron.

5 Show that the rest-mass energy of an electron is 0.511
MeV.

6 Show that the relativistic momentum of an electron, accel-
erated through a potential difference of 1 million volts, can
be conveniently expressed as 1.422 MeV/c, where c is the
speed of light.

7 Show that the wavelength of a photon, measured in
angstroms, can be found from its energy, measured in elec-
tron volts, by the convenient relation

8 Show that the relativistic kinetic energy,

reduces to the classical expression when 

9 A proton is accelerated to a kinetic energy of 2 billion elec-
tron volts (2 GeV). Find (a) its momentum, (b) its de
Broglie wavelength, and (c) the wavelength of a photon with
the same total energy.

10 Solar radiation is incident at the earth’s surface at an aver-
age of on a surface normal to the rays. For a
mean wavelength of 550 nm, calculate the number of pho-
tons falling on of the surface each second.

11 Two parallel beams of electromagnetic radiation with differ-
ent wavelengths deliver the same power to equivalent sur-
face areas normal to the beams. Show that the numbers of

1 cm2

1000 W>m2

y V c.1
2 my2,

EK = mc21g - 12

l1Å2 =

12,400
E1eV2

photons striking the surfaces per second for the two beams
are in the same ratio as their wavelengths.

12 Calculate the band of frequencies of electromagnetic ra-
diation capable of producing a visual sensation in the nor-
mal eye.

13 What is the length of a half-wave dipole antenna designed
to broadcast FM radio waves at 100 MHz?

14 A so-called “rabbit-ears” TV antenna is made of a pair of
adjustable rods that can spread apart at different angles. If
the rods are each adjusted to a quarter wavelength for a TV
channel that has a middle frequency of 90 MHz, how long
are the rods?

15 A soprano’s voice is sent by radio waves to a listener in a
city 90 km away.

a. How long does it take for the soprano’s voice to reach
the listener?

b. In the same time interval, how far from the soprano has
the sound wave in the auditorium traveled? Take the
speed of sound to be 340 m/s.

16 A small, monochromatic light source, radiating at 500 nm, is
rated at 500 W.

a. If the source radiates uniformly in all directions, deter-
mine its radiant intensity.

b. If the surface area of the source is determine the
radiant excitance.

c. What is the irradiance on a screen situated 2 m from the
source, with its surface normal to the radiant flux?

d. If the receiving screen contains a hole with diameter 5 cm,
how much radiant flux gets through?

17 A 1.5-mW helium-neon laser beam delivers a spot of light
5 mm in diameter across a room 15 m wide. The beam radi-
ates from a small circular area of diameter 0.5 mm at the
output mirror of the laser. Assume that the beam irradiance
is constant across the diverging beam.

a. What is the beam divergence angle of this laser?
b. Into what solid angle is the laser sending its beam?
c. What is the irradiance at the spot on the wall 15 m from

the laser?
d. What is the radiance of the laser?

5 cm2,

b. Making use of the defining equation for radiance in Table 1, we ob-

tain where we have replaced the differentials dIe and

dAs by the small quantities and . Here and 

since the laser beam direction is normal to So,

a robust value indeed!

= 1.5 * 106 W

cm2 # sr

¢Le =

£e

¢AS ¢v
=

5 * 10-3 W

12.5 * 10-3 cm2211.33 * 10-6 sr2

¢AS .

¢Ie ¢As ¢Ie =

£e

¢v
u = 0,

Le =

¢Ie

¢AS cos u
,

Le

PROBLEMS
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Geometrical Optics

INTRODUCTION

The treatment of light as wave motion allows for a region of approximation in
which the wavelength is considered to be negligible compared with the di-
mensions of the relevant components of the optical system. This region of ap-
proximation is called geometrical optics. When the wave character of the light
may not be so ignored, the field is known as physical optics. Thus, geometrical
optics forms a special case of physical optics in a way that may be summarized
as follows:

Since the wavelength of light—around 500 nm—is very small compared
to ordinary objects, early unrefined observations of the behavior of a light
beam passing through apertures or around obstacles in its path could be han-
dled by geometrical optics. Recall that the appearance of distinct shadows in-
fluenced Newton to assert that the apparent rectilinear propagation of light
was due to a stream of light corpuscles rather than a wave motion. Wave mo-
tion characterized by longer wavelengths, such as those in water waves and
sound waves, was known to give distinct bending around obstacles. Newton’s
model of light propagation, therefore, seemed not to allow for the existence
of a wave motion with very small wavelengths. There was in fact already evi-
dence of some degree of bending, even for light waves, in the time of Isaac
Newton. The Jesuit Francesco Grimaldi had noticed the fine structure in the
edge of a shadow, a structure not explainable in terms of the rectilinear prop-
agation of light. This bending of light waves around the edges of an obstruc-
tion came to be called diffraction.

limit
l:0

5physical optics6 = 5geometrical optics6
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Geometrical Optics

Within the approximation represented by geometrical optics, light is un-
derstood to travel out from its source along straight lines, or rays. The ray is
then simply the path along which light energy is transmitted from one point
to another in an optical system. The ray is a useful construct, although ab-
stract in the sense that a light beam, in practice, cannot be narrowed down in-
definitely to approach a straight line. A pencil-like laser beam is perhaps the
best actual approximation to a ray of light. (When an aperture through which
the beam is passed is made small enough, however, even a laser beam begins
to spread out in a characteristic diffraction pattern.) When a light ray travers-
es an optical system consisting of several homogeneous media in sequence,
the optical path is a sequence of straight-line segments. Discontinuities in the
line segments occur each time the light is reflected or refracted. The laws of
geometrical optics that describe the subsequent direction of the rays are the
Law of Reflection and the Law of Refraction.

Law of Reflection
When a ray of light is reflected at an interface dividing two optical media, the
reflected ray remains within the plane of incidence, and the angle of reflection

equals the angle of incidence The plane of incidence is the plane contain-
ing the incident ray and the surface normal at the point of incidence.

Law of Refraction (Snell’s Law)
When a ray of light is refracted at an interface dividing two transparent media,
the transmitted ray remains within the plane of incidence and the sine of the
angle of refraction is directly proportional to the sine of the angle of inci-
dence These two laws are summarized in Figure 1, which depicts the
 general case in which an incident ray is partially reflected and partially trans-
mitted at a plane interface separating two transparent media.

1 HUYGENS’ PRINCIPLE

The Dutch physicist Christian Huygens envisioned light as a series of pulses
emitted from each point of a luminous body and propagated in relay fashion
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Figure 1 Reflection and refraction at an
interface between two optical media. Inci-
dent, reflected, and refracted rays are shown
in the plane of incidence.
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by the particles of the ether, an elastic medium filling all space. Consistent
with his conception, Huygens imagined each point of a propagating distur-
bance as capable of originating new pulses that contributed to the distur-
bance an instant later. To show how his model of light propagation implied
the laws of geometrical optics, he enunciated a fruitful principle that can be
stated as follows: Each point on the leading surface of a wave disturbance—
the wavefront—may be regarded as a secondary source of spherical waves
(or wavelets), which themselves progress with the speed of light in the medi-
um and whose envelope at a later time constitutes the new wavefront. Simple
applications of the principle are shown in Figure 2 for a plane and spherical
wave. In each case, AB forms the initial wave disturbance or wavefront, and

is the new wavefront at a time t later. The radius of each wavelet is, ac-
cordingly, where is the speed of light in the medium. Notice that the new
wavefront is tangent to each wavelet at a single point. According to Huygens,
the remainder of each wavelet is to be disregarded in the application of the
principle. Indeed, were the remainder of the wavelet considered to be effec-
tive in propagating the light disturbance, Huygens could not have derived the
law of rectilinear propagation from his principle. To see this more clearly,
refer to Figure 3, which shows a spherical wave disturbance originating at O
and incident upon an aperture with an opening According to the notionSS¿.

yyt,
A¿B¿
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of rectilinear propagation, the lines OA and OB form the sharp edges of the
shadow to the right of the aperture. Some of the wavelets that originate from
points of the wavefront (arc ), however, overlap into the region of shadow.
According to Huygens, however, these are ignored and the new wavefront
ends abruptly at points P and precisely where the extreme wavelets origi-
nating at points S and are tangent to the new wavefront. In so disregarding
the effectiveness of the overlapping wavelets, Huygens avoided the possibili-
ty of diffraction of the light into the region of geometric shadow. Huygens
also ignored the wavefront formed by the back half of the wavelets, since
these wavefronts implied a light disturbance traveling in the opposite direc-
tion. Despite weaknesses in this model, remedied later by Fresnel and others,
Huygens was able to apply his principle to prove the laws of both reflection
and refraction, as we show in what follows.

Figure 4a illustrates the Huygens construction for a narrow, parallel
beam of light to prove the law of reflection. Huygens’ principle must be mod-
ified slightly to accommodate the case in which a wavefront, such as AC, en-
counters a plane interface, such as XY, at an angle. Here the angle of
incidence of the rays AD, BE, and CF relative to the perpendicular PD is
Since points along the plane wavefront do not arrive at the interface simulta-
neously, allowance is made for these differences in constructing the wavelets
that determine the reflected wavefront. If the interface XY were not present,
the Huygens construction would produce the wavefront GI at the instant ray
CF reached the interface at I. The intrusion of the reflecting surface, howev-
er, means that during the same time interval required for ray CF to progress
from F to I, ray BE has progressed from E to J and then a distance equivalent
to JH after reflection. Thus, a wavelet of radius centered at J is
drawn above the reflecting surface. Similarly, a wavelet of radius DG is drawn
centered at D to represent the propagation after reflection of the lower part of
the beam. The new wavefront, which must now be tangent to these wavelets at
points M and N, and include the point I, is shown as KI in the figure. A repre-
sentative reflected ray is DL, shown perpendicular to the reflected wavefront.
The normal PD drawn for this ray is used to define angles of incidence and re-
flection for the beam. The construction makes clear the equivalence between
the angles of incidence and reflection, as outlined in Figure 4a.

Similarly, in Figure 4b, a Huygens construction is shown that illustrates
the law of refraction. Here we must take into account a different speed of
light in the upper and lower media. If the speed of light in vacuum is c, we
express the speed in the upper medium by the ratio where is a con-
stant that characterizes the medium and is referred to as the refractive index.
Similarly, the speed of light in the lower medium is The points D, E, and
F on the incident wavefront arrive at points D, J, and I of the plane interface
XY at different times. In the absence of the refracting surface, the wavefront
GI is formed at the instant ray CF reaches I. During the progress of ray CF
from F to I in time t, however, the ray AD has entered the lower medium,
where its speed is, let us say, slower. Thus, if the distance DG is a wavelet
of radius is constructed with center at D. The radius DM can also be ex-
pressed as

Similarly, a wavelet of radius JH is drawn centered at J. The new wave-
front KI includes point I on the interface and is tangent to the two wavelets at
points M and N, as shown. The geometric relationship between the angles and

formed by the representative incident ray AD and refracted ray DL, is Snell’s
law, as outlined in Figure 4b. Snell’s law of refraction may be expressed as
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Figure 4 (a) Huygens’ construction to
prove the law of reflection. (b) Huygens’
construction to prove the law of refraction.

2 FERMAT’S PRINCIPLE

The laws of geometrical optics can also be derived, perhaps more elegantly,
from a different fundamental hypothesis. The root idea had been introduced
by Hero of Alexandria, who lived in the second century B.C. According to
Hero, when light is propagated between two points, it takes the shortest path.
For propagation between two points in the same uniform medium, the path is
clearly the straight line joining the two points. When light from the first point
A, Figure 5, reaches the second point B after reflection from a plane surface,
however, the same principle predicts the law of reflection, as follows. Figure 5
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Figure 5 Construction to prove the law of
reflection from Hero’s principle.

shows three possible paths from A to B, including the correct one, ADB.
Consider, however, the arbitrary path ACB. If point is constructed on the
perpendicular AO such that the right triangles AOC and
are equal. Thus, and the distance traveled by the ray of light from
A to B via C is the same as the distance from to B via C. The shortest dis-
tance from to B is obviously the straight line so the path ADB is the
correct choice taken by the actual light ray. Elementary geometry shows that
for this path, Note also that to maintain as a single straight line,
the reflected ray must remain within the plane of incidence, that is, the plane
of the page.

The French mathematician Pierre de Fermat generalized Hero’s princi-
ple to prove the law of refraction. If the terminal point B lies below the surface
of a second medium, as in Figure 6, the correct path is definitely not the short-
est path or straight line AB, for that would make the angle of refraction equal
to the angle of incidence, in violation of the empirically established law of
 refraction. Appealing to the “economy of nature,” Fermat supposed instead
that the ray of light traveled the path of least time from A to B, a generaliza-
tion that included Hero’s principle as a special case. If light travels more slow-
ly in the second medium, as assumed in Figure 6, light bends at the interface so
as to take a path that favors a shorter time in the second medium, thereby
minimizing the overall transit time from A to B. Mathematically, we are
 required to minimize the total time,

where and are the velocities of light in the incident and transmitting
media, respectively. Employing the Pythagorean theorem and the distances 

defined in Figure 6, we have and
so that

Since other choices of path change the position of point O and therefore the
distance x, we can minimize the time by setting 

Again from Figure 6, in the two right triangles containing AO and OB,
respectively, the angles of incidence and refraction can be conveniently 
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1It is of interest to note here that a similar principle, called Hamilton’s principle of least action
in mechanics, that calls for a minimum of the definite integral of the Lagrangian function (the ki-
netic energy minus the potential energy), represents an alternative formulation of the laws of me-
chanics and indeed implies Newton’s laws of mechanics themselves.

introduced into the preceding condition, since and 
giving

Simplifying the equation set equal to zero, we obtain at once
Introducing the refractive indices of the media through the rela-

tion we arrive at Snell’s law:

Fermat’s principle, like that of Huygens, required refinement to achieve
more general applicability. Situations exist where the actual path taken by a
light ray may represent a maximum time or even one of many possible paths,
all requiring equal time. As an example of the latter case, consider light prop-
agating from one focus to the other inside an ellipsoidal mirror, along any of
an infinite number of possible paths. Since the ellipse is the locus of all points
whose combined distances from the two foci is a constant, all paths are in-
deed of equal time. A more precise statement of Fermat’s principle, which re-
quires merely an extremum relative to neighboring paths, may be given as
follows: The actual path taken by a light ray in its propagation between two
given points in an optical system is such as to make its optical path equal, in
the first approximation, to other paths closely adjacent to the actual one.

With this formulation, Fermat’s principle falls in the class of problems
called variational calculus, a technique that determines the form of a function
that minimizes a definite integral. In optics, the definite integral is the integral
of the time required for the transit of a light ray from starting to finishing
points.1

3 PRINCIPLE OF REVERSIBILITY

Refer again to the cases of reflection and refraction pictured in Figures 5 and 6. If
the roles of points A and B are interchanged, so that B is the source of light rays,
Fermat’s principle of least time must predict the same path as determined for
the original direction of light propagation. In general, then, any actual ray of
light in an optical system, if reversed in direction, will retrace the same path
backward. This principle of reversibility will be found very useful in various
applications to be dealt with later.

4 REFLECTION IN PLANE MIRRORS

Before discussing the formation of images in a general way, we discuss the
simplest—and experientially, the most accessible—case of images formed by
plane mirrors. In this context it is important to distinguish between specular
reflection from a perfectly smooth surface and diffuse reflection from a gran-
ular or rough surface. In the former case, all rays of a parallel beam incident
on the surface obey the law of reflection from a plane surface and therefore
reflect as a parallel beam; in the latter case, though the law of reflection is
obeyed locally for each ray, the microscopically granular surface results in
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rays reflected in various directions and thus a diffuse scattering of the origi-
nally parallel rays of light. Every plane surface will produce some such scat-
tering, since a perfectly smooth surface can only be approximated in practice.
The treatment that follows assumes the case of specular reflection.

Consider the specular reflection of a single light ray OP from the xy-
plane in Figure 7a. By the law of reflection, the reflected ray PQ remains
within the plane of incidence, making equal angles with the normal at P. If
the path OPQ is resolved into its x-, y-, and z-components, it is clear that the
direction of ray OP is altered by the reflection only along the z-direction, and
then in such a way that its z-component is simply reversed. If the direction of
the incident ray is described by its unit vector, then the reflec-
tion causes

It follows that if a ray is incident from such a direction as to reflect sequen-
tially from all three rectangular coordinate planes, as in the “corner reflector”
of Figure 7b,

and the ray returns precisely parallel to the line of its original approach. A
network of such corner reflectors ensures the exact return of a beam of
light—a headlight beam from highway reflectors, for example, or a laser
beam from a mirror on the moon.

Image formation in a plane mirror is illustrated in Figure 8a. A point
 object S sends rays toward a plane mirror, which reflect as shown. The law of
reflection ensures that pairs of triangles like SNP and are equal, so all
reflected rays appear to originate at the image point which lies along the
normal line SN, and at such a depth that the image distance equals the
object distance SN. The eye sees a point image at in exactly the same way it
would see a real point object placed there. Since none of the actual rays of
light lies below the mirror surface, the image is said to be a virtual image. The
image cannot be projected on a screen as in the case of a real image. All
points of an extended object, such as the arrow in Figure 8b, are imaged by a
plane mirror in similar fashion: Each object point has its image point along its
normal to the mirror surface and as far below the reflecting surface as the
 object point lies above the surface. Note that the image position does not
 depend on the position of the eye. Further, the construction of Figure 8b
makes clear that the image size is identical with the object size, giving a mag-
nification of unity. In addition, the transverse orientation of object and image
are the same. A right-handed object, however, appears left-handed in its
image. In Figure 8c, where the mirror does not lie directly below the object,
the mirror plane may be extended to determine the position of the image as
seen by an eye positioned to receive reflected rays originating at the object.
Figure 8d illustrates multiple images of a point object O formed by two per-
pendicular mirrors. Images and result from single reflections in the two
mirrors, but a third image results from sequential reflections from both
mirrors.

5 REFRACTION THROUGH 
PLANE SURFACES

Consider light ray (1) in Figure 9a, incident at angle at a plane interface
separating two transparent media characterized, in order, by refractive in-
dices and Let the angle of refraction be the angle Snell’s law, which
now takes the form

(2)n1 sin u1 = n2 sin u2
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Figure 7 Geometry of a ray reflected
from a plane.
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requires an angle of refraction such that refracted rays bend away from the
normal, as shown in Figure 9a, for rays 1 and 2, when For
on the other hand, the refracted ray bends toward the normal. The law also
requires that ray 3, incident normal to the surface be transmitted
without change of direction regardless of the ratio of refractive
indices.

In Figure 9a, the three rays shown originate at a source point S below an
interface and emerge into an upper medium of lower refractive index, as in
the case of light emerging from water into air
A unique image point is not determined by these rays because they have no
common intersection or virtual image point below the surface from which
they appear to originate after refraction, as shown by the dashed line extensions
of the refracted rays. For rays making a small angle with the normal to the sur-
face, however, a reasonably good image can be located. In this approximation,
where we allow only such paraxial rays2 to form the image, the angles of inci-
dence and refraction are both small, and the approximation

is valid. From Eq. (2), Snell’s law can be approximated by

(3)

and taking the appropriate tangents from Figure 9b, we have
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2In general, a paraxial ray is one that remains near the central axis of the image-forming opti-
cal system, thus making small angles with the optical axis.
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The image point occurs at the vertical distance below the surface given by

(4)

where s is the corresponding depth of the object. Thus, objects underwater,
viewed from directly overhead, appear to be nearer the surface than they ac-
tually are, since in this case Even when the viewing
angle is not small, a reasonably good retinal image of an underwater object
is formed because the aperture or pupil of the eye admits only a small bundle
of rays while forming the image. Since these rays differ very little in direction,
they will appear to originate from approximately the same image point. How-
ever, the depth of this image will not be the object depth, as for paraxial
rays, and in general will vary with the angle of viewing.

Rays from the object that make increasingly larger angles of incidence
with the interface must, by Snell’s law, refract at increasingly larger angles, as
shown in Figure 9c. A critical angle of incidence is reached when the angle
of refraction reaches 90°. Thus, from Snell’s law,

or

(5)

For angles of incidence the incident ray experiences total internal re-
flection, as shown. For angle of incidence both refraction and reflection
occur. The reflected rays for this case are not shown in Figure 9c. This phenome-
non is essential in the transmission of light along glass fibers by a series of total
internal reflections. Note that the phenomenon does not occur unless
so that can be determined from Eq. (5).

We return to the nature of images formed by refraction at a plane sur-
face when we deal with such refraction as a special case of refraction from a
spherical surface.

6 IMAGING BY AN OPTICAL SYSTEM

We discuss now what is meant by an image in general and indicate the practical
and theoretical factors that render an image less than perfect. In Figure 10, let
the region labeled “optical system” include any number of reflecting and/or re-
fracting surfaces, of any curvature, that may alter the direction of rays leaving
an object point O. This region may include any number of intervening media,
but we shall assume that each individual medium is homogeneous and isotrop-
ic, and so characterized by its own refractive index. Thus rays spread out radial-
ly in all directions from object point O, as shown, in real object space, which
precedes the first reflecting or refracting surface of the optical system. The fam-
ily of spherical surfaces normal to the rays are the wavefronts, the locus of
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points such that each ray contacting a wavefront represents the same transit
time of light from the source. In real object space the rays are diverging and
the spherical wavefronts are expanding. Suppose now that the optical system
redirects these rays in such a way that on leaving the optical system and en-
tering real image space, the wavefronts are contracting and the rays are con-
verging to a common point that we define to be the image point, I. In the
spirit of Fermat’s principle, we can say that since every such ray starts at O
and ends at I, every such ray requires the same transit time. These rays are
said to be isochronous. Further, by the principle of reversibility, if I is the ob-
ject point, each ray will reverse its direction but maintain its path through the
optical system, and O will be the corresponding image point. The points O
and I are said to be conjugate points for the optical system. In an ideal optical
system, every ray from O intercepted by the system—and only these rays—
also passes through I. To image an actual object, this requirement must hold
for every object point and its conjugate image point.

Nonideal images are formed in practice because of (1) light scattering,
(2) aberrations, and (3) diffraction. Some rays leaving O do not reach I due to
reflection losses at refracting surfaces, diffuse reflections from reflecting sur-
faces, and scattering by inhomogeneities in transparent media. Loss of rays by
such means merely diminishes the brightness of the image; however, some of
these rays are scattered through I from nonconjugate object points, degrad-
ing the image. When the optical system itself cannot produce the one-to-one
relationship between object and image rays required for perfect imaging of
all object points, we speak of system aberrations. Finally, since every optical
system intercepts only a portion of the wavefront emerging from the object,
the image cannot be perfectly sharp. Even if the image were otherwise per-
fect, the effect of using a limited portion of the wavefront leads to diffraction
and a blurred image, which is said to be diffraction limited. This source of
 imperfect image formation, discussed further in the sections under diffrac-
tion, represents a fundamental limit to the sharpness of an image that cannot
be entirely overcome. This difficulty rises from the wave nature of light. Only
in the unattainable limit of geometrical optics, where would diffrac-
tion effects disappear entirely.

Reflecting or refracting surfaces that form perfect images are called
Cartesian surfaces. In the case of reflection, such surfaces are the conic sec-
tions, as shown in Figure 11. In each of these figures, the roles of object and
image points may be reversed by the principle of reversibility. Notice that in
Figure 11b, the image is virtual. In Figure 11c, the parallel reflected rays are
said to form an image “at infinity.” In each case, one can show that Fermat’s
principle, requiring isochronous rays between object and image points, leads
to a condition that is equivalent to the geometric definition of the correspond-
ing conic section.

Cartesian surfaces that produce perfect imaging by refraction may be
more complicated. Let us ask for the equation of the appropriate refracting sur-
face that images object point O at image point I, as illustrated in Figure 12.
There an arbitrary point P with coordinates (x, y) is on the required surface

The requirement is that every ray from O, like OPI, refracts and passes
through the image I. Another such ray is evidently OVI, normal to the surface
at its vertex point V. By Fermat’s principle, these are isochronous rays. Since
the media on either side of the refracting surface are characterized by differ-
ent refractive indices, however, the isochronous rays are not equal in length.
The transit time of a ray through a medium of thickness x with refractive
index n is

t =

x
y

=

nx
c

©.

l: 0,
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O I
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Figure 11 Cartesian reflecting surfaces
showing conjugate object and image points.
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Therefore, equal times imply equal values of the product nx, called the optical
path length. In the problem at hand, then, Fermat’s principle requires that

(6)

where the distances are defined in Figure 12. In terms of the (x, y)-coordinates
of P, the first sum of Eq. (6) becomes

(7)

The constant in the equation is determined by the middle member of Eq. (6),
which can be calculated once the specific problem is defined.

Equation (7) describes the Cartesian ovoid of revolution shown in Figure 13a.
In most cases, however, the image is desired in the same optical medium

as the object. This goal is achieved by a lens that refracts light rays twice, once
at each surface, producing a real image outside the lens. Thus it is of particu-
lar interest to determine the Cartesian surfaces that render every object ray
parallel after the first refraction. Such rays incident on the second surface can
then be refracted again to form an image. The solutions to this problem are il-
lustrated in Figure 13b and c. Depending on the relative magnitudes of the
 refractive indices, the appropriate refracting surface is either a hyperboloid

or an ellipsoid as shown.
The first of these corresponds to the usual case of an object in air. A

double hyperbolic lens then functions as shown in Figure 14. Note, however,
that the aberration-free imaging so achieved applies only to object point O
at the correct distance from the lens and on axis. For nearby points, imaging
is not perfect. The larger the actual object, the less precise is its image.
 Because images of actual objects are not free from aberrations and because
hyperboloid surfaces are difficult to grind exactly, most optical surfaces are
spherical.3 The spherical aberrations so introduced are accepted as a com-
promise when weighed against the relative ease of fabricating spherical sur-
faces. In the remainder of this chapter, we examine, in detail, spherical
reflecting and refracting surfaces and, more briefly, cylindrical reflecting
and refracting surfaces. Note that a plane surface can be treated as a special
case of a cylindrical or a spherical surface in the limit that the radius of cur-
vature R of either type of surface tends to infinity.

7 REFLECTION AT A SPHERICAL
SURFACE

Spherical mirrors may be either concave or convex relative to an object point O,
depending on whether the center of curvature C is on the same or opposite side
of the reflecting surface. In Figure 15 the mirror shown is convex, and two
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Figure 12 Cartesian refracting surface
which images object point O at image point I.
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Figure 13 Cartesian refracting surfaces.
(a) Cartesian ovoid images O at I by refrac-
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and (c) Ellipsoid surface images
object point O at infinity when O is at one
focus and no 7 ni .

ni 7 no .

O I

3The refinement of lens construction using injection molding technology has eased the pro-
duction of lenses with aspherical surfaces.

Figure 14 Aberration-free imaging of
point object O by a double hyperbolic lens.
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rays of light originating at O are drawn, one normal to the spherical surface at its
vertex V and the other an arbitrary ray incident at P. The first ray reflects back
along itself; the second reflects at P as if from a plane tangent at P, satisfying the
law of reflection. The two reflected rays diverge as they leave the mirror. The in-
tersection of the two rays (extended backward) determines the image point I
conjugate to O. The image is virtual, located behind the mirror surface.

Object and image distances from the vertex are shown as s and respec-
tively. A perpendicular of height h is drawn from P to the axis at Q. We seek a
relationship between s and that depends only on the radius of curvature R of
the mirror. As we shall see, such a relation is possible only to first-order ap-
proximation of the sines and cosines of the angles made by the object and
image rays to the spherical surface. This means that in place of the expansions

and

(8)

we consider the first terms only and write

(9)

relations that can be accurate enough if the angle is small enough.4 This ap-
proximation leads to first-order, or Gaussian, optics, after Karl Friedrich
Gauss, who in 1841 developed the foundations of the subject. Returning now
to the problem at hand, notice that two angular relationships may be ob-
tained from Figure 15, because the exterior angle of a triangle equals the sum
of its interior angles. These are

which combine to give
(10)

Using the small-angle approximation, the angles of Eq. (10) can be replaced
by their tangents, yielding

h
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= -2
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u = a + w and 2u = a + a¿

w

sin w � w and cos w � 1
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Á
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w5
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Á
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s�s

a a� w
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Figure 15 Reflection at a spherical
 surface.

4For example, for angles around 10°, the approximation leads to errors around 1.5%.w
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where we have also neglected the axial distance VQ, small when angle is
small. Cancellation of h produces the desired relationship,

(11)

If the spherical surface is chosen to be concave instead, the center of curva-
ture would be to the left. For certain positions of the object point O, it is then
possible to find a real image point also to the left of the mirror. In these cases,
the resulting geometric relationship analogous to Eq. (11) consists of terms
that are all positive. It is possible, by employing an appropriate sign conven-
tion, to represent all cases by the single equation

(12)

The sign convention to be used in conjunction with Eq. (12) is as fol-
lows. Assume the light propagates from left to right:

1. The object distance s is positive when O is to the left of V, corresponding
to a real object. When O is to the right, corresponding to a virtual object,
s is negative.

2. The image distance is positive when I is to the left of V, corresponding
to a real image, and negative when I is to the right of V, corresponding
to a virtual image.

3. The radius of curvature R is positive when C is to the right of V, corre-
sponding to a convex mirror, and negative when C is to the left of V, cor-
responding to a concave mirror.

These rules5 can be quickly summarized by noticing that positive object
and image distances correspond to real objects and real images and
that convex mirrors have positive radii of curvature. Applying Rule 2 to
Figure 15, we see that the general Eq. (12) becomes identical with Eq. (11),
a special case derived in conjunction with Figure 15. Virtual objects occur
only with a sequence of two or more reflecting or refracting elements and
are considered later.

The spherical mirror described by Eq. (12) yields, for a plane mirror
with as determined previously. The negative sign implies a
virtual image for a real object. Notice also in Eq. (12) that object distance and
image distance appear symmetrically, implying their interchangeability as
conjugate points. For an object at infinity, incident rays are parallel and

as illustrated in Figure 16a and b for both concave and
convex mirrors. The image distance in each case is defined as the
focal length f of the mirrors. Thus,

(13)

and the mirror equation can be written, more compactly, as

(14)
1
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1
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=

1
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f = -
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1R 6 02
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1
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2
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w

5Although this set of sign conventions is widely used, the student is cautioned that other schemes
exist. No one with a continuing involvement in optics can hope to escape confronting other conventions,
nor should the matter be beyond the mental flexibility of the serious student to accommodate.
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Figure 16 Location of focal points (a)
and (b) and construction to determine
magnification (c) of a spherical mirror.
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The focal point F, located a focal length f from the vertex of the mirror, and
shown in Figure 16a and b, serves as an important construction point in graphi-
cal ray-tracing techniques, which we discuss following Example 1.

In Figure 16c, a construction is shown that allows the determination of
the transverse magnification. The object is an extended object of transverse
dimension The image of the top of the object arrow is located by two
rays whose behavior on reflection is known. The ray incident at the vertex
must reflect to make equal angles with the axis. The other ray is directed
 toward the center of curvature along a normal and so must reflect back
along itself. The intersection of the two reflected rays occurs behind the
mirror and locates a virtual image of dimension hi there. Because of the
equality of the three angles shown, it follows that

The lateral magnification m is defined by the ratio of lateral image size to
corresponding lateral object size, so that

(15)

Extending the sign convention to include magnification, we assign a
magnification to the case where the image has the same orientation as the
object and a magnification where the image is inverted relative to the
object. To produce a magnification in the construction of Figure 16c,
where must itself be negative, we modify Eq. (15) to give the general
form

(16)

The following example illustrates the correct use of the sign convention.

Example 1

An object 3 cm high is placed 20 cm from (a) a convex and (b) a concave
spherical mirror, each of 10-cm focal length. Determine the position and na-
ture of the image in each case.

Solution

a. Convex mirror: and 

The image is virtual (because is negative), 6.67 cm to the right of the
mirror vertex, and is erect (because m is positive) and the size of the
object, or 1 cm high.

b. Concave mirror: and 

m = -
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= -
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=
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1
3
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s
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1
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1
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1
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The image is real (because is positive), 20 cm to the left of the mir-
ror vertex, and is inverted (because m is negative) and the same size as
the object, or 3 cm high. Image and object happen to be at
the center of curvature of the mirror.

The location and nature of the image formed by a mirror can be de-
termined by graphical ray-trace techniques. Figure 17 illustrates how three
key rays—labeled 1, 2, and 3—each leaving a point P at the tip of an object,
can be drawn to locate the conjugate image point In fact, under the
conditions for which Eqs. (12) through (16) are valid, the paths of any two
rays leaving P are sufficient to locate the conjugate image point A third
ray serves as a convenient check on the accuracy of the first two chosen
rays. The three key rays discussed in connection with Figure 17 are chosen
as the basis of the graphical ray-trace technique because, once the mirror
center of curvature C, the focal point F, and vertex V are located along the
optical axis of a spherical mirror, these three rays can be drawn using only
a straightedge device. The conjugate image point marks the tip of the
image—the entire image then lies between and the point on the optical
axis directly above or below 

Refer to Figure 17a, b, and c in connection with the following descrip-
tion of how the three key rays can be drawn. Note the difference in each ray

P¿.

P¿

P¿

P¿.

P¿.

2f = 20 cm,

s¿

(a)

(c)
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3
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O I F C

P
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3�
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P
32
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Figure 17 Ray diagrams for spherical
mirrors. (a) Real image, concave mirror. The
object distance is greater than the focal
length. (b) Virtual image, concave mirror. The
object distance is less than the focal length. (c)
Virtual image, convex mirror.
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trace, depending on the object location before or after points C and F, and on
the geometry of the mirror surface, concave or convex.

• Ray 1. This ray leaves point P as a ray parallel to the optical axis, strikes
the mirror, reflects and passes through the focal point F of a concave
mirror—as in Figure 17a and b. Or, as in Figure 17c, it strikes a convex
mirror and reflects as if it came from the focal point F behind the mir-
ror. In each case, after reflection this ray is labeled 

• Ray 2. This ray leaves point P, passes through F, strikes a concave
 mirror, and is reflected as a ray parallel to the optical axis, as in
 Figure 17a. Or, as in Figure 17b, it leaves point P as if it is coming
from the point F to its left (dotted line), strikes the concave mirror,
and reflects as a parallel ray. Or, as in Figure 17c, for a convex mirror,
the ray leaves point P heading toward focal point F behind the
 mirror, strikes the mirror, and reflects as a parallel ray. In each case,
after reflection, this ray is labeled 

• Ray 3. This ray leaves point P in Figure 17a, passes through point C for
the concave mirror, strikes the mirror, and reflects back along itself. Or,
as in Figure 17b—still for a concave mirror—ray 3 appears to come from
the point C to its left, strikes the mirror, and reflects back along itself.
Or, as in Figure 17c, for a convex mirror, it heads toward point C  behind
the mirror, strikes the mirror, and reflects back along itself. In each case,
after reflection, this ray is labeled 

To understand how these rays locate the conjugate image point that
marks the tip of the image, it is useful to imagine that these three rays arrive
at the eye of one viewing the image. For the case shown in Figure 17a, the
three rays and intersect at a real image point as they progress away
from the mirror and toward the viewer. For the arrangements shown in 
Figure 17b and 17c, the rays and appear to originate from a point
of intersection (a virtual image point) located behind the mirror. The real or
apparent point of intersection is interpreted as the emanation point of these
rays. That is, the viewer “sees” the tip of an image at point 

8 REFRACTION AT A SPHERICAL
SURFACE

We turn now to a similar treatment of refraction at a spherical surface, choos-
ing in this case the concave surface of Figure 18. Two rays are shown emanat-
ing from object point O. One is an axial ray, normal to the surface at its vertex
and so refracted without change in direction. The other ray is an arbitrary ray
incident at P and refracting there according to Snell’s law,

(17)

The two refracted rays appear to emerge from their common intersection, the
image point I. In triangle CPO, the exterior angle In triangle
CPI, the exterior angle Approximating for paraxial rays and
substituting for and in Eq. (17), we have

(18)

Next, writing the tangents for the angles by inspection of Figure 18, where
again we may neglect the distance QV in the small angle approximation,
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or

(19)

Employing the same sign convention as introduced for mirrors (i.e., positive dis-
tances for real objects and images and negative distances for virtual objects and
images), the virtual image distance and the radius of curvature If
these negative signs are understood to apply to these quantities for the case of
Figure 18, a general form of the refraction equation may be written as

(20)

which holds equally well for convex surfaces. When the spherical
surface becomes a plane refracting surface, and

(21)

where is the apparent depth determined previously. For a real object
the negative sign in Eq. (21) indicates that the image is virtual.

The lateral magnification of an extended object is simply determined by
inspection of Figure 19. Snell’s law requires, for the ray incident at the
vertex V and in the small-angle approximation, or, using tan-
gents for angles,

The lateral magnification is, then,

(22)

where the negative sign is attached to give a negative value corresponding to
an inverted image. For the case of a plane refracting surface, Eq. (21) may
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Figure 18 Refraction at a spherical sur-
face for which n2 7 n1 .
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be incorporated into Eq. (22), giving Thus, the images formed by
plane refracting surfaces have the same lateral dimensions and orientation
as the object.

Example 2

As an extended example of refraction by spherical surfaces, refer to Figure 20.
In (a), a real object is positioned in air, 30 cm from a convex spherical sur-
face of radius 5 cm. To the right of the interface, the refractive index is that
of water. Before constructing representative rays, we first find the image dis-
tance and lateral magnification of the image, using Eqs. (20) and (22).
 Equation (20) becomes

giving The positive sign indicates that the image is real and
so is located to the right of the surface, where real rays of light are re-
fracted. Equation (22) becomes

m = -

1121+402

11.3321+302
= -1

s¿1 = +40 cm.

1
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+

1.33
s¿1

=

1.33 - 1
5

m = +1.
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C Iu1
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n1 n2

ho
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s s�
Figure 19 Construction to determine later-
al magnification at a spherical refracting
 surface.

(b)

(a)

RI2 RI1

VO2
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Figure 20 Example of refraction by spher-
ical surfaces. (All distances are in cm.)
(a) Refraction by a single spherical surface.
(b) Refraction by a thick lens. Subscripts 1
and 2 refer to refractions at the first and sec-
ond surfaces, respectively.
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indicating an inverted image, equal in size to that of the object. Figure 20a
shows the image, as well as several rays, which are now determined. In
this example we have assumed that the medium to the right of the spher-
ical surface extends far enough so that the image is formed inside it,
without further refraction. Let us suppose now (Figure 20b) that the
 second medium is only 10 cm thick, forming a thick lens, with a second,
concave spherical surface, also of radius 5 cm. The refraction by the first
surface is, of course, unaffected by this change. Inside the lens, therefore,
rays are directed as before to form an image 40 cm to the right of the
first surface. However, these rays are intercepted and refracted by the
second surface to produce a different image, as shown. Since the con-
vergence of the rays striking the second surface is determined by the po-
sition of the first image, its location now specifies the appropriate object
distance to be used for the second refraction. We call the real image formed
by surface (1) a virtual object for surface (2). Then, by the sign convention es-
tablished previously, we make the virtual object distance, relative to the sec-
ond surface, a negative quantity when using Eqs. (20) and (22). For the  second
refraction, then, Eq. (20) becomes

or The magnification, according to Eq. (22), is

The final image is, then, the lateral size of its (virtual) object and apears with
the same orientation. Relative to the original object, the final image is as
large and inverted.

In general, whenever a train of reflecting or refracting surfaces is involved
in the processing of a final image, the individual reflections and/or refractions
are considered in the order in which light is actually incident upon them. The
object distance of the nth step is determined by the image distance for the

step. If the image of the step is not actually formed, it
serves as a virtual object for the nth step.

9 THIN LENSES

We now apply the preceding method to discover the thin-lens equation. As in
the example of Figure 20, two refractions at spherical surfaces are involved.
The simplification we make is to neglect the thickness of the lens in compari-
son with the object and image distances, an approximation that is justified in
most practical situations. At the first refracting surface, of radius 

(23)

and at the second surface, of radius 

(24)

We have assumed that the lens faces the same medium of refractive index
on both sides. Now the second object distance, in general, is given by
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where t is the thickness of the lens. Notice that this relationship produces the
correct sign of as in Figure 20, and also when the intermediate image falls
inside or to the left of the lens. In the thin-lens approximation, neglecting t,

(26)

When this value of is substituted into Eq. (24) and Eqs. (23) and (24) are
added, the terms cancel and there results

Now is the original object distance and is the final image distance, so we
may drop their subscripts and write simply

(27)

The focal length of the thin lens is defined as the image distance for an object
at infinity, or the object distance for an image at infinity, giving

(28)

Equation (28) is called the lensmaker’s equation because it predicts the focal
length of a lens fabricated with a given refractive index and radii of curvature
and used in a medium of refractive index In most cases, the ambient
 medium is air, and The thin-lens equation, in terms of the focal
length, is then

(29)

Wavefront analysis for plane wavefronts, as shown in Figure 21, indi-
cates that a lens thicker in the middle causes convergence, and one thinner in
the middle causes divergence of the incident parallel rays. The portion of the
wavefront that must pass through the thicker region is delayed relative to the
other portions. Converging lenses are characterized by positive focal lengths
and diverging lenses by negative focal lengths, as is evident from the figure,
where the images are real and virtual, respectively.

Sample ray diagrams for converging (or convex) and diverging (or con-
cave) lenses are shown in Figure 22. The thin lenses are best represented, for
purposes of ray construction, by a vertical line with edges suggesting the gen-
eral shape of the lens—ordinary arrowheads for converging lenses, inverted
arrowheads for diverging lenses. Graphical methods of locating images, as
with spherical mirrors in Figure 17, make use of three key rays. This procedure
is outlined next and illustrated in Figures 22 and 23. The three rays leaving the
tip of the object change direction due to refraction at the thin-lens interfaces.
The redirected rays can be used to locate the image.

• Ray 1. A ray leaving the tip of the object, parallel to the optical axis, un-
dergoing refraction at the lens surfaces and passing through the right focal
point F of a converging lens, as in Figure 22a. Or, as in Figure 22b, a paral-
lel ray which refracts at the lens surfaces as if coming directly from the
left focal point F of a diverging lens.

• Ray 2. A ray leaving the tip of the object and passing through the left focal
point F of a converging lens, undergoing refraction at the lens surfaces,
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Figure 21 Lens action on plane wave-
fronts of light. (a) Converging lens (positive
focal length). (b) Diverging lens (negative
focal length).
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and emerging parallel to the axis as in Figure 22a. Or, as in Figure 22b, a
ray leaving the tip of the object, directed toward the right focal point F
of a diverging lens, undergoing refraction at the lens and emerging par-
allel to the axis.

• Ray 3. A ray leaving the tip of the object and passing directly through
the center of a converging or diverging lens, emerging unaltered, as in
Figure 22a or 22b.

The viewer, located at the far right in Figure 22a and 22b, receives these rays
as if they have come directly from an object and so “sees” the tip of the image
at the point where the backwards extensions of these rays either intersect or
appear to intersect. Any two rays are sufficient to locate the image; the third
ray may be drawn as a check on the accuracy of the graphical trace.

In constructing ray diagrams, as in Figure 22, observe that, except for the
central ray (ray 3), each ray refracted by a convex lens bends toward the axis
and each ray refracted by a concave lens bends away from the axis. From ei-
ther diagram, the angles subtended by object and image at the center of the
lens are seen to be equal. For either the real image RI in (a) or the virtual
image VI in (b), it follows that

and lateral magnification

In accordance with the sign convention adopted here, the magnification
should be the negative of the ratio of the image and object distances since, in
case (a), and because the image is inverted; in case (b),s 7 0, s¿ 7 0, m 6 0
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Figure 22 Ray diagrams for image forma-
tion by a convex lens (a) and a concave
lens (b).
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and In either case, then,

(30)

Further ray-diagram examples for a train of two lenses are illustrated in
 Figure 23 and a calculation involving image formation in two lenses is given
in Example 3.

Example 3

Find and describe the intermediate and final images produced by a two-lens
system such as the one sketched in Figure 23a. Let
and their separation be 60 cm. Let the object be 25 cm from the first lens, as
shown.

Solution

The first lens is convex: 

Thus, the first image is real (because is positive), 37.5 cm to the right of the
first lens, inverted (because m is negative), and 1.5 times the size of the object.
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Figure 23 (a) Formation of a virtual image by a two-element train of a convex lens (1) and
 concave lens (2). (b) Formation of a real image by a train of two convex lenses. The intermediate
image serves as a virtual object for the second lens.VO2RI1
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TABLE 1 SUMMARY OF GAUSSIAN MIRROR AND LENS FORMULAS

Spherical surface Plane surface

Reflection

Refraction Single surface

Refraction Thin lens

Convex : f 7 0

Concave: f 6 0
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The second lens is concave: Since real rays of light diverge
from the first real image, it serves as a real object for the second lens, with

to the left of the lens. Then,

Thus, the final image is virtual (because is negative), 9 cm to the left of
the seconds lens, erect with respect to its own object (because m is positive),
and 0.4 times its size. The overall magnification is given by

Thus, the final image is inverted relative to the origi-
nal object and its lateral size. All these features are exhibited qualita-
tively in the ray diagram of Figure 23a.

Table 1 and Figure 24 provide a convenient summary of image formation in
lenses and mirrors.

10 VERGENCE AND REFRACTIVE
POWER

Another way of interpreting the thin-lens equation is useful in certain appli-
cations, including optometry. The interpretation is based on two considera-
tions. In the thin-lens equation,

(31)
1
s
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1
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1
f

6>10
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122.52 - 1-152
= -9 cm

s2 = 60 - 37.5 = +22.5 cm

f2 = -15 cm.
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notice that (1) the reciprocals of distances in the left member add to give the
reciprocal of the focal length and (2) the reciprocals of the object and image
distances describe the curvature of the wavefronts incident at the lens and
centered at the object and image positions O and I, respectively. A plane
wavefront, for example, has a curvature of zero. In Figure 25 spherical waves
expand from the object point O and attain a curvature, or vergence, V,
given by 1/s, when they intercept the thin lens. On the other hand, once
 refracted by the lens, the wavefronts contract, in Figure 25a, and expand
 further, in Figure 25b, to locate the real and virtual image points shown. The
curvature, or vergence, of the wavefronts as they emerge from the lens is

The change in curvature from object space to image space is due to the
refracting power P of the lens, given by 1/f. With these definitions, Eq. (31)
may be written

(32)V + V¿ = P

1>s¿.
V¿,

s�

s�s s

O IO F F

(a)
(b)

I

2F 2F 3F

Figure 25 Change in curvature of wavefronts on refraction by a thin lens. (a) Convex lens. (b) Concave lens.
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Figure 24 Summary of image formation by (a) spherical mirrors and (b) thin lenses. The location, nature, magnifi-
cation, and orientation of the image are indicated or suggested. The letters R and V refer to real and virtual, O and I
to object and image. Changes in elevation of the horizontal lines suggest the magnification in the various regions.
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The units of the terms in Eq. (32) are reciprocal lengths. When the lengths
are measured in meters, their reciprocals are said to have units of diopters
(D). Thus, the refracting power of a lens of focal length 20 cm is said to be 

This alternative point of view emphasizes the degree of 

wave curvature or ray convergence rather than object and image distances.
Accordingly, the degree of convergence of the image rays is determined
by the original degree of convergence V of the object rays and the refract-
ing power P of the lens, that is, the power to change incident wave curva-
ture. Eq. (32) can also be applied to the case of refraction at a single
surface, Eq. (20), in which case the refractive indices in object and image
space need not be 1. In this event, the power of the refracting surface is

This approach is useful for another reason. When thin lenses are placed
together, in contact, the focal length f of the combination, treated as a single
thin lens, can be found in terms of the focal lengths of the individ-
ual lenses. For example, with two such lenses back-to-back, we write the lens
equations

Since the image distance for the first lens plays the role of the object distance
for the second lens, we may write

and, adding the two equations,

The reciprocals of the individual focal lengths, therefore, add to give the reci-
procal of the overall focal length f of the pair. In general, for several thin lens-
es, in direct contact,

(33)

Expressed in diopters, the refractive powers simply add:

(34)

In a nearsighted eye, the refracted (converging) power of the eye is
too great, so that a real image is formed in front of the retina. By reducing
the convergence with a number of diverging lenses placed in front of the
eye, until an object is clearly focused, an optometrist can determine the
net diopter specification of the single corrective lens needed by simply
adding the diopters of these test lenses. In a farsighted eye, the natural
converging power of the eye is not strong enough, and additional
 converging power must be added in the form of spectacles with a converg-
ing lens.
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11 NEWTONIAN EQUATION 
FOR THE THIN LENS

When object and image distances are measured relative to the focal points F
of a lens, as by the distances x and in Figure 26, an alternative form of the
thin-lens equation results, called the Newtonian form. In the figure, the two
rays shown determine two right triangles, joined by the focal point, on each
side of the lens. Since each pair constitutes similar triangles, we may set up
proportions between sides that represent the lateral magnification:

Introducing a negative sign for the magnification, due to the inverted image,

(35)

The two parts of Eq. (35) also constitute the Newtonian form of the thin-lens
equation,

(36)

This equation is somewhat simpler than Eq. (29) and is found to be more
convenient in certain applications.

12 CYLINDRICAL LENSES

Spherical lenses and mirrors with circular cross sections are far more com-
mon in optical systems than are cylindrical lenses. Nevertheless, cylindrical
lenses are important, for example, in the field of optometry for correcting the
visual defect known as astigmatism, as well as in novel visual displays where
it is useful to image points as lines. We close this chapter on geometrical op-
tics with a brief look at this special type of lens.

The optical axis for a spherical lens is an axis of symmetry since rotation
of the lens through an arbitrary angle about the optical axis leaves the lens
looking just as it did before the rotation. Because the orientation of the sur-
face curvature does not change in such a rotation, its optical behavior re-
mains unchanged. This rotational symmetry simplifies the analysis of the
imaging properties of such a spherical lens. On the other hand, a cylindrical
lens—shaped like a section of a soft drink can, sliced down the side from top
to bottom—lacks rotational symmetry about its optical axis. As a consequence,
a cylindrical lens has asymmetric focusing properties, as will be seen later in
greater detail. Whereas a spherical lens produces a point image of a point

xx¿ = f2

x¿

m = -

f
x

= -

x¿

f

hi

ho
=

f
x

and
hi

ho
=

x¿

f

ho ho
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F F

fx

f x�
so�

so
Figure 26 Construction used to derive
Newton’s equations for the thin lens.
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object, a cylindrical lens produces a line image of a point object. Because of
these properties, a spherical lens is said to be stigmatic, and the cylindrical
lens astigmatic.

Consider first a spherical lens, as shown in Figure 27a and b. Orthogo-
nal vertical and horizontal axes are shown as solid diametrical lines through
the geometric lens center. Parallel rays of light passing through the vertical
axis (see Figure 27a) and through the horizontal axis (see Figure 27b) are
handled identically by the lens, converging them to a common focus at F.

The lens can be rotated through an arbitrary angle about its optical axis
with the same result. Thus, the focusing properties of a spherical lens are in-
variant to rotation about its central (optical) axis.

Next, consider the convex and concave cylindrical lenses shown in
 Figure 28. One surface of the lens is cylindrical while the opposite is plane.6

Thus, the curved surface has a definite, finite radius of curvature, whereas the
plane surface has an infinite radius of curvature. In Figure 29, two vertical
slices or sections are shown perpendicular to the axis of a convex cylindrical
lens. Through each section, three representative rays are drawn. The opera-
tion of this lens is clearly asymmetric. Focusing occurs for rays along a verti-
cal section but not for rays along a horizontal section, where the lens presents
no curvature. Thus, rays 1, 2 and 3 focus to point A, and rays 4, 5 and 6 focus
to point B. However, there is no focusing of rays in a horizontal section, such
as the pairs of rays 1 and 4, 2 and 5, or 3 and 6. Other vertical sections would
produce other points along the focused line image AB in the same way. No-
tice that the line image AB so formed is always parallel to the cylinder axis.
This important feature is also shown in Figure 30, where the line image is real
for a cylindrical convex lens and virtual for a cylindrical concave lens. From
these figures, it is evident that the length of the line image is equal to the axial
length of the lens, assuming that rays of light parallel to the optical axis enter
along the entire extent of the lens. If an aperture is placed in front of the lens
to limit the bundle of light rays through the lens, the height of the line image
is just the aperture dimension along the cylinder axis, or the effective height of
the lens.

In Figure 29, the line image formed is the result of an object point “at
infinity,” which produces parallel rays at the lens. In Figure 31, the object
point O is near the lens, producing diverging rays of light incident on the
lens. Still, if the lens is thin, focusing occurs along the vertical sections, as
shown. Rays 1 and 3, in the left vertical section of Figure 31, focus at A;
rays 2 and 4 in the right vertical section focus at B. However, no focusing
occurs for rays 1, 5, and 2 along the horizontal section. Because of the
 divergence of the rays entering the lens, however, the length of the focused
line image AB is no longer equal to the effective length CL of the lens. The
divergence of the extreme rays at each end of the lens now determines an
image that is longer than the length of the lens. The image length AB can
be found from a simple, geometrical argument that is apparent in Figure 32a,
a view of the central horizontal section in Figure 31 as seen from above. If
the effective length of the cylindrical lens is CL, then by similar triangles it
follows that

AB
CL

=

s + s¿

s

(a)

(b)

F
Axis

Point
image

Lens

F

AxisPoint
image

Lens

Vertical fan of rays

Horizontal fan of rays

Figure 27 Parallel rays of light focused by a
spherical lens. Because of its axis of symme-
try relative to rotation about an axis through
its center, the lens treats (a) vertical and (b)
horizontal fans of rays similarly, producing in
each case a point image at the same location.
Each ray refracts twice through the lens, once
at each surface. For simplicity, only one re-
fraction is shown.

6To be more precise, we are speaking of a plano-convex or plano-concave cylindrical lens as
shown in Figure 28. Generally speaking, both surfaces of the lens might be cylindrical. In such a case,
the behavior of the lens as a whole, due to the addition of the powers of the two surfaces, may not re-
duce to that of the simple plano-convex or plano-concave lens described here.
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or

(37)

Subject to our sign convention, this relation is a general form for the plano-
cylindrical lens that handles all cases, with s and object and image distances,
respectively, and AB always positive.

Example 4

A thin plano-cylindrical lens in air has a radius of curvature of 10 cm, a re-
fractive index of 1.50, and an axial length of 5 cm. Light from a point object is
incident on the convex cylindrical surface from a distance of 25 cm to the left
of the lens. Find the position and length of the line image formed by the lens.

Solution

As given, Using the
spherical surface refraction equation (see Table 1),

and

together with the sign convention—positive for real objects and images, neg-
ative for virtual objects and images, positive R for convex surface.

Entering values, we have for the first convex surface at entry, 

which gives real. And for the second
1.50
s¿

=

1.50 - 1.00
10

, s¿ = 150 cm,

1
25

+

AB = a
s + s¿

s
bCL

n1

s
+

n2

s¿

=

n2 - n1

R

s = 25 cm, R = 10 cm, n1lens2 = 1.50 and CL = 5 cm.

s¿

AB = a
s + s¿

s
bCL

(a)

Convex

(b)

Concave

Figure 28 Cylindrical lenses shown as sec-
tions of a solid and hollow cylindrical rod.

Line
imageA

41
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5

6
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axis

Figure 29 Focusing property of a convex
cylindrical lens. Rays through a vertical sec-
tion, such as rays 1, 2, and 3, come to a com-
mon focus, but rays through a horizontal
section, such as rays 1 and 4, do not. Parallel
rays form a line image that is parallel to the
cylinder axis. For simplicity, refraction is
shown only at the front surface and spherical
aberration for non-paraxial rays is ignored. 
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(plane) surface at exit, we obtain which gives 

Then with Eq. (37), 

Thus, the line image is parallel to the cylindrical axis, enlarged to 25 cm, and
located 1 m from the lens. If the lens is rotated about its optical axis, the line
image also rotates, remaining always parallel to the cylindrical axis.

Looking again at Figure 31, imagine a screen placed on the exit side of
the lens so as to capture the light from the lens. We have argued that when the
screen is at the distance from the lens, one sees a focused line image AB on
the screen, in this case with a horizontal orientation. As the screen is moved

s¿

AB = a
25 + 100

25
b5 cm = 25 cm.

1.50
-150

+

1.0
s¿

= 0, s¿ = 100 cm.

(a)

Virtual
vertical

line
image

Real
vertical

line
image

B

A

B

A

(b)

Figure 30 Formation of line images by cylindrical lenses for light incident from a distant object. In (a) the convex lens forms a real
image. In (b), the concave lens forms a virtual image. In either case, the line image is parallel to the cylinder axis.
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Figure 31 Formation of a line image AB by a
convex cylindrical lens when the object is a
point O at a finite distance from the lens. In
this case, the line image AB is longer than the
axial length of the lens, CL.
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further than from the lens, one sees an unfocused blur that has the general
shape of the aperture—either of the rectangular cross section of the lens
alone or of the lens with an aperture placed against it. Further, it should be
evident from Figure 31 that, as a screen, initially positioned just behind the
lens, moves toward the line image AB, the horizontal dimension (width) of
the blur increases and its vertical dimension (height) decreases. As the screen
moves beyond the line image, its width continues to increase but its height
now also increases due to the divergence of the rays after focusing. If an aper-
ture placed in front of the lens is circular, these blur images are elliptical in
shape, with changing major and minor axes formed by the width and height
of the blur. If the aperture is square, the blurs are rectangular in shape.
Widths and heights of the blur pattern can be found at any position of the
screen using the geometry apparent in Figure 32a and b, respectively. This
behavior can be observed easily in the laboratory.

Up to this point we have been dealing with a cylindrical lens whose
axis is either horizontal or vertical. Of course, the cylinder axis can be ori-
ented at any angle. An astigmatic eye, for example, while it possesses pre-
dominantly spherical optics, might have a cylindrical axis component whose
axis could be horizontal, vertical, or some angle in between. To deal with
cylindrical lenses and astigmatism in a general way, then, we must be able to
determine the effect of combining cylindrical lenses having arbitrary orien-
tations with each other and with spherical lenses. It turns out that two cylin-
drical lenses can produce the same effect as a sphero-cylindrical lens. Lens
prescriptions for vision correction are, in fact, expressed in terms of combi-
nations of spherical and cylindrical lenses. This subject is treated further
elsewhere.7

s¿

PROBLEMS

1 Derive an expression for the transit time of a ray of light
that travels a distance through a medium of index a
distance through a medium of index and a dis-
tance through a medium of index Use a summation
to express your result.

2 Deduce the Cartesian oval for perfect imaging by a refract-
ing surface when the object point is on the optical x-axis 20
cm from the surface vertex and its conjugate image point
lies 10 cm inside the second medium. Assume the refracting
medium to have an index of 1.50 and the outer medium to
be air. Find the equation of the intersection of the oval with
the xy-plane, where the origin of the coordinates is at the
object point. Generate a table of (x, y)-coordinates for the
surface and plot, together with sample rays.

3 A double convex lens has a diameter of 5 cm and zero thick-
ness at its edges. A point object on an axis through the cen-
ter of the lens produces a real image on the opposite side.
Both object and image distances are 30 cm, measured from
a plane bisecting the lens. The lens has a refractive index of
1.52. Using the equivalence of optical paths through the
center and edge of the lens, determine the thickness of the
lens at its center.

nm .xm

n2 , Á ,x2

n1 ,x1

4 Determine the minimum height of a wall mirror that will
permit a 6-ft person to view his or her entire height.
Sketch rays from the top and bottom of the person, and
determine the proper placement of the mirror such that
the full image is seen, regardless of the person’s distance
from the mirror.

5 A ray of light makes an angle of incidence of 45° at the cen-
ter of the top surface of a transparent cube of index 1.414.
Trace the ray through the cube.

6 To determine the refractive index of a transparent plate of
glass, a microscope is first focused on a tiny scratch in the
upper surface, and the barrel position is recorded. Upon
further lowering the microscope barrel by 1.87 mm, a fo-
cused image of the scratch is seen again. The plate thickness
is 1.50 mm. What is the reason for the second image, and
what is the refractive index of the glass?

7 A small source of light at the bottom face of a rectangular
glass slab 2.25 cm thick is viewed from above. Rays of light
totally internally reflected at the top surface outline a circle
of 7.60 cm in diameter on the bottom surface. Determine
the refractive index of the glass.

O

O

L

C

s s�
A

B

I

I

(a)

(b)

s s�

Figure 32 (a) Light rays in a top view of
the horizontal (nonfocusing) section of the
lens in Figure 31. (b) Light rays in a side
view of the vertical (focusing) section of the
lens in Figure 31.

7See F. L. Pedrotti and L. S. Pedrotti, Optics and Vision (Upper Saddle River, N. J.: Prentice
Hall, Inc., 1998). 
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8 Show that the lateral displacement s of a ray of light pene-
trating a rectangular plate of thickness t is given by

where and are the angles of incidence and refraction, re-
spectively. Find the displacement when
and 

9 A meter stick lies along the optical axis of a convex mirror
of focal length 40 cm, with its nearer end 60 cm from the mir-
ror surface. How long is the image of the meter stick?

10 A glass hemisphere is silvered over its curved surface. A
small air bubble in the glass is located on the central axis
through the hemisphere 5 cm from the plane surface. The
radius of curvature of the spherical surface is 7.5 cm, and
the glass has an index of 1.50. Looking along the axis into
the plane surface, one sees two images of the bubble. How
do they arise and where do they appear?

n = 1.50,
u1 = 50°.

t = 3 cm,
u1 u2

s =

t sin1u1 - u22

cos u2

R �
 7.

5 c
m

n � 1.50

5 cm

Figure 34 Problem 10

11 A concave mirror forms an image on a screen twice as large
as the object. Both object and screen are then moved to
produce an image on the screen that is three times the size
of the object. If the screen is moved 75 cm in the process,
how far is the object moved? What is the focal length of the
mirror?

12 A sphere 5 cm in diameter has a small scratch on its surface.
When the scratch is viewed through the glass from a position
directly opposite, where does the scratch appear and what is
its magnification? Assume for the glass.n = 1.50

n � 4/3

R � 5 cm

30 cm

O

25 cm

Tank

Window

Figure 35 Problem 15

13 a. At what position in front of a spherical refracting surface
must an object be placed so that the refraction produces
parallel rays of light? In other words, what is the focal length
of a single refracting surface?

b. Since real object distances are positive, what does your
result imply for the cases and 

14 A small goldfish is viewed through a spherical glass fish-
bowl 30 cm in diameter. Determine the apparent position
and magnification of the fish’s eye when its actual position
is (a) at the center of the bowl and (b) nearer to the oberver,
halfway from center to glass, along the line of sight. As-
sume that the glass is thin enough so that its effect on the
refraction may be neglected.

15 A small object faces the convex spherical glass window of a
small water tank. The radius of curvature of the window is 5
cm. The inner back side of the tank is a plane mirror, 25 cm
from the window. If the object is 30 cm outside the window,
determine the nature of its final image, neglecting any re-
fraction due to the thin glass window itself.

n2 7 n1 n2 6 n1?

Light
7.6 cm

2.25 cm

uc

Figure 33 Problem 7

16 A plano-convex lens having a focal length of 25.0 cm is to
be made with glass of refractive index 1.520. Calculate the
radius of curvature of the grinding and polishing tools to be
used in making this lens.

17 Calculate the focal length of a thin meniscus lens whose spher-
ical surfaces have radii of curvature of magnitude 5 and 10 cm.
The glass is of index 1.50. Sketch both positive and negative
versions of the lens.

18 One side of a fish tank is built using a large-aperture thin lens
made of glass The lens is equiconvex, with radii of
curvature 30 cm. A small fish in the tank is 20 cm from the
lens. Where does the fish appear when viewed through the
lens? What is its magnification?

1n = 1.502.
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19 Two thin lenses have focal lengths of and Deter-
mine their equivalent focal lengths when (a) cemented to-
gether and (b) separated by 10 cm.

20 Two identical, thin, plano-convex lenses with radii of curva-
ture of 15 cm are situated with their curved surfaces in con-
tact at their centers. The intervening space is filled with oil
of refractive index 1.65. The index of the glass is 1.50. Deter-
mine the focal length of the combination. (Hint: Think of
the oil layer as an intermediate thin lens.)

-5 +20 cm. the diverging lens, and the mirror is placed a distance 3f on
the other side of the lens. Using Gaussian optics, deter-
mine the final image of the system, after two refractions (a)
by a three-ray diagram and (b) by calculation.

23 A small object is placed 20 cm from the first of a train of
three lenses with focal lengths, in order, of 10, 15, and 20 cm.
The first two lenses are separated by 30 cm and the last two
by 20 cm. Calculate the final image position relative to the
last lens and its linear magnification relative to the original
object when (a) all three lenses are positive, (b) the middle
lens is negative, (c) the first and last lenses are negative.
Provide ray diagrams for each case.

24 A convex thin lens with refractive index of 1.50 has a focal
length of 30 cm in air. When immersed in a certain trans-
parent liquid, it becomes a negative lens with a focal
length of 188 cm. Determine the refractive index of the
liquid.

25 It is desired to project onto a screen an image that is four
times the size of a brightly illuminated object. A plano-
convex lens with and is to be used.
Employing the Newtonian form of the lens equations, deter-
mine the appropriate distance of the object and screen from
the lens. Is the image erect or inverted? Check your results
using the ordinary lens equations.

26 Three thin lenses of focal lengths 10 cm, 20 cm, and
are placed in contact to form a single compound

lens.

a. Determine the powers of the individual lenses and that
of the unit, in diopters.

b. Determine the vergence of an object point 12 cm from
the unit and that of the resulting image. Convert the re-
sult to an image distance in centimeters.

27 A lens is moved along the optical axis between a fixed
object and a fixed image screen. The object and image
positions are separated by a distance L that is more than
four times the focal length of the lens. Two positions of
the lens are found for which an image is in focus on the
screen, magnified in one case and reduced in the other. If
the two lens positions differ by distance D, show that the
focal length of the lens is given by
This is Bessel’s method for finding the focal length of a
lens.

f = 1L2
- D22>4L.

-40 cm

n = 1.50 R = 60 cm

21 An eyepiece is made of two thin lenses each of 
focal length, separated by a distance of 16 mm.

a. Where must a small object be positioned so that light
from the object is rendered parallel by the combination?

b. Does the eye see an image erect relative to the object?
Is it magnified? Use a ray diagram to answer these ques-
tions by inspection.

22 A diverging thin lens and a concave mirror have focal
lengths of equal magnitude. An object is placed (3/2)f from

+20-mm

Object Position 1 Position 2

f f

D
L � 4f

Screen

Figure 38 Problem 27

n � 1.5n � 1.5

Oil n � 1.65

|R| � 15 cm

Figure 36 Problem 20

3f3f
2

f f

Figure 37 Problem 22
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28 An image of an object is formed on a screen by a lens. Leav-
ing the lens fixed, the object is moved to a new position and
the image screen moved until it again receives a focused
image. If the two object positions are and and if the
transverse magnifications of the image are and re-
spectively, show that the focal length of the lens is given by

This is Abbe’s method for finding the focal length of a lens.

29 Derive the law of reflection from Fermat’s principle by min-
imizing the distance of an arbitrary (hypothetical) ray from
a given source point to a given receiving point.

S1 S2
M1 M2 ,

f =

1S2 - S12

a
1

M1
-

1
M2
b

30 Determine the ratio of focal lengths for two identical, thin,
plano-convex lenses when one is silvered on its flat side and
the other on its curved side. Light is incident on the unsil-
vered side.

31 Show that the minimum distance between an object and its
image, formed by a thin lens, is 4f. When does this occur?

32 A ray of light traverses successively a series of plane inter-
faces, all parallel to one another and separating regions of
differing thickness and refractive index.

a. Show that Snell’s law holds between the first and last re-
gions, as if the intervening regions did not exist.

b. Calculate the net lateral displacement of the ray from
point of incidence to point of emergence.

t1 t2

n0 n1 n2 nf

uo

d

uf

Figure 39 Problem 32

33 A parallel beam of light is incident on a plano-convex lens
that is 4 cm thick. The radius of curvature of the spherical
side is also 4 cm. The lens has a refractive index of 1.50 and
is used in air. Determine where the light is focused for light
incident on each side.

34 A spherical interface, with radius of curvature 10 cm, sepa-
rates media of refractive index 1 and The center of curva-
ture is located on the side of the higher index. Find the focal
lengths for light incident from each side. How do the results
differ when the two refractive indices are interchanged?

35 An airplane is used in aerial surveying to make a map of
ground detail. If the scale of the map is to be 1:50,000 and the
camera used has a focal length of 6 in., determine the proper
altitude for the photograph.

36 Light rays emanating in air from a point object on axis
strike a plano-cylindrical lens with its convex surface facing
the object. Describe the line image by length and location if
the lens has a radius of curvature of 5 cm, a refractive index
of 1.60, and an axial length of 7 cm. The point object is 15 cm
from the lens.

4
3 .

37 A plano-cylindrical lens in air has a curvature of 15 cm and an
axial length of 2.5 cm. The refractive index of the lens is
1.52. Find the position and length of the line image formed
by the lens for a point object 20 cm from the lens. Light from
the object is incident on the convex cylindrical surface of
the lens.

38 A plano-cylindrical lens in air has a radius of curvature of
10 cm, a refractive index of 1.50, and an axial length of 5 cm.
Light from a point object is incident on the concave, cylin-
drical surface from a distance of 25 cm to the left of the lens.
Find the position and length of the image formed by the
lens.

39 A plano-concave cylindrical lens is used to form an image
of a point object 20 cm from the lens. The lens has a refrac-
tive index of 1.50, a radius of curvature of 20 cm, and an
axial length of 2 cm. Describe as completely as possible the
line image of the point.

40 Consider the plano-convex cylindrical lens in problem 36. If
the point object is only 6 cm from the lens, describe the line
image.
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INTRODUCTION

The principles of geometrical optics are applied in this chapter in order to
 discuss several practical optical instruments. The discussion begins with an
 introduction to the operation of stops, pupils, and windows, of great practical
importance to light control in optical instrumentation. We follow this with a
brief overview of aberrations and then examine in turn, the optics and opera-
tion of prisms, cameras, eyepieces, microscopes, and telescopes.

1 STOPS, PUPILS, AND WINDOWS

You should be familiar with ways to trace rays through an optical system
using the step-by-step application of Gaussian formulas and ray tracing.
However, not every light ray from an object point, directed toward or into an
optical system, reaches the final image. Depending on the location of the
 object point and the ray angle, many of these rays are blocked by the limiting
apertures of lenses and mirrors or by physical apertures intentionally insert-
ed into the optical system. An aperture, in its broadest sense, is an opening
 defined by a geometrical boundary. In this section, we wish to concentrate on
the effects of such spatial limitations of light beams in an optical system.

The apertures dealt with are often purposely inserted into an optical
system to achieve various practical purposes. Apertures can be used to
modify the effects of spherical aberration, astigmatism, and distortion. In
other  applications, apertures may be introduced to produce a sharp border
to the image, like the sharp outline we see looking into the eyepiece of an
optical instrument. Apertures may also be used to shield the image from

Optical Instrumentation

S

L

P

T

50

3 



Optical Instrumentation

undesirable light scattered from optical components. In any case, apertures
are inevitably present because every lens or mirror has a finite diameter
that effectively introduces an aperture into the system.

The presence of apertures in an optical system influences its image-forming
properties in two important ways—by limiting the field of view and by con-
trolling the image brightness. The first limitation determines how much of
the surface of a broad object can be seen by looking back through the opti-
cal system; the second determines how bright the image can be, that is, how
much irradiance reaches the image. Both of these limitations de-
pend directly on the optical behavior of bundles of rays that leave points on
an object and thread their way through an optical system—and its aperture—
to a conjugate image point.

There exists in the optical industry today many different practical opti-
cal systems, each with many choices available for the placement of apertures.
In this introduction we limit ourselves to a basic description of how apertures
can affect both image brightness and field of view. We examine first the role of
aperture stops and their related pupils in fixing image brightness, then the role
of field stops and their related windows in determining a field of view.

Although the actions of stops, pupils, and windows depend quite clearly
on the principles of geometrical optics, the details can at times be confusing.
In the descriptive text and correlated figures that follow, it will benefit the
reader to coordinate the reading of the text and examination of associated
figures closely. Thus, for example, in the text and correlated Figures 1a, b, and
c, we define carefully the meaning of aperture stops (AS), entrance pupils

and exit pupils and illustrate their effects in several simple
 optical systems.

Image Brightness: Aperture Stops and Pupils
Aperture Stop (AS) The aperture stop of an optical system is the actual phys-
ical component that limits the size of the maximum cone of rays—from an ax-
ial object point to a conjugate image point—that can be processed by the
entire system. Thus it controls the brightness of the image. The diaphragm of
a camera and the iris of the human eye are examples of aperture stops. An-
other example is found in the telescope, in which the first, or objective, lens
determines how much light is accepted by the telescope to form a final image
on the retina of the eye. In the telescope, then, the objective lens is the aper-
ture stop of the optical system. However, the aperture stop is not always iden-
tical with the first component of an optical system. For example, refer to
Figure 1a. As shown, the aperture stop (AS) in front of the lens determines the
extreme (or marginal) rays that can be accepted by the lens. But if the object

is moved to a position nearer to AS, at some point the lens rim becomes
the limiting aperture. This position is just the point of intersection between the
optical axis and a line drawn from the lens rim through the edge of the aper-
ture stop AS. In this case, the angle subtended by the lens rim at O
 becomes smaller than the angle subtended by the edge of the aper-
ture, and so we designate the lens as the aperture stop.

Entrance Pupil The entrance pupil is the limiting aperture (open-
ing) that the light rays “see,” looking into the optical system from any object
point. In Figure 1a, this is simply the aperture stop itself, so in this case, AS
and are identical. To see that this is not always the case, look at Figure 1b,
where the aperture stop is behind the lens (a rear stop), as in most cameras.
Which component now limits the cone of light rays? You can see that it is that
component whose aperture edges limit rays from O to their smallest angle
relative to the axis. Looking into the optical system from object space, one
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Figure 1 Limitation of light rays by various combinations of a positive lens and
aperture.

sees the lens directly but sees the AS through the lens. In other words, the
effective aperture due to the AS is its image formed by the lens, the dashed
line marked Since rays from O, directed toward this virtual aperture,
make a smaller angle than rays directed toward the lens edge

this virtual aperture serves as the effective entrance pupil for the
system. Notice that rays from O, directed toward the edges of are in fact
first refracted by the lens so as to pass through the edges of the real aperture
stop. This must be the case, since AS and are, by definition, conjugateEnP

EnP,
1L¿OL2,

1N¿ON2
EnP.
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planes: The edges of are the images of the edges of AS. This example il-
lustrates the general rule: The entrance pupil is the image of the control-
ling aperture stop formed by the imaging elements preceding it.1 When the
controlling aperture stop is the first such element (a front stop), it serves itself
as the entrance pupil.

Another example, in which an aperture placed in front of the lens func-
tions as the AS for the system, is shown in Figure 1c. It is different from 
Figure 1a in that the aperture is placed inside the focal length of the lens. Nev-
ertheless, the aperture is the AS for the system because it, not the lens, limits
the system rays to their smallest angle with the axis. Furthermore, it is the
of the system because it is the first element encountered by the light from the
object.

Exit Pupil We have described the of an optical system as
the image of the AS one sees by looking into the optical system from the ob-
ject. If one looks into the optical system from the image, another image of the
AS can be seen that appears to limit the output beam size. This image is called
the exit pupil of the optical system. Thus, the exit pupil is the image of the con-
trolling aperture stop formed by the imaging elements following it (or to the
right of it in our figures). The rear stop in Figure 1b is automatically the
for the system because it is the last optical component. According to our def-
inition of the the exit pupil is the optical conjugate of the AS; the
and AS are conjugate planes. It follows that the is also conjugate with
the In Figure 1a, the is the real image of the in Figure 1c, it is
the virtual image. Notice that in each case, rays intersecting the edges of the
entrance pupil also (actually, or when extended) intersect the edges of the
exit pupil.

In a system like that of Figure 1a, a screen held at the position of the exit
pupil receives a sharp image of the circular opening of the aperture stop. If
the system represents the eyepiece of some optical instrument, the exit pupil
is matched in position and diameter to the pupil of the eye. Notice further
that if the screen is moved closer to the lens, it intercepts a sharp image of
the object The exit pupil is seen to limit the solid angle of rays forming
each point of the image and therefore determines the image brightness, point
by point.

Chief Ray The chief, or principal, ray is a ray from an object point that
passes through the axial point, in the plane of the entrance pupil. Given the
conjugate nature of the entrance pupil with both the aperture stop and the exit
pupil, this ray must also pass (actually or when extended) through their axial
points. The chief ray in the cone of rays leaving object point is shown in all
three systems of Figure 1. The chief ray in the cone of rays leaving the axial
point O always coincides with the optical axis.

Before adding to our collection of new concepts that arise from a con-
sideration of apertures in optical systems, we consider a system slightly more
complex than those of Figure 1. In Figure 2, we specify a particular optical
system consisting of two lenses, L1 and L2, with an aperture A placed be-
tween them, as shown. The first question to be answered is: Which element
serves as the effective AS for the whole system? The answer to this question
is not always obvious. It can always be answered, however, by determining
which of the actual elements in the given system—in this case, A, L1, or L2—
has an entrance pupil that confines rays to their smallest angle with the axis, as
seen from the object point. To decide which candidate presents the limiting
aperture, it is necessary to find the entrance pupil for each by imaging each
one through that part of the optical system lying to its left:

EnP
EnP

O¿

II¿

OO¿.

EnP;ExPEnP.
ExP

ExPExP,

ExP

EnP(ExP)

EnP

1“Preceding” is used in the sense that light must pass through those imaging elements first. If we
always use light rays directed from left to right, we can simply say, “by all imaging elements to its left.”
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L2: By ray diagram or by calculation, the image of lens L2, formed by L1
(as if light went from right to left), is and is real. Both its location
and size (magnification) are shown.

A: The image of aperture A backward through L1 is virtual and is shown
as 

L1: Since lens L1 is the first element, it acts as its own entrance pupil.

The three candidates for entrance pupils, L1, and are next viewed from
the axial point O. Since the rim of subtends the smallest angle at O, as is
clear from the figure, we conclude that its conjugate aperture A is the aper-
ture stop (AS) of the system.

Once the AS is identified, it is imaged through the optical elements to its
right to find the exit pupil. In this case, aperture A is imaged through L2 to
form The chief ray, together with its two marginal rays, a and is drawn
from the tip of the object. Notice that the chief ray passes (actually or
when extended) through the centers of AS and its conjugate planes,
and The chief ray from intersects the optical axis at A, at (which
is virtual), and at The two cones–defined by the pairs of rays a, and
b, –emerging from the points O and are limited by the size of the en-
trance pupil and just make it through the exit pupil The image of
formed by L1 is shown as the final image (not shown) is virtual, since the
rays from either O or diverge on leaving L2.

Field of View: Field Stops and Windows
In describing the limitations of a cone of rays from an axial object point, we have
seen that entrance and exit pupils are related to the aperture stop and so govern
the brightness of the image. As mentioned earlier, apertures also determine the
field of view handled by the system. The controlling element in this connection is
called the field stop, and it is related to an entrance window and an exit window
in the same way that the aperture stop is related to entrance and exit pupils.

A simple experience of a limitation in the field of view is that of looking
through an ordinary window. The edges of the window determine how much
of the outdoors we can see. This field of view can be described in terms of the
lateral dimensions of the object viewed, or in terms of the angular extent of
the window, relative to the line of sight. One can talk about the field of view
in terms of the object being viewed or in terms of the image formed at the
viewer (on the retina, in this example).
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Figure 2 Limitation of light rays in an optical system consisting of two positive
lenses and an aperture A. The labels a, a , b and b assist in tracking the various rays.¿ ¿
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To see how an aperture restricts the field of view—using diagrams that
could well be applied to the case of window and eye lens, just discussed—look
at Figure 3. In part (a), the optical system is a single aperture A placed in
front of a single lens. Object and image planes are also shown. Rays from an
axial point O are limited in angle by the aperture and focused by the lens at
point The same is true for the off-axis point T and its image, In both
cases, the lens is large enough to intercept the entire cone of rays admitted by
A. If the object plane is uniformly bright and the aperture is a circular hole,
then a circle of radius is uniformly illuminated in the image plane.

However, if one considers object points below T, the upper rays from
such points, passing through the aperture, miss the lens. Such a point, U, is
shown in part (b) of the figure, the same optical system as (a), but redrawn for
clarity. It is chosen such that the chief or central ray of the bundle from U just
misses the top of the lens. About half the beam is lost so that image point
receives only about half as much light as points and Thus, the circular
image begins to dim as its radius increases. This partial shielding of the outer
portion of the image by the aperture for off-axis object points is called 
vignetting. Excessive vignetting may make the image of a point appear astig-
matic. Finally, object point V is chosen such that all its rays through the aper-
ture A miss the lens entirely. The lateral field of view processed by this optical
system is at most a circle of radius OV. It is often defined as the smaller circle
of radius OU if one considers the usable field of view as that which consists of
all object points that produce image points having at least half the maximum
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Figure 3 Referring to the same optical
 system, diagrams (a) and (b) illustrate both
the way in which an aperture limits the field
of view and the process by vignetting. Dia-
gram (c) is an example of a more complex
optical system, showing the angular field of
view in object and image space, and 
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irradiance near the center. One can then also define the angular field of view
as twice the angle made by the chief ray with the axis at the center of the
opening represented by the entrance pupil. The lens itself, in this case, acts
both as the field stop and the entrance window. In other, more complex, sys-
tems, the relevant quantities may be described as follows.

Field Stop (FS) The field stop is the aperture that controls the field of
view by limiting the solid angle formed by chief rays. As seen from the center
of the entrance pupil, the field stop (or its image) subtends the smallest angle.
When the edge of the field of view is to be sharply delineated, the field stop
should be placed in an image plane so that it is sharply focused along with the
final image. A simple example of such a field stop is the opening directly in
front of the film that outlines the final image in a camera. Intentional limita-
tion of the field of view using an aperture is desirable when either far-off axis
imaging is of unacceptable quality due to aberrations or when vignetting se-
verely reduces the illumination in the outer portions of the image.

Entrance Window The entrance window is the image of the field
stop formed by all optical elements preceding it. The entrance window delin-
eates the lateral dimensions of the object to be viewed, as in the viewfinder of
a camera, and its angular diameter determines the angular field of view. When
the field stop is located in an image plane, the entrance window lies in the con-
jugate object plane, where it outlines directly the lateral dimensions of the ob-
ject field imaged by the optical system.

Exit Window The exit window is the image of the field stop
formed by all optical elements following it. To an observer in image space, the
exit window seems to limit the area of the image in the same way as an out-
door scene appears limited by the window of a room.

In Figure 3c, the locations of the stops, pupils, and windows are shown in
a more complex optical system consisting of two lenses and two apertures.
The first aperture is the AS of the system and, as we have seen, is related to an
entrance pupil, its image in L1, and an exit pupil, its image in L2. The second
aperture is the field stop, FS, with its corresponding images through the lens-
es: the entrance window to the left and the exit window to the right. The field
of view in object space can then be described by the angle subtended by
the entrance window at the center of the entrance pupil. Similarly, the field of
view in image space can be described by the angle subtended by the exit
window at the center of the exit pupil. We see that the size of the field imaged
by the optical system is effectively determined by the entrance window and,
actually, by the size of the field stop. Notice that since and are both
images of the FS, they are conjugate planes. Thus, the same bundle of rays
that fills the entrance window also fills the field stop and the exit window.

The Summary of Terms that follows is provided as a convenient refer-
ence for a subject that requires patience, and experience with many exam-
ples, to master.

SUMMARY OF TERMS

Brightness
Aperture stop AS: The real element in an optical system that

limits the size of the cone of rays accepted by
the system from an axial object point.

Entrance pupil The image of the aperture stop formed by
the optical elements (if any) that precede it.

Exit pupil The image of the aperture stop formed by
the optical elements (if any) that follow it.

Field of view
Field stop FS: The real element that limits the angular field

of view formed by an optical system.

b
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Entrance window The image of the field stop formed by the op-
tical elements (if any) that precede it.

Exit window The image of the field stop formed by the op-
tical elements (if any) that follow it.

The following example will provide practice with the thin-lens formula
and procedures for determining stops and pupils for a spe-

cific optical system. As you follow through the steps in the solution, be sure
to verify the correct use of the sign convention related to the object distance
s, image distance focal length f, and image magnification for
each calculation.

Example 1

An optical system (see sketch in Figure 4 below) is made up of a positive thin
lens of diameter 6 cm and focal length a negative thin lens of
diameter 6 cm and focal length and an aperture A of diameter
3 cm. The aperture A is located 3 cm in front of lens which is located 4 cm
in front of lens An object OP, 3 cm high is located 18 cm to the left of 

Problem

a. Determine which element (A, or ) serves as the aperture stop AS.
b. Determine size and location of the entrance and exit pupils.
c. Determine the location and size of the intermediate image of OP

formed by and the final image formed by the system.

d. Using a scale of draw a diagram of the optical system and
locate to scale, on the drawing, the two pupils, intermediate image
and final image 

e. Draw the chief ray from object point P to its conjugate in the final
image, 

Solution

a. Determine first which element (A, or the image of in ) sub-
tends the smallest half-angle from rim to point O.

Elements A and have no “optics” to their left, so each subtends a
half-angle directly:

For element L1: uL1
M 3>18 = 0.17 rad

s¿, m = -s¿>s

1>s + 1>s¿ = 1>f

ExW:

EnW:

For element A: uA M 1.5>15 = 0.1 rad
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Figure 4 Sketch of optical system of Example 1.
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Find the image of in with light traveling right to left so that
Thus, gives So the im-

age is virtual, 12 cm to the right of of half-size given by
(This virtual image is shown as in

the final drawing.) So, for image 

Comparing half-angles, element A subtends the smallest half-angle
and so serves as the aperture stop AS.

b. Location and size of entrance and exit pupils.

Entrance Pupil : There are no optics to the left of the aperture stop
A, so it serves also as the entrance pupil 

Exit Pupil and are to the right of AS, so we must image AS
through both to locate the position and size of the exit pupil 

Through lens so gives
This is a virtual image that serves as the object for lens with

and Thus,
yields So the exit pupil is located 5 cm to the left of
or 1 cm to the left of Its size is as
shown in the final drawing.

c. Locating the intermediate and final image.

OP imaged through gives
right of or 5 cm to the right of The size of the

intermediate image, is thus So, is in-
verted, 1.5 cm long, and 5 cm to the right of (But it never forms
there due to the presence of )

imaged through a virtual object for equals
So, gives The final image is then
10 cm to the right of Its size, based on is

So, as shown in the final drawing, is real, in-
verted, 3 cm long (same as the object), and 10 cm from 

d. The final drawing, based on an original scale of with all
items of interest, is shown in Figure 5.

e. The chief ray, from point P to conjugate point is shown in the final
drawing. Note that it leaves P, passes through M, the center of AS and

undergoes refraction at heads for refracts again at
before reaching and heads for the final image. Note also
that the segment of the chief ray from to if traced backward, will
appear to be coming from point N, the center of the exit pupil
Thus, the chief ray involves the centers of AS, and as defined.

2 A BRIEF LOOK AT ABERRATIONS

All aberrations lead to a blurring of an image formed by an optical system,
thereby frustrating the optical designer intent on producing an ideal image—
that is, a faithful point-by-point re-creation of corresponding object points.
Chromatic aberration and the five monochromatic aberrations (spherical
aberration, coma, astigmatism, curvature of field, and distortion) occur large-
ly as a result of the form and shape of lenses and mirrors and as a result of
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rays from object points striking spherical surfaces at angles that exceed those
set by the paraxial approximation.

A brief description of spherical and chromatic aberration will serve us
here as a useful background for the treatment of optical elements and instru-
ments that conclude this chapter.

Spherical Aberration
In the paraxial ray approximation, all rays emanating from an object point,
after reflecting from a spherical mirror or passing through a lens with
spherical surfaces, either intersect at, or to the viewer appear to intersect at,
a common image point. In fact, rays emanating from an object point that
are incident on an optical element (spherical mirror or lens) at different
distances from the optical axis, after reflection or refraction, either inter-
sect, or to the viewer appear to intersect, at different positions. The result is
that point objects are not imaged as points but rather as small blurred lines.
The effect of spherical aberration for a concave spherical mirror that im-
ages an axial object point is shown in Figure 6a. Note that rays incident on
the mirror at symmetrically placed points Q converge at axial point M,
whereas rays incident on the mirror at points P converge at axial point N.
Consequently, light rays from a single point O form a blurred image along
the line segment containing M and N. Figure 6b illustrates the effect of
spherical aberration in a thin-lens system that forms a blurred line image of
an axial point object. In the case shown, rays from axial point object O that
encounter the lens at symmetrically placed points P converge at axial point
N, while rays from O that encounter the lens at points Q converge at axial
point M. As in the spherical mirror case, the result is a blurred line image
along the line segment containing M and N. The constructions shown in Fig-
ure 6a and 6b suggest that “stopping down” the optical system, so that only
nearly paraxial rays get through the entrance pupil, will limit the effect of
spherical aberration. This remedy for spherical aberration is, of course, ac-
companied by a reduction in image brightness. Another remedy for spheri-
cal aberration is achieved by combining positive and negative lenses in an
arrangement such that the spherical aberration from one tends to cancel
that from the other.
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Figure 5 Solution to Example 1 (d).
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Figure 6 Spherical aberration (exagger-
ated) in (a) a spherical mirror and (b) a thin
lens. For both arrangements, the rays from
object point O fail to converge at a single
image point.
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Figure 7 Chromatic aberration (exaggerated) for (a) parallel rays of white light inci-
dent on a thin lens and (b) white light incident on a thin lens from an off-axis point P.

Chromatic Aberration
Chromatic aberration results because the index of refraction of a material
differs for different wavelengths. Since the focal length of a lens is depen-
dent on the index of refraction of the lens material, focal lengths and
image  positions differ for different wavelength components of the light
used in the optical system. Thus, polychromatic light from a point object
images not as a point but as a series of points, one for each distinct wave-
length.

Figure 7 illustrates two related aspects of chromatic aberration. In
Figure 7a, parallel rays of light focus nearer the lens, at point V, for violet light
and further from the lens, at point R, for red light. Thus, white light coming
from a single distant object point fails to image as a single point. Rather, the
different wavelength components refract to form image points between the
focal lengths and as indicated in Figure 7a. Figure 7b shows a slightly
different view of chromatic aberration evident in the behavior of white light
incident on a lens from an off-axis point P. The violet and red components of
the white light leaving point P refract differently at the lens and so converge
at different image points, labeled V and R, respectively. The amount of chro-
matic aberration, in such a case, can be described by two distances, shown in
Figure 7b, one called the longitudinal chromatic aberration (LCA) and the
other the lateral or transverse chromatic aberration (TCA).

Chromatic aberration in lenses can be effectively reduced by using mul-
tiple refractive elements of opposite powers. Of course, images formed in
mirrors do not suffer from chromatic aberration since the focal length of a
mirror is independent of wavelength.

3 PRISMS

Angular Deviation of a Prism
The top half of a double-convex, spherical lens can form an image of an axial
object point within the paraxial approximation, as shown in Figure 8. If the
lens surfaces are flat, a prism is formed, and paraxial rays can no longer pro-
duce a unique image point. It is nevertheless helpful in some cases to think of
a prism as functioning approximately like one-half of a convex lens.

In the following we derive the relationships that describe exactly the
progress of a single ray of light through a prism. The bending that occurs at
each face is determined by Snell’s law. The degree of bending is a function of
the refractive index of the prism and is, therefore, a function of the wave-
length of the incident light. The variation of refractive index and light speed
with wavelength is called dispersion and is discussed later. For the present, we
assume monochromatic light, which has its own characteristic refractive
index in the prism medium. The relevant angles describing the progress of the
ray through the prism are defined in Figure 9. Angles of incidence and refrac-
tion at each prism face are shown relative to the normals constructed at the
point of intersection with the light ray. The total angular deviation of the rayd

fV fR ,

Figure 8 Focusing due to half of a convex
lens approximates the action of a prism.
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due to the action of the prism as a whole is the sum of the angular deviations
and at the first and second faces, respectively. Snell’s law at each prism face
requires that

(1)
(2)

Inspection will show that the following geometrical relations must hold be-
tween the angles:

(3)

(4)

(5)

(6)

The two members of Eq. (5) follow because the sum of the angles of a trian-
gle is 180° and because the sum of the angles of a quadrilateral must be 360°.
Notice that the angles A and B and the two right angles formed by the nor-
mals with the prism sides constitute such a quadrilateral.

Using Eqs. (1) through (6), a programmable calculator or computer
may easily be programmed to perform the sequential operations that finally
determine the angle of deviation, Assuming that the prism angle A and re-
fractive index n are given, then the stepwise calculation for a ray incident at
an angle is as follows:

(7)

(8)

(9)

(10)

(11)

The variation of deviation with angle of incidence for and
is shown in Figure 10. Notice that a minimum deviation occurs for
Refraction by a prism under the condition of minimum deviation is most
often utilized in practice. We may argue rather neatly that when minimum de-
viation occurs, the ray of light passes symmetrically through the prism, mak-
ing it unnecessary to subscript angles, as shown in Figure 11. Suppose this
were not the case, and minimum deviation occurred for a nonsymmetrical case,
as in Figure 9. Then if the ray were reversed, following the same path back-
ward, it would have the same total deviation as the forward ray, which we
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Figure 9 Progress of an arbitrary ray
through a prism.
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have supposed to be a minimum. Hence there would be two angles of inci-
dence, and producing minimum deviation, contrary to experience. The
geometric relations simplify in this case. From Eq. (11),

(12)

and from Eq. (6),

(13)

Together these allow us to write

(14)

so that Eq. (1) becomes

or

(15)
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Figure 10 Graph of total deviation versus
angle of incidence for a light ray through a
prism with and Minimum
deviation occurs for an angle of 23°.
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Figure 11 Progress of a ray through a
prism under the condition of minimum 
deviation.
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Eq. (15) provides a method of determining the refractive index of a material
that can be produced in the form of a prism. Measurement of both prism
angle and minimum deviation of the sample determines n. An approximate
form of Eq. (15) follows for the case of small prism angles and, consequently,
small deviations. Approximating the sine of the angles by the angles in radi-
ans, we may write

or

(16)

For the deviation given by Eq. (16) is correct to within about 1%.
For the error is about 5%.

Dispersion
The minimum deviation of a monochromatic beam through a prism is
given implicitly by Eq. (15) in terms of the refractive index. The refractive
index, however, depends on the wavelength, so that it would be better to
write for this quantity. As a result, the total deviation is itself wave-
length dependent, which means that various wavelength components of
the incident light are separated on refraction from the prism. A typical
normal dispersion curve and the nature of the resulting color separation
are shown in Figure 12. Notice that shorter wavelengths have larger re-
fractive indices and, therefore, smaller speeds in the prism. Consequently,
violet light is deviated most in refraction through the prism. The disper-
sion indicated in the graph n versus of Figure 12 is called “normal” dis-
persion. When the refracting medium has characteristic excitations that
absorb light of wavelengths within the range of the dispersion curve, the
curve is monotonically decreasing, as shown, but has a positive slope in the
wavelength region of the absorption. When this occurs, the term anomalous
dispersion is used, although there is nothing anomalous about it. The nor-
mal dispersion curve shown is typical but varies somewhat for different
 materials. An empirical relation that approximates the curve, introduced by 
Augustin Cauchy, is

(17)

where A, B, C, are empirical constants to be fitted to the dispersion data
of a particular material. Often the first two terms are sufficient to provide a
reasonable fit, in which case experimental knowledge of n at two distinct
wavelengths is sufficient to determine values of A and B that represent the
dispersion. The dispersion, defined as is then approximately, using
Cauchy’s formula, 

It is important to distinguish dispersion from deviation. Although prism
materials of large n produce a large deviation at a given wavelength, the dis-
persion or separation of neighboring wavelengths need not be correspond-
ingly large. Figure 13 depicts extreme cases illustrating the distinction.
Historically, dispersion has been characterized by using three wavelengths of
light near the middle and ends of the visible spectrum. They are called 
Fraunhofer lines. These lines were among those that appeared in the solar
spectrum studied by J. von Fraunhofer. Their wavelengths, together with re-
fractive indices, are given in Table 1. The F and C dark lines are due to ab-
sorption by hydrogen atoms, and the D dark line is due to absorption by the
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Figure 12 Typical normal dispersion curve
and consequent color separation for white
light refracted through a prism.
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Figure 13 Extreme cases showing the dis-
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viation for the intermediate wavelength.d
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sodium atoms in the sun’s outer atmosphere.2 Using the thin prism at min-
imum deviation for the D line, for example, the ratio of angular spread of the
F and C wavelengths to the deviation of the D wavelength, as suggested in
Figure 13, is

This measure of the ratio of dispersion to deviation is defined as the
dispersive power so that

(18)

Using Table 1, we may calculate the dispersive power of crown glass to be
while that of flint glass is more than twice as great. The reciprocal

of the dispersive power is known as the Abbe number.

Prism Spectrometers
An analytical instrument employing a prism as a dispersive element, to-
gether with the means of measuring the prism angle and the angles of devi-
ation of various wavelength components in the incident light, is called a
prism spectrometer. Its essential components are shown in Figure 14. Light to
be analyzed is focused onto a narrow slit S and then collimated by lens L
and refracted by the prism P, which typically rests on a rotatable indexed
platform. Rays of light corresponding to each wavelength component
emerge mutually parallel after refraction by the prism and are viewed by a
telescope focused for infinity. As the telescope is rotated around the in-
dexed prism table, a focused image of the slit is seen for each wavelength
component at its corresponding angular deviation. The deviation is mea-
sured relative to the telescope position when viewing the slit without the

d

1>65, 1>29,
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nF - nC

nD - 1

¢,
� d
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d
=

nF - nC

nD - 1

TABLE 1 FRAUNHOFER LINES

n

(nm) Characterization Crown glass Flint glass

486.1 F, blue 1.5286 1.7328
589.2 D, yellow 1.5230 1.7205
656.3 C, red 1.5205 1.7076

l

2Because the yellow sodium D line is a doublet (589.0 and 589.6 nm), the more monochromatic
d line of helium at 587.56 nm is often preferred to characterize the center of the visible spectrum. 
The green line of mercury at 546.07, which lies nearer to the center of the luminosity curve, is also
used.

S

L

P

TFigure 14 Essentials of a spectrometer.
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prism in place. When the instrument is used for visual observations without
the capability of measuring the angular displacement of the spectral “lines,”
it is called a spectroscope. If means are provided for recording the spec-
trum, for example, with a photographic film in the focal plane of the tele-
scope objective, the instrument is called a spectrograph. When the prism is
made of some type of glass, its wavelength range is limited by the absorp-
tion of glass outside the visible region. To extend the usefulness of the spec-
trograph farther into the ultraviolet, for example, prisms made from quartz

and fluorite have been used. Wavelengths extending further
into the infrared can be handled by prisms made of salt (NaCl, KCl) and
sapphire 

Chromatic Resolving Power
If the wavelength difference between two components of the light incident
on a prism is allowed to decrease, the ability of the prism to resolve them
will ultimately fail. The resolving power of a prism spectrograph thus repre-
sents an important performance parameter, which we shall evaluate in this
section. Imagine two spectral lines formed on a photographic film in a
prism spectrograph. The lines are images of the slit, so that for precise
wavelength measurements the entrance slit should be kept as narrow as
possible consistent with the requirement of adequate illumination of the
film. Even with the narrowest of slit widths, however, the spectral line image
is found to possess a width, directly traceable to the limitation that the
edges of the collimating lens or prism face impose on the light beam. The
phenomenon is therefore due to the diffraction of light, treated later. Since
the line images have an irreducible width due to diffraction, as decreas-
es and the lines approach one another, a point is reached where the two
lines appear as one, and the limit of resolution of the instrument is realized.
No amount of magnification of the images can produce a higher resolution
or enhancement of the ability to discriminate between two such closely
spaced spectral lines.

Consider Figure 15a, in which a monochromatic parallel beam of light is
incident on a prism, such that it fills the prism face. Employing Fermat’s prin-
ciple, the ray FTW is isochronous with ray GX, since they begin and end on
the same plane wavefronts, GF and XW, respectively. Their optical paths can
be equated to give

where b is the base of the prism and n is the refractive index of the prism, cor-
responding to the wavelength If a second neighboring wavelength compo-
nent is now also present in the incident beam, such that
the component will be associated with a different refractive index,
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Figure 15 Constructions used to determine chromatic resolving power of a prism. (a) Refraction of
monochromatic light. (b) Refraction of two wavelength components separated by ¢l.
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emerging wavefronts for the two components, shown in Figure 15b, are thus
separated by a small angular difference, and are accordingly focused at
different points in the focal plane of the telescope objective. Fermat’s princi-
ple, applied to the second component gives

Subtracting the last two equations, we conclude

(19)

or, introducing the dispersion,

(20)

Equation (20) now relates the path difference to the wavelength differ-
ence The angular difference can also be introduced, using

(21)

where d is the beam width. We appeal now to Rayleigh’s criterion, which de-
termines the limit of resolution of the diffraction-limited line images. This cri-
terion is explained and used in the later treatment of diffraction, where it is
shown that the minimum separation of the two wavefronts, such that the
images formed are just barely resolvable, is given by

(22)

Combining Eqs. (21) and (22), therefore,

or the minimum wavelength separation permissible for resolvable images is

(23)

The resolving power provides an alternate way of describing the resolution
limit of the instrument. By definition, the resolving power 

(24)

where we have incorporated Eq. (23). Since dispersion is limited by the glass,
prism resolving power might be improved by increasing the base b. However,
this technique soon requires impractically large and heavy prisms. The dis-
persion may be calculated, for example, from the Cauchy formula for
the prism material, using Eq. (17).
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Example 2

Determine the resolving power and minimum resolvable wavelength differ-
ence for a prism made from flint glass with a base of 5 cm.

Solution

With the help of Table 1 we can calculate an approximate average value of

the dispersion for as

Thus, the resolving power is

The minimum resolvable wavelength difference in the region around 550 nm
is, then,

Although grating spectrographs achieve higher resolving powers, they
are generally more wasteful of light. Furthermore, they produce higher-order
images of the same wavelength component, which can be confusing when in-
terpreting spectral records. These instruments are discussed later.

Prisms with Special Applications
Prisms may be combined to produce achromatic overall behavior, that is, the
net dispersion for two given wavelengths may be made zero, even though the
deviation is not zero. On the other hand, a direct vision prism, Figure 16b, ac-
complishes zero deviation for a particular wavelength while at the same time
providing dispersion. Schematics involving combinations of these two prism
types are shown in Figure 16. The arrangement of prisms in Figure 16a,
 combined so that one prism cancels the dispersion of the other, can also be
reversed so that the dispersion is additive, providing double dispersion.

A prism design useful in spectrometers is one that produces a constant
deviation for all wavelengths as they are observed or detected. One example is
the Pellin-Broca prism, illustrated in Figure 17. A collimated beam of light 
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Figure 16 Nondispersive and nondeviating prisms.
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enters the prism at face AB and departs at face AD, making an angle of 90°
with the incident direction. The dashed lines are merely added to assist in ana-
lyzing the operation of the prism, a single structure. Of the incident wave-
lengths, only one will refract at the precise angle that conforms to the case of
minimum deviation, as shown, with the light rays parallel to the prism base
AE. At face BC, total internal reflection occurs to direct the light beam into
the prism section ACD, where it again traverses under the condition of mini-
mum deviation. Since the prism section BEC serves only as a mirror, the beam
passes effectively with minimum deviation through sections ABE and ACD,
which together constitute a prism of 60° apex angle. In use, the spectral line is
observed or recorded at F, the focal point of lens L. Thus, an observing tele-
scope may be rigidly mounted. Instead, the prism is rotated on its prism table
(or about an axis normal to the page), and as it rotates, various wavelengths in
the incident beam successively meet the condition of incidence angle for min-
imum deviation, producing the path indicated, with focus at F. The prism rota-
tion may be calibrated in terms of angle, or better, in terms of wavelength.

Reflecting Prisms
Total internally-reflecting prisms are frequently used in optical systems, both to
alter the direction of the optical axis and to change the orientation of an image.
Of course, prisms alone cannot produce images. When used in conjunction with
image-forming elements, the light incident on the prism is first collimated and
rendered normal to the prism face to avoid prismatic aberrations in the image.
Plane mirrors may substitute for the reflecting prisms, but the prism’s reflecting
faces are easier to keep free of contamination, and the process of total internal
reflection is capable of higher reflectivity. The stability in the angular relation-
ship of prism faces may also be an important advantage in some applications.
Some examples of reflecting prisms in use are illustrated in Figure 18. The
Porro prism, Figure 18d, consists of two right-angle prisms, oriented in such a
way that the face of one prism is partially revealed to receive the incident light
and the face of the second prism is partially revealed to output the refracted
light. The prism halves are separated in the figure to clarify its action. Images
are inverted in both vertical and horizontal directions by the pair, so that the
Porro prism is commonly used in binoculars to produce erect images.
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45 

45 
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Figure 17 Pellin-Broca prism of constant de-
viation.
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4 THE CAMERA

The simplest type of camera is the pinhole camera, illustrated in Figure 19a.
Light rays from an object are admitted into a light-tight box and onto a pho-
tographic film through a tiny pinhole, which may be provided with any simple
means of shuttering, such as a piece of black tape. An image of the object is
projected on the back wall of the box, which is lined with a piece of film.

As stated earlier, an image point is determined ideally when every ray
from a given object point, each processed by the optical system, intersects at
the corresponding image point. A pinhole does no focusing and actually
blocks out most of the rays from each object point. Because of the smallness
of the pinhole, however, every point in the image is reached only by rays that
originate at approximately the same point of the object, as in Figure 19b. 
Alternatively, every object point sends a bundle of rays to the screen, which
are limited by the small pinhole and so form a small circle of light on the
screen, as in Figure 19a. The overlapping of these circles of light due to each
object point maps out an image whose sharpness depends on the diameter of
the individual circles. If they are too large, the image is blurred. Thus, as the
pinhole is reduced in size, the image improves in clarity, until a certain pin-
hole size is reached. As the pinhole is reduced further, the images of each ob-
ject point actually grow larger again due to diffraction, with consequent
degradation of the image. Experimentally, one finds that the optimum pin-
hole size is around 0.5 mm when the pinhole-to-film distance is around 25 cm.
The pinhole itself must be accurately formed in as thin an aperture as possi-
ble. A pinhole in aluminum foil, supported by a larger aperture, works well.
The primary advantage of a pinhole camera (other than its elegant simplicity!)
is that, since there is no focusing involved, all objects near and far are in focus

(a) (b)

(c) (d)

112.5

112.5 112.5

112.5

90

Figure 18 Image manipulation by reflecting prisms. (a) Right-angle prism. (b) Dove
prism. (c) Penta prism; pentagonal cross section. (d) Porro prism.

(a)

(b)

Figure 19 Imaging by a pinhole camera.
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Lens

Figure 20 Simple camera.

on the screen. In other words, the depth of field of the camera is unlimited.
The primary disadvantage is that, since the pinhole admits so little of the
available light, exposure times must be long. The pinhole camera is not use-
ful in freezing the action of moving objects. The pinhole-to-film distance,
while not critical, does affect the sharpness of the image and the field of
view. As this distance is reduced, the angular aperture seen by the film is
larger, so that more of the scene is recorded, with corresponding decrease in
size of any feature of the scene. Also, the image circles decrease in size, pro-
ducing a clearer image.

If the pinhole aperture is opened sufficiently to accommodate a converg-
ing lens, we have the basic elements of the ordinary camera (Figure 20). The
most immediate benefits of this modification are (1) an increase in the
brightness of the image due to the focusing of all the rays of light from each
object point onto its conjugate image point and (2) an increase in sharpness
of the image, also due to the focusing power of the lens. The lens-to-film dis-
tance is now critical and depends on the object distance and lens focal
length. For distant objects, the film must be situated in the focal plane of the
lens. For closer objects, the focus falls beyond the film. Since the film plane is
fixed, a focused image is procured by allowing the lens to be moved farther
from the film, that is, by “focusing” the camera. The extreme possible posi-
tion of the lens determines the nearest distance of objects that can be han-
dled by the camera. “Close-ups” can be managed by changing to a lens with
shorter focal length. Thus, the focal length of the lens determines the subject
area received by the film and the corresponding image size. In general,
image size is proportional to focal length. A wide-angle lens is a short focal-
length lens with a large field of view. A telephoto lens is a long focal-length
lens, providing magnification at the expense of subject area. The telephoto
lens avoids a correspondingly “long” camera by using a positive lens, sepa-
rated from a second negative lens of shorter focal length, such that the com-
bination remains positive.

Also important to the operation of the camera is the size of its aperture,
which admits light to the film. In most cameras, the aperture is variable and is
coordinated with the exposure time (shutter speed) to determine the total ex-
posure of the film to light from the scene. The light power incident at the
image plane (irradiance in watts per square meter) depends directly on
(1) the area of the aperture and inversely on (2) the size of the image. If, as in
Figure 21, the aperture is circular with diameter D and the energy of the light
is assumed to be distributed uniformly over a corresponding image circle of
diameter d, then

(25)Ee r

area of aperture

area of image
=

D2

d2

Ee
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The image size, as in Figure 21, is proportional to the focal length of the lens,
so we can write

(26)

The quantity f/D is the relative aperture of the lens (also called f-number or
f/stop), which we symbolize by the letter A,

(27)

but is, unfortunately, usually identified by the symbol f/A. For example, a lens
of 4-cm focal length that is stopped down to an aperture of 0.5 cm has a rela-
tive aperture of This aperture is usually referred to by pho-
tographers as f/8. The irradiance is now

(28)

Most cameras provide selectable apertures that sequentially change the irradi-
ance at each step by a factor of 2. The corresponding f-numbers, then, form a
geometric series with ratio as in Table 2. Larger aperture numbers corre-
spond to smaller exposures. Since the total exposure of the film depends 
on the product of irradiance and time (s), a desirable total exposure may
be met in a variety of ways. Accordingly, if a particular film (whose speed is de-
scribed by an ISO number) is perfectly exposed by light from a particular scene
with a shutter speed of and a relative aperture of f/8, it will also be perfectly
exposed by any other combination that gives the same total exposure, for ex-
ample, by choosing a shutter speed of and an aperture of f/5.6. The change
in shutter speed cuts the total exposure in half, but opening the aperture to the
next f/stop doubles the exposure, leaving no change in net exposure.
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Figure 21 Illumination of image. The aper-
ture (not shown) determines the useful diam-
eter D of the lens.

TABLE 2 STANDARD RELATIVE APERTURES
AND IRRADIANCE AVAILABLE ON CAMERAS

1 1
1.4 2

2 4
2.8 8

4 16
5.6 32

8 64
11 128
16 256
22 512 E0>512

E0>256
E0>128
E0>64
E0>32
E0>16
E0>8
E0>4
E0>2
E0

Ee1A = f-number22A = f-number
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The particular combination of shutter speed and relative aperture cho-
sen for an optimum total exposure is not always arbitrary. The shutter speed
must be fast, of course, to capture an action shot without blurring the image.
The choice of relative aperture also affects another property of the image, the
depth of field. To define this quantity precisely, we utilize Figure 22, which
shows an axial object point O at distance from a lens being imaged at a
distance on the other side. All objects in the object plane are precisely fo-
cused in the image plane, disregarding the usual lens aberrations. Objects
closer to and farther from the lens, however, send bundles of rays
that focus farther from and closer to the image plane, re-
spectively. Thus, a flat film, situated at distance from the lens, intercepts cir-
cles of confusion corresponding to such object points. If the diameters of
these circles are small enough, the resultant image is still acceptable. Suppose
the largest acceptable diameter is d, as shown, such that all images within a
distance x of the precise image are suitably “in focus.” The depth of field is
then said to be the interval MN in object space conjugate to the interval

as shown. Notice that although the interval is symmetric about
in image space, the depth of field interval (MN) is not symmetric about 

in object space.
The near-point and far-point distances, and of the depth of field

(MN) can be determined once the allowable blurring parameter d is chosen
and the lens is specified by focal length and relative aperture. The angle in
Figure 22 may be specified in two ways,

so that

(29)

It is then required to find, from the lens equation, the object distance cor-
responding to image distance and the object distance corresponding
to image distance After a moderate amount of algebra, one finds

(30)
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where the aperture is The depth of field, can be
expressed as

(32)

Acceptable values of the circle diameter d depend on the quality of the pho-
tograph desired. A slide that will be projected or a negative that will be en-
larged requires better original detail and hence a smaller value for d. For
most photographic work, d is of the order of thousandths of an inch.

Example 3

A 5 cm focal length lens with an f/16 aperture is used to image an object 9 ft
away. The blurring diameter in the image is chosen to be 

Problem

Determine the location of the near point far point and the depth
of field.

Solution

Based on Figure 22 and the given data, we have:

For the near point, using Eq. (30),

For the far point, using Eq. (31),

Thus, the depth of field, MN in Figure 22, is about 25 ft for a 5-cm focal
length lens imaging an object 9 ft away. In effect this lens will image all ob-
jects from 5 ft to 30 ft with an acceptable sharpness.

Most cameras are equipped with a depth-of-field scale from which values of
and can be read, once the object distance and aperture are selected. Ac-
cording to Eq. (32), depth of field is greater for smaller apertures (larger 
f-numbers), shorter focal lengths, and longer shooting distances.

The camera lens is called upon to perform a prodigious task. It must pro-
vide a large field of view, in the range of 35° to 65° for normal lenses and as
large as 120° or more for wide-angle lenses. The image must be in focus and
reasonably free from aberrations over the entire area of the film in the focal
plane. The aberrations that must be reduced to an acceptable degree are, in ad-
dition to chromatic aberration, the five monochromatic aberrations: spherical
aberration, coma, astigmatism, curvature of field, and distortion. Since a correc-
tive measure for one type of aberration often causes greater degradation in the
image due to another type of aberration, the optical solution represents one of
many possible compromise lens designs. The labor involved in the design of a
suitable lens that meets particular specifications within acceptable limits has
been reduced considerably with the help of computer programming. Human
ingenuity is nevertheless an essential component in the design task, since there

s2

s1

s2 =

s0f1f - Ad2

f2
- Ads0

=

12752152[5 - 1610.0042]

25 - 1610.004212752
cm = 1103 cm M 30 ft

s1 =

s0f1f + Ad2

f2
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=

12752152[5 + 1610.0042]

25 + 1610.004212752
cm = 163.5 cm M 5.4 ft

f = 5 cm A = 16
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Single meniscus lens Achromatic double meniscus

Cooke triplet
Tessar

Petzval

(a)

(b)

Figure 23 (a) Camera lens design. (b) Cut-
away view of a 35-mm camera, revealing the
multiple element lens. (Courtesy Olympus
Corp., Woodbury, N.Y.)

is more than one optical solution to a given set of specifications. The demands
made upon a photographic lens cannot all be met using a single element. Vari-
ous stages in solving the lens design problem are illustrated in Figure 23a, from
the single-element meniscus lens, which may still be found in simple cameras, to
the four-element Tessar lens. The use of a symmetrical placement of lenses, or
groups of lenses, with respect to the aperture is often a distinctive feature of such
lens designs. In such placements, one group may reverse the aberrations
introduced by the other, reducing overall image degradation due to factors
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such as coma, distortion, and lateral chromatic aberration. The multiple-element
lens in a 35-mm camera is shown in the cutaway photo (Figure 23b).

5 SIMPLE MAGNIFIERS AND EYEPIECES

The simple magnifier is essentially a positive lens used to read small print, in
which case it is often called a reading glass, or to assist the eye in examining
small detail in a real object. It is often a simple convex lens but may be a dou-
blet or a triplet, thereby providing for higher-quality images.

Figure 24 illustrates the working principle of the simple magnifier. A small
object of dimension h, when examined by the unaided eye, is assumed to be held
at the near point of the normal eye—nearest position of distinct vision—at posi-
tion (a), 25 cm from the eye. At this position the object subtends an angle at
the eye. To project a larger image on the retina, the simple magnifier is inserted
and the object is moved physically closer to position (b), where it is at or just 
inside the focal point of the lens. In this position, the lens forms a virtual image
subtending a larger angle at the eye. The angular magnification3 of the sim-
ple magnifier is defined to be the ratio In the paraxial approximation,
the angles may be represented by their tangents, giving

If the image is viewed at infinity, and

(33)

At the other extreme, if the virtual image is viewed at the nearpoint of the
eye, then and from the thin-lens equation,

giving a magnification of

(34)M =

25
f

+ 1 image at normal near point

s =

25f

25 + f

s¿ = -25 cm,

M =

25
f

image at infinity

s = f

aM

a0
=

h>s

h>25
=

25
s

aM>a0 .
aM

a0

3When viewing virtual images with optical instruments, the images may be at great distances,
even “at infinity,” when rays entering the eye are parallel. In such cases, lateral magnifications also ap-
proach infinity and are not very useful. The more convenient angular magnification is clearly a mea-
sure of the image size formed on the retina and is used to describe magnification when eyepieces are
involved, as in microscopes and telescopes.
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Figure 24 Operation of a simple magnifier.
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4Some longitudinal chromatic aberration remains because the principal planes of the system do not
coincide.

The actual angular magnification depends, then, on the particular viewer,
who will move the simple magnifier until the virtual image is seen com-
fortably. For small focal lengths, Eqs. (33) and (34) do not differ great-
ly, and in citing magnifications, Eq. (33) is most often used. Simple
magnifiers may have magnifications in the range of to although
the achievement of higher magnifications usually requires a lens corrected
for  aberrations.

In general, when magnifiers are used to aid the eye in viewing images
formed by prior components of an optical system, they are called oculars,
or eyepieces. The real image formed by the objective lens of a microscope,
for example, serves as the object that is viewed by the eyepiece, whose
 angular magnification contributes to the overall magnification of the 
instrument. To provide quality images, the ocular is corrected to some ex-
tent for aberrations and, in particular, to reduce transverse chromatic aber-
ration. To accomplish this improvement, two lenses are most often used.
The effective focal length f of two thin lenses, separated by a distance L, is
given by

(35)

where and represent the individual focal lengths of the pair. By the lens-
maker’s formula, for lenses made of the same glass,

(36)

and

(37)

where the expressions in parentheses involving the radii of curvature of the
lens surfaces are symbolized by constants and respectively. Incorporat-
ing Eqs. (36) and (37) into Eq. (35),

(38)

To correct for transverse chromatic aberration, we require that the effective
focal length of the pair remain independent of refractive index,4 or

From Eq. (38),
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This condition is met, therefore, when the lenses are separated by the distance

or, more simply, when

(39)

This condition is valid independent of the lens shapes, leaving the choice of
shapes as latitude for compensating other aberrations.

Both the Huygens and Ramsden eyepieces, Figures 25 and 26, incorpo-
rate the design feature required by Eq. (39); that is, plano-convex lenses are
separated by half the sum of their focal lengths. In the diagram of Figure 25, the
focal length of the field lens, FL, is approximately 1.7 times the focal length of
the eye lens, or ocular, EL. The primary image “observed” by the eyepiece is
in this case a virtual object (VO) for the field lens, since its virtual position
falls between the lenses. The field lens then forms a real image (RI) that is
viewed by the eye lens. When the real image falls in the focal plane of the eye
lens, the magnified image is viewed at infinity by the eye located at the exit
pupil. Note that the Huygens eyepiece cannot be used as an ordinary magnifi-
er. If crosshairs or a reticle with a scale is used with the eyepiece to make pos-
sible quantitative measurements, then to be in focus with the image formed by
the ocular EL, the crosshairs must be placed in the focal plane of RI, conve-
niently attached to the field or aperture stop placed there (Figure 27). The
image of the crosshairs does not share in the image quality provided by the
eyepiece as a whole, however, because the eye lens alone is involved in form-
ing the image. This is not a problem in the Ramsden eyepiece, Figure 26, in
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Figure 25 Huygens eyepiece.
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Figure 26 Ramsden eyepiece.
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Figure 27 Construction of Huygens and
Ramsden eyepieces.
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which both the primary and intermediate images are located just in front of
the field lens. In this eyepiece, the lenses have the same focal length f and, ac-
cording to Eq. (39), are separated by f. Ideally, when the real object, RO, falls
at the position of the first lens, rays emerge from the eyepiece parallel to one
another, giving a virtual magnified image at infinity. Thus a reticle, the field
stop, and field lens are all essentially in the “same plane.” A disadvantage of
this arrangement is that the surface of the lens is then also in focus, including
dust and smudges. By using a lens separation slightly smaller than f, the reticle
is in focus at a position slightly in front of the lens, as shown in the ray diagram
of Figure 26 and in Figure 27. With a lens separation somewhat less than f,
however, the requirement on L that corrects for transverse chromatic aberra-
tion is somewhat violated. A modification of the Ramsden eyepiece that al-
most eliminates chromatic defects is the Kellner eyepiece, which replaces the
Ramsden eye lens with an achromatic doublet. Other eyepieces have also
been designed to achieve higher magnifications and wider fields.

Example 4

A Huygens eyepiece uses two lenses having focal lengths of 6.25 cm and 2.50
cm, respectively. Determine their optimum separation in reducing chromatic
aberration, their equivalent focal length, and their angular magnification
when viewing an image at infinity.

Solution

The optimum separation is given by

The equivalent focal length is found from

which gives The angular magnification is

In designing eyepieces, one usually desires an exit pupil that is not much
greater than the size of the pupil of the eye, so that radiance is not lost. Recall
that, in this instance, the exit pupil is an image of the entrance pupil as formed
by the ocular and that the ratio of entrance to exit pupil diameters equals the
magnification. Since the entrance pupil is determined by preceding optical el-
ements in the optical system (the diameter of the objective lens, in a simple
telescope), this requirement places a limit on the magnifying power of the
eyepiece and, thus, a lower limit on its focal length.

The important specifications of an eyepiece, assuming its aberrations
are within acceptable limits for a particular application, include the following:

1. Angular magnification, given by 25/f, where f is the focal length in cen-
timeters. Available values are to corresponding to focal lengths
of 6.25 to 1 cm or less.

2. Eye relief, that is, the distance from eye lens to exit pupil. Available eye-
pieces have eye reliefs in the range of 6 to 26 mm.

3. Field-of-view, or size of the primary image that the eyepiece can cover,
in the range of 6 to 30 mm.
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6 MICROSCOPES

The magnification of small objects accomplished by the simple magnifier is
increased further by the compound microscope. In its simplest form, the in-
strument consists of two positive lenses, an objective lens of small focal
length that faces the object and a magnifier functioning as an eyepiece. The
eyepiece “looks” at the real image formed by the objective. Referring to 
Figure 28, where the object lies outside the focal length of the objective, a
real image I is formed within the microscope tube. After coming to a focus at
I, the light rays continue to the eyepiece, or ocular lens. For visual observa-
tions, the intermediate image is made to occur at or just inside the first focal
point of the eyepiece. The eye positioned near the eyepiece—at the —
then sees a virtual image, inverted and magnified, as shown. The objective
lens functions as the aperture stop and entrance pupil of the optical system.
The image of the objective formed by the eyepiece is then the exit pupil,
which locates the position of maximum radiant energy density and thus the
optimum position for the entrance pupil of the eye. A special aperture, func-
tioning as a field stop, is placed at the position of the intermediate image I.
The eye then sees both in focus together, giving the field of view a sharply de-
fined boundary. If a camera is attached to the microscope, a real final image is
required. In this case, the intermediate image I must be located outside the
ocular focal length 

Total Magnification
When the final image is viewed by the eye, the magnification of the micro-
scope may be defined as in the case of the simple magnifier. Thus, the angular
magnification for an image viewed at infinity is

(40)

where (in cm) is the effective focal length of the two lenses, separated by
a distance d, and given by Eq. (35).
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1

feff
=

1
fo

+

1
fe

-

d

fofe

feff

M =

25
feff

fe .

ExPfe

fo

EnP
ExP

Objective

Eyepiece

O

f0

s0 s�0

f0 fe

d

feL

I

Figure 28 Image formation in a compound microscope.
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Substituting Eq. (41) into Eq. (40),

(42)

Based on an algebraic manipulation of the thin-lens equation, however, we
can show that the ratio of image to object distance, for the objective
lens is

(43)

where we have used the fact that evident in the diagram. Incor-
porating Eq. (43) into Eq. (42),

(44)

showing that the total magnification is just the product of the linear magnifi-
cation of the objective multiplied by the angular magnification of the
eyepiece when viewing the final image at infinity. The negative sign in-
dicates an inverted image. Comparing Figure 28 with the geometry associated
with Newton’s equation for a thin lens, we see that the magnitude of the later-
al magnification is given by

(45)

since is the distance between the objective image and its second focal
point, as shown. The magnification of the microscope may then be expressed,
perhaps more conveniently, as

(46)

In many microscopes, the length L is standardized at 16 cm. The focal lengths
and are themselves effective focal lengths of multielement lenses, appro-

priately corrected for aberrations.

Example 5

A microscope has an objective of 3.8-cm focal length and an eyepiece of
5-cm focal length. If the distance between the lenses is 16.4 cm, find the mag-
nification of the microscope.

Solution

and

Numerical Aperture
To collect more light and produce brighter images, cones of rays from the
object, intercepted by the objective lens (usually the aperture stop), should
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be as large as possible. As magnifications increase and the focal lengths and
diameters of the objective lenses decrease corespondingly, the solid angle of
useful rays from the object also decreases. In Figure 29, the useful light rays
originating at the object point O, passing through a thin cover glass and then
air to the first element of the objective lens L, make an intitial half-angle of

on the right of the optical axis. Due to refraction at the glass-air interface,
rays making a larger angle than do not reach the lens. This limitation is
somewhat relieved by using a transparent fluid “coupler” whose index
matches as closely as possible that of the glass. On the left of the optical axis
in the diagram, a layer of oil is shown, and a larger half-angle is possible.
Typically, the cover glass index is 1.522 and the oil index is 1.516, providing
an excellent match. The light-gathering capability of the objective lens is
thus increased by increasing the refractive index in object space.

A measure of this capability is the product of half-angle and refractive
index, called the numerical aperture N. A. where

(47)

The numerical aperture is an invariant in object space, due to Snell’s law. That
is, in the case of air,

and when an oil-immersion objective is used,

The maximum value of the numerical aperture when air is used is unity, but
when object space is filled with a fluid of index n, the maximum numerical
aperture may be increased up to the value of n. In practice, the limit is around
1.6. The numerical aperture is an alternative means of defining a relative
aperture or of describing how “fast” a lens is. As shown previously, image
brightness is inversely proportional to the square of the f-number. Here also,
image brightness is proportional to the square of the numerical aperture. The
numerical aperture is an important design parameter also because it limits
the resolving power and the depth of focus of the lens. The resolving power is
proportional to the numerical aperture, whereas the depth of focus is inverse-
ly proportional to the square of the numerical aperture. Most microscopes use
objectives with numerical apertures in the approximate range of 0.08 to 1.30.

Biological specimens are covered with a cover glass of 0.17- or 0.18-mm
thickness. For objectives with numerical apertures over 0.30, the cover glass has
increasing influence on the image quality, since it introduces a large degree of
spherical aberration when oil immersion is not involved. Thus, a biological
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Figure 29 Microscope objective, illustrating
the increased light-gathering power of an oil-
immersion lens.
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objective compensates for the aberration introduced by a cover glass. In con-
trast, a metallurgical objective is designed without such compensation. Objec-
tives may be classified broadly in relation to the corrections introduced into
their design. For low magnifications, with focal lengths in the range of 8 to
64 mm, achromatic objectives are generally used. Such objectives are chromati-
cally corrected, usually for the Fraunhofer C (red) and F (blue) wavelengths,
and spherically corrected, at the Fraunhofer D (sodium yellow) wavelength.
For higher magnifications, objective lenses with focal lengths in the range of 4 to
16 mm incorporate some fluorite elements, which together with the glass ele-
ments provide better correction over the visual spectrum. When the correction
is nearly perfect throughout the visual spectrum, the objectives are said to be
apochromatic. Since correction is more crucial at high magnifications, apochro-
mats are usually objectives with focal lengths in the range of 1.5 to 4 mm. For
even higher magnifications, the objective is usually designed as an immersion
objective. Modern techniques and materials have also made possible flat-field
objectives that essentially eliminate field curvature over the useful portion of the
field. With ultraviolet immersion microscopes, it is customary to replace the oil
with glycerine and the optical glass elements with fluorite and quartz elements
because of their higher transmissivity at short wavelengths.

This discussion should make it clear that high-quality microscopes today
are designed as a whole and usually for a specific use. The design of an objec-
tive or an eyepiece is directly related to the performance of other optical ele-
ments in the instrument, often including a relay lens within the body tube of the
microscope as well. Thus it is generally not possible to interchange objectives
and eyepieces between different model microscopes without loss or deteriora-
tion of the image.

Figure 30 illustrates the optical components in a standard microscope
and the detailed processing of light rays through the instrument.

7 TELESCOPES

Telescopes may be broadly classified as refracting or reflecting, according to
whether lenses or mirrors are used to produce the image. There are, in addition,
catadioptric systems that combine refracting and reflecting surfaces. Telescopes
may also be distinguished by the erectness or inversion of the final image and by
either a visual or photographic means of observation.

Refracting Telescopes
Figures 31 and 32 show two refracting telescope types, producing, respective-
ly, inverted and erect images. The Keplerian telescope in Figure 31 is often
 referred to as an astronomical telescope since inversion of astronomical 
objects in the images produced creates no difficulties. The Galilean telescope,
illustrated in Figure 32, produces an erect image by means of an eyepiece of
negative focal length. In either case, nearly parallel rays of light from a distant
object are collected by a positive objective lens, which forms a real image in
its focal plane. The objective lens, being larger in diameter than the pupil of
the eye, permits the collection of more light and makes visible those point
sources such as stars that might otherwise not be detected. The objective lens
is usually a doublet, corrected for chromatic aberration. The real image
formed by the objective is observed with an eyepiece, represented in the fig-
ures as a single lens. This intermediate image, located at or near the focal
point of the ocular, serves as a real object (RO) for the ocular in the astro-
nomical telescope and a virtual object (VO) in the case of the Galilean tele-
scope. In either case, the light is refracted by the eyepiece in order to produce
parallel, or nearly parallel, light rays. An eye placed near the ocular views an
image at infinity but with an angular magnification given by the ratio of the
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Figure 30 (a) Standard microscope illustrating Koehler illumination. (b) Schematic
showing detailed ray traces through the instrument both for object illumination and
image formation. (Courtesy Carl Zeiss, Inc., Thornwood, N.Y.)

angles as shown. The object subtends the angle at the unaided eye and
the angle at the eyepiece.

From the two right triangles formed by the intermediate image and the
optical axis, it is evident that the angular magnification is

(48)M =
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The negative sign is introduced, as usual, to indicate that the image is invert-
ed in Figure 31, where and is erect in Figure 32, where In 
either case, the length L of the telescope is given by

(49)

permitting a short Galilean telescope, a circumstance that makes this design
convenient in the opera glass. The astronomical telescope may be modified to
produce an erect image by the insertion of a third positive lens whose func-
tion is simply to invert the intermediate image, but this lengthens the tele-
scope by at least four times the focal length of the additional lens. Image
inversion may also be achieved without additional length, as in binoculars,
through the use of inverting Porro prisms, discussed previously.

The objective lens of either telescope functions as the aperture stop
and entrance pupil, whose image in the ocular is then the exit pupil, as
shown. In the astronomical telescope, the exit pupil is situated just outside
the eyepiece and is designed to match the size of the pupil of the eye. A tele-
scope should produce an exit pupil at sufficient distance from the eyepiece

L = fo + fe

fe 7 0, fe 6 0.
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to produce a comfortable eye relief. Greater ease of observation is also
achieved if the exit pupil is a little larger in diameter than the eye pupil, al-
lowing for some relative motion between eye and eyepiece. Notice that in
the Galilean telescope the exit pupil falls inside the eyepiece, where it is in-
accessible to the eye. This represents a disadvantage of the Galilean tele-
scope, leading to a restriction in the field of view. Notice also that a field stop
with reticle can be employed at the location of the intermediate image in the
astronomical telescope, whereas no such arrangement is possible in conjunc-
tion with the Galilean telescope. The diameter of the exit pupil is simply
related to the diameter of the objective lens through the angular magni-
fication, as follows. Since the exit pupil is the image of the entrance pupil
formed by the eyepiece, we may write for the linear, transverse magnifica-
tion either

(50)

or, employing the Newtonian form of the magnification,

(51)

where x is the distance of the object (objective lens) from the focal point of
the eyepiece, or Combining Eqs. (48), (50), and (51),

so that

(52)

Thus, the diameter of the bundle of parallel rays filling the objective lens is
greater by a factor of M than the diameter of the bundle of rays that pass
through the exit pupil. It should be pointed out that the image is not, there-
fore, brighter by the same proportion, however, because the apparent size of
the image increases by the same factor M. The brightness of the image cannot
be greater than the brightness of the object; in fact, it is less bright due to in-
evitable light losses due to reflections from lens surfaces.

Binoculars (Figure 33) afford more comfortable telescopic viewing, 
allowing both eyes to remain active. In addition, the use of Porro or other
prisms to produce erect final images also permits the distance between objec-
tive lenses to be greater than the interpupillary distance, enhancing the
stereoscopic effect produced by ordinary binocular vision. The designation

for binoculars means that the angular magnification M produced is
and the diameter of the objective lens is 30 mm. Using Eq. (52), we con-

clude that the exit pupil for this pair of binoculars is 5 mm, a good match for
the normal pupil diameter. For night viewing, when the pupils are somewhat
larger, a rating of producing an exit pupil diameter of 7 mm, would be
preferable.
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Example 6

Determine the eye relief and field of view for the binoculars just de-
scribed. Assume an objective focal length of 15 cm and a field lens (eyepiece)
diameter of 1.50 cm.

Solution

The focal length of the ocular is found from

The eye relief is the distance of the exit pupil from the eyepiece. Since the
exit pupil is the image of the objective formed by the eyepiece, the eye re-
lief is the image distance given by

The angular field of view from the objective subtends both the object on
one side and the field lens of the eyepiece on the other. Thus, for objects at
a standard distance of 1000 yd,

or

Reflection Telescopes
Larger-aperture objective lenses provide greater light-gathering power and
resolution. Large homogeneous lenses are difficult to produce without optical
defects, and their weight is difficult to support. These problems, as well as the

6 * 30

fe = -

fo

M
= -

15
-6

= 2.5 cm

h = su =

sDf

L
=

13000 ft211.502

15 + 2.5
= 257 ft at 1000 yd

u =

h
s

=

Df

L

s¿ =

sf

s - f
=

Lfe

L - fe
=

1fo + fe2fe

1fo + fe2 - fe
=

115 + 2.5212.52

15
= 2.92 cm

s¿,

Figure 33 Cutaway view of binoculars re-
vealing compound objective and ocular lenses
and image-inverting prism. (Courtesy Carl
Zeiss, Inc., Thornwood, N.Y.)
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elimination of chromatic aberrations, are solved by using curved, reflecting
surfaces in place of lenses. The largest telescopes, like the Hale 200-in. re-
flector on Mount Palomar, use such mirrors. Such large reflecting tele-
scopes are usually employed to examine very faint astronomical objects and
use the integrating power of photographic plates, exposed over long time
intervals, in observations.

Several basic designs for reflecting telescopes are shown in Figure 34.
In the Newtonian design (a), a parabolic mirror is used to focus accurately all
parallel rays to the same primary focal point, Before focusing, a plane
mirror is used to divert the converging rays to a secondary focal point,
near the body of the telescope, where an eyepiece is located to view the
image. The use of a parabolic mirror avoids both chromatic and spherical
aberration, but coma is present for off-axis points, severely limiting the use-
ful field of view. In the 200-in. Hale telescope, the flat mirror can be dis-
pensed with and the rays allowed to converge at their primary focus. This
telescope is large enough so that the observer can be mounted on a specially
built platform situated just behind the primary focus (Figure 35). Of course,
any obstruction placed inside the telescope reduces the cross section of the
incident light waves contributing to the image. In the Cassegrain design 
(Figure 34b), the secondary mirror is hyperboloidal convex in shape, reflect-
ing light from the primary mirror through an aperture in the primary mirror
to a secondary focus, where it is conveniently viewed or recorded. The
 hyperboloidal surface permits perfect imaging between the primary and sec-
ondary focal points, which function as the foci of the hyperboloid. Such
 accurate imaging is also possible when the secondary mirror is concave ellip-
soidal, as in the Gregorian telescope (Figure 34c). The primary and sec-
ondary focal points of this telescope are now the foci of the ellipsoid.

The Schmidt Telescope
Perhaps the most celebrated catadioptric telescope is due to a design of
Bernhardt Schmidt. He sought to remove the spherical aberration of a primary

fs ,
fp .

(a)

fp

fs

(b)

fp fs

(c)

fsfp

Figure 34 Basic designs for reflecting telescopes. (a) Newtonian telescope.
(b) Cassegrain telescope. (c) Gregorian telescope.
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spherical mirror by using a thin refracting correcting plate at the aperture
of the telescope. To understand his design, refer to Figure 36. A concave
 primary reflector in (a) receives small bundles of parallel rays from various
directions. Each bundle enters at the aperture, which is located at the center
of curvature of the primary mirror. Since the axis of any bundle may be con-
sidered an optical axis, there are no off-axis points and thus coma and astig-
matism do not enter into the aberrations of the system. When the bundles
are small, each bundle consists of paraxial rays that focus at the same dis-
tance from the mirror, a distance equal to its focal length, or half the radius
of curvature of the mirror. The locus of such image points is then the spher-
ical surface indicated by the dashed line. However, when the bundles are
large, as shown in (b), spherical aberration occurs, which produces a shorter
focus for rays reflecting from the outer zones of the mirror relative to the
optical axis of the bundle. Schmidt designed a transparent correcting plate,
to be placed at the aperture, whose function was to bring the focus of all
zones to the same point on the spherical focal surface, as indicated in (c).
The shape suggested in the figure is designed to make the focal point of all
zones agree with the focal point of a zone whose radius is 0.707 of the
aperture radius, the usual choice. The resulting Schmidt optical system is
therefore highly corrected for coma, astigmatism, and spherical aberration.
Because the correcting plate is situated at the center of curvature of the
mirror, it presents approximately the same optics to parallel beams arriving
from different directions and so permits a wide field of view. Residual aber-
rations are due to errors in the actual fabrication of the correcting plate and
because the plate does not present precisely the same cross section, and
therefore the same correction, to beams entering from different directions.
One disadvantage is that the focal plane is spherical, requiring a careful
shaping of photographic films and plates. Notice also that with the correct-
ing plate attached at twice the focal length of the mirror, the telescope is
twice as long as the telescopes described previously in Figure 34. Neverthe-
less, the Schmidt camera, as it is often called, has been highly successful and
has spawned a large number of variants, including designs to flatten the
field near the focal plane.

Figure 35 Hale telescope (200-in.) show-
ing observer in prime-focus cage and re-
flecting surface of 200-in. mirror. (California
Institute of Technology.)
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1

2

(a)

Aperture

(b)

Aperture

(c)

Aperture

Schmidt
correcting plate

Figure 36 The Schmidt optical system.

PROBLEMS

1 An object measures 2 cm high above the axis of an optical
system consisting of a 2-cm aperture stop and a thin con-
vex lens of 5-cm focal length and 5-cm aperture. The object
is 10 cm in front of the lens and the stop is 2 cm in front of

the lens. Determine the position and size of the entrance
and exit pupils, as well as the image. Sketch the chief ray
and the two extreme rays through the optical system,
from the top of the object to its conjugate image point.
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6 Plot a curve of total deviation angle versus entrance angle
for a prism of apex angle 60° and refractive index 1.52.

7 A parallel beam of white light is refracted by a 60° glass
prism in a position of minimum deviation. What is the angu-
lar separation of emerging red and blue (1.535)
light?

8 a. Approximate the Cauchy constants A and B for crown
and flint glasses, using data for the C and F Fraun-
hofer lines from Table 1. Using these constants and
the Cauchy relation approximated by two terms, cal-
culate the refractive index of the D Fraunhofer line
for each case. Compare your answers with the values
given in the table.

b. Calculate the dispersion in the vicinity of the Fraunhofer D
line for each glass, using the Cauchy relation.

c. Calculate the chromatic resolving power of crown and
flint prisms in the vicinity of the Fraunhofer D line, if each
prism base is 75 mm in length. Also calculate the mini-
mum resolvable wavelength interval in this region.

9 An equilateral prism of dense barium crown glass is used in
a spectroscope. Its refractive index varies with wavelength,
as given in the table:

nm n

656.3 1.63461
587.6 1.63810
486.1 1.64611

a. Determine the minimum angle of deviation for sodium
light of 589.3 nm.

b. Determine the dispersive power of the prism.
c. Determine the Cauchy constants A and B in the long

wavelength region; from the Cauchy relation, find the
dispersion of the prism at 656.3 nm.

d. Determine the minimum base length of the prism if it is to
resolve the hydrogen doublet at 656.2716- and 656.2852-
nm wavelengths. Is the project practical?

1n = 1.5252

10 cm

Object
5 cm

2 cm

AS

2 cm

2 cm

f � 5 cm

Figure 37 Problem 1.

2 Repeat problem 1 for an object 4 cm high, with a 2-cm
 aperture stop and a thin convex lens of 6-cm focal length and
5-cm aperture. The object is 14 cm in front of the lens and the
stop is 2.50 cm behind the lens.

3 Repeat problem 1 for an object 2 cm high, with a 2-cm aper-
ture stop and a thin convex lens of 6-cm focal length and 5-cm
aperture. The object is 14 cm in front of the lens and the stop is
4 cm in front of the lens.

4 An optical system, centered on an optical axis, consists of
(left to right)

1. Source plane
2. Thin lens at 40 cm from the source plane
3. Aperture A at 20 cm farther from 
4. Thin lens at 10 cm farther from A
5. Image plane

Lens has a focal length of 40/3 cm and a diameter of 2 cm;
lens has a focal length of 20/3 cm and a diameter of 
2 cm; aperture A has a centered circular opening of 0.5-cm
diameter.

a. Sketch the system.
b. Find the location of the image plane.
c. Locate the aperture stop and entrance pupil.
d. Locate the exit pupil.
e. Locate the field stop, the entrance window, and the exit

window.
f. Determine the angular field of view.

5 Refer back to the extended example in the text, involving
both a positive and a negative lens, of focal lengths 6 cm and

respectively. For the identical optical system, al-
ready partially analyzed,

a. Determine the location and size of the field stop, FS.
b. Determine the location and size of the entrance and exit

windows.
c. Using the chief ray from object point P to image point

as shown in the example, draw the two marginal rays
from P to which, with the chief ray, define the cone
of light that successfully gets through the optical system.

P–,
P–

-10 cm,

L2

L1

L2

L1

L1
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10 A prism of 60° refracting angle gives the following an-
gles of minimum deviation when measured on a spec-
trometer: C line, D line, F line, 
Determine the dispersive power of the prism.

11 The refractive indices for certain crown and flint glasses are

Crown:
Flint:

The two glasses are to be combined in a double prism that is
a direct-vision prism for the D wavelength. The refracting
angle of the flint prism is 5°. Determine the required angle
of the crown prism and the resulting angle of dispersion be-
tween the C and the F rays. Assume that the prisms are thin
and the condition of minimum deviation is satisfied.

12 An achromatic thin prism for the C and F Fraunhofer lines is
to be made using the crown and flint glasses described in
Table 1. If the crown glass prism has a prism angle of 15°, de-
termine (a) the required prism angle for the flint glass and
(b) the resulting “mean” deviation for the D line.

13 A perfectly diffuse, or Lambertian, surface has the form of a
square, 5 cm on a side. This object radiates a total power of
25 W into the forward directions that constitute half the total
solid angle of A camera with a 4-cm focal length lens and
stopped down to f/8 is used to photograph the object when it
is placed 1 m from the lens.

a. Determine the radiant exitance, radiant intensity, and ra-
diance of the object.

b. Determine the radiant flux delivered to the film.
c. Determine the irradiance at the film.

14 Investigate the behavior of Eq. (32), giving the dependence
of the depth of field on aperture, focal length, and object dis-
tance. With the help of a calculator or computer program,
generate curves showing each dependence.

15 A camera is used to photograph three rows of students at
a distance 6 m away, focusing on the middle row. Suppose
that the image defocusing or blur circles due to object

4p.

nC = 1.630, nD = 1.635, nF = 1.648
nD = 1.530, nF = 1.536nC = 1.527,

39°12¿.38°20¿; 38°33¿;

points in the first and third rows is to be kept smaller
than a typical silver grain of the emulsion, say At
what object distance nearer and farther than the middle
row does an unacceptable blur occur if the camera has
a focal length of 50 mm and is stopped down to an f/4
setting?

16 A telephoto lens consists of a combination of two thin lens-
es having focal lengths of and respectively.
The lenses are separated by a distance of 15 cm. Determine
the focal length of the combination, distance from negative
lens to film plane, and image size of a distant object sub-
tending an angle of 2° at the camera.

17 A 5-cm focal length camera lens with f/4 aperture is focused
on an object 6 ft away. If the maximum diameter of the cir-
cle of confusion is taken to be 0.05 mm, determine the
depth of field of the photograph.

18 The sun subtends an angle of 0.5° at the earth’s surface,
where the irradiance is about at normal inci-
dence. What is the irradiance of an image of the sun formed
by a lens with diameter 5 cm and focal length 50 cm?

19 a. A camera uses a convex lens of focal length 15 cm. How
large an image is formed on the film of a 6-ft-tall person
100 ft away?

b. The convex lens is replaced by a telephoto combination
consisting of a 12-cm focal length convex lens and a con-
cave lens. The concave lens is situated in the position of
the original lens, and the convex lens is 8 cm in front of it.
What is the required focal length of the concave lens
such that distant objects form focused images on the
same film plane? How much larger is the image of the
person using this telephoto lens?

20 The lens on a 35-mm camera is marked “50 mm, 1:1.8.”

a. What is the maximum aperture diameter?
b. Starting with the maximum aperture setting, supply the

next three f-numbers that would allow the irradiance to
be reduced to the preceding at each successive stop.1

3

1000 W>m2

1 mm.

-8 cm,+20 cm

fL � 50 cm

dL � 5 cm

u

Image

Lens

Sun

Figure 38 Problem 18.
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f � 5 cm
Screen

25 cmOcularObj

Figure 39 Problem 31.

c. What aperture diameters correspond to these f-numbers?
d. If a picture is taken at maximum aperture and at

what exposure time at each of the other openings pro-
vides equivalent total exposures?

21 The magnification given by Eq. (33) is also valid for a dou-
ble-lens eyepiece if the equivalent focal length given by 
Eq. (35) is used. Show that the magnification of a double-
lens eyepiece, designed to satisfy the condition for the elim-
ination of chromatic aberration, is, for an image at infinity,

22 A magnifier is made of two thin plano-convex lenses, each of
3-cm focal length and spaced 2.8 cm apart. Find (a) the equiva-
lent focal length and (b) the magnifying power for an image
formed at the near point of the eye.

23 The objective of a microscope has a focal length of 0.5 cm
and forms the intermediate image 16 cm from its second
focal point.

a. What is the overall magnification of the microscope
when an eyepiece rated at is used?

b. At what distance from the objective is a point object
viewed by the microscope?

24 A homemade compound microscope has, as objective and
eyepiece, thin lenses of focal lengths 1 cm and 3 cm, respec-
tively. An object is situated at a distance of 1.20 cm from the
objective. If the virtual image produced by the eyepiece is
25 cm from the eye, compute (a) the magnifying power of
the microscope and (b) the separation of the lenses.

25 Two thin convex lenses, when placed 25 cm apart, form a
compound microscope whose apparent magnification is
20. If the focal length of the lens representing the eyepiece
is 4 cm, determine the focal length of the other.

26 A level telescope contains a graticule—a circular glass on
which a scale has been etched—in the common focal plane
of objective and eyepiece so that it is seen in focus with a

10*

M = 12.5a
1
f1

+

1
f2
b

1
100 s,

distant object. If the telescope is focused on a telephone
pole 30 m away, how much of the post falls between mil-
limeter marks on the graticule? The focal length of the ob-
jective is 20 cm.

27 A pair of binoculars is marked The focal length
of the objective is 14 cm, and the diameter of the field lens
of the eyepiece is 1.8 cm. Determine (a) the angular magni-
fication of a distant object, (b) the focal length of the ocular,
(c) the diameter of the exit pupil, (d) the eye relief, and 
(e) the field of view in terms of feet at 1000 yd.

28 a. Show that when the final image is not viewed at infinity,
the angular magnification of an astronomical telescope
may be expressed by

where is the linear magnification of the ocular and
is the distance from the ocular to the final image.

b. For such a telescope using two converging lenses with
focal lengths of 30 cm and 4 cm, find the angular magni-
fication when the image is viewed at infinity and when
the image is viewed at a near point of 25 cm.

29 The moon subtends an angle of 0.5° at the objective lens of
an astronomical telescope. The focal lengths of the objective
and ocular lenses are 20 cm and 5 cm, respectively. Find the
diameter of the image of the moon viewed through the tele-
scope at near point of 25 cm.

30 An opera glass uses an objective and eyepiece with focal
lengths of and respectively. Determine the
length (lens separation) of the instrument and its magnify-
ing power for a viewer whose eyes are focused (a) for infin-
ity and (b) for a near point of 30 cm.

31 An astronomical telescope is used to project a real image of
the moon onto a screen 25 cm from an ocular of 5-cm focal
length. How far must the ocular be moved from its normal
position?

“7 * 35.”

+12 cm -4.0 cm,

s–

moc

M = -

mocfobj

s–
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32 a. The Ramsden eyepiece of a telescope is made of two pos-
itive lenses of focal length 2 cm each and also separated
by 2 cm. Calculate its magnifying power when viewing an
image at infinity.

b. The objective of the telescope is a 30-cm positive lens, with
a diameter of 4.50 cm. Calculate the overall magnification
of the telescope.

c. What is the position and diameter of the exit pupil?
d. The diameter of the eyepiece field lens is 2 cm. Deter-

mine the angle defining the field of view of the telescope.

33 Show that the angular magnification of a Newtonian re-
flecting telescope is given by the ratio of objective to ocular

focal lengths, as it is for a refracting telescope when the
image is formed at infinity.

34 The primary mirror of a Cassegrain reflecting telescope has
a focal length of 12 ft. The secondary mirror, which is con-
vex, is 10 ft from the primary mirror along the principal
axis and forms an image of a distant object at the vertex of
the primary mirror. A hole in the primary mirror permits
viewing the image with an eyepiece of 4-in. focal length,
placed just behind this mirror. Calculate the focal length of
the secondary convex mirror and the angular magnification
of the instrument.

Optical Instrumentation
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Figure 40 Problem 33.
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Figure 41 Problem 34.
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INTRODUCTION

In this chapter we develop mathematical expressions for wave motion in gen-
eral but concentrate on the most useful special case, the harmonic wave. Har-
monic wave functions are then adapted to represent electromagnetic waves,
which include light waves. Results from electromagnetism describing the
physics of electromagnetic waves are borrowed to enable a determination of
the energy delivered by such waves.

1 ONE-DIMENSIONAL WAVE EQUATION

The most general form of a one-dimensional traveling wave, and the differ-
ential equation it satisfies, can be determined in the following way. Consider
first a one-dimensional wave pulse of arbitrary (but time-independent)
shape, described by fixed to a (moving) coordinate system

as in Figure 1a. Consider next that the system, together with
the pulse, moves to the right along the x-axis at uniform speed relative to a
fixed coordinate system, O(x, y), as in Figure 1b. Here the coordinate y could,
for example, represent the transverse displacement from equilibrium of a
string stretched out along the x-direction. As it moves, the pulse maintains its
 shape. Any point on the pulse, such as P, can be described by either of two
 coordinates, x or where The y-coordinate is identical in
 either system. From the point of view of the stationary coordinate system,
then, the moving pulse has the mathematical form

y = y¿ = f1x¿2 = f1x - yt2

x¿, x¿ = x - yt.

y
O¿O¿1x¿, y¿2,

y¿ = f1x¿2,

Wave Equations
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x

x

y� � f(x�)

�t

O�

O�O

(a) Stationary wave pulse

(b) Wave pulse translating at constant speed

�

�

P

Figure 1 Translating wave pulses.

If the pulse moves to the left, the sign of must be reversed, so that we may
write

(1)

as the general form of a traveling wave. Notice that we have assumed
at The original shape of the pulse, does not vary but is sim-
ply translated along the x-direction by the amount at time t. The function f
is any function whatsoever, so that, for example,

all represent traveling waves. Only the first, however, represents the impor-
tant case of a periodic wave.

We wish to find next the partial differential equation that is satisfied by
all such waves, regardless of the particular function f. Since y is a function of
two variables, x and t, we use the chain rule of partial differentiation and
write

where

so that

0x¿>0x = 1 and 0x¿>0t = ;y

x¿ = x ; yt

y = f1x¿2

y

y = ek1x -yt2

y = A1x + yt22

y = A sin1k[x - yt]2

yt
y¿ = f1x¿2,t = 0.

x = x¿

y = f1x ; yt2
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Employing the chain rule, the spatial derivative is

Repeating the procedure to find the second derivative,

Similarly, the temporal derivatives are found:

Combining the results for the two second derivatives, we arrive at the
one-dimensional differential wave equation,

(2)

Any wave of the form of Eq. (1) must satisfy Eq. (2), regardless of the physi-
cal nature of the wave itself. Thus, to determine whether a given function of
x and t represents a traveling wave, it is sufficient to show either that it is of
the general form of Eq. (1) or that it satisfies Eq. (2).

2 HARMONIC WAVES

Of special importance are harmonic waves that involve the sine or cosine
functions,

(3)

where A and k are constants that can be varied without changing the har-
monic character of the wave. These are periodic waves, representing smooth
patterns that repeat themselves endlessly. Such waves are generated by un-
damped oscillators undergoing simple harmonic motion. In addition, the sine
and cosine functions together form a complete set of functions; that is, a lin-
ear combination of terms like those in Eq. (3) can be found to represent any
periodic waveform. Such a series of terms is called a Fourier series. Thus
combinations of harmonic waves are capable of representing more compli-
cated waveforms, even a series of rectangular pulses or square waves.

Since the only difference between the sine and
cosine functions is a relative translation of radians. It is sufficient in what
follows, therefore, to treat only one of these functions. Accordingly, a section
of a sine wave is pictured in Figure 2. In Figure 2a, a section of a wave with
amplitude A is shown at a fixed time, as in a snapshot; in Figure 2b, the time
variations of the wave are pictured at a fixed point x along the wave. In
Figure 2a, the repetitive spatial unit of the wave is shown as the wavelength
 Because of this periodicity, increasing all x by should reproduce the same
wave. Mathematically, the wave is reproduced because the argument of the
sine function is advanced by Symbolically,

A sin k[1x + l2 + yt] = A sin[k1x + yt2 + 2p]

2p.

l.
l

p>2
sin x = cos1x - p>22,

0
2y

0x2 =

1

y2

0
2y

0t2

0
2y

0t2 =

0

0t
a

0y

0t
b =

010y>0t2

0x¿

0x¿

0t
=

0

0x¿

a ;y
0f

0x¿

b1;y2 = y2 0
2f

0x¿
2

0y

0t
=

0f

0x¿

0x¿

0t
= ;y

0f

0x¿

0
2y

0x2 =

0

0x
a

0y

0x
b =

010y>0x2

0x¿

0x¿

0x
=

0

0x¿

a
0f

0x¿

b =

0
2f

0x¿
2

0y

0x
=

0f

0x¿

0x¿

0x
=

0f

0x¿

y = Acos
sin

[k1x ; yt2]

(a)

t � constant

A

y

x

l

(b)

x � constant

A

y

t

T

Figure 2 Extension of a sine wave in space
and time. (a) Section of a sine wave at
a fixed time. (b) Section of a sine wave at a
fixed point.
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or

It follows that so that the propagation constant k contains informa-
tion regarding the wavelength.

(4)

Alternatively, if the wave is viewed from a fixed position, as in Figure 2b, it is
periodic in time with a repetitive temporal unit called the period T. Increasing
all t by T, the waveform is exactly reproduced, so that

or

Clearly, and we have an expression that relates the period T to the
propagation constant k and wave velocity The same information is includ-
ed in the relation

(5)

where we have used Eq. (4) together with the reciprocal relation between
period T and frequency 

(6)

Related descriptions of wave parameters are often used. The combination
is called the angular frequency, and the reciprocal of the wavelength
is called the wave number. Note that the propagation constant k is

related to the spatial period (i.e., the wavelength) of the wave in the same way
that the angular frequency is related to the temporal period T. Therefore,
the propagation constant k is the spatial frequency of the wave. With these re-
lationships it is easy to show the equivalence of the following common forms
for harmonic waves:

(7)

(8)

(9)

In any case, the argument of the sine or cosine, which depends on space and
time, is called the phase, For example, in Eq. (7),

(10)

When x and t change together in such a way that is constant, the displace-
ment is also constant. The condition of constant phase evidently
describes the motion of a fixed point on the waveform, which moves with the
velocity of the wave. Thus if is constant,

and

dx

dt
= <y

dw = 0 = k1dx ; ydt2

w

y = A sin w
w

w = k1x ; yt2

w.

y = Acos
sin [1kx ; vt2]

y = A
cos

sin
c2pa

x

l
;

t

T
b d

y = Acos
sin [k1x ; yt2]

v

k = 1>l
v = 2pn

n =

1
T

n

A sin1kx + kyt + kyT2 = A sin1kx + kyt + 2p2

A sin k[x + y1t + T2] = A sin[k1x + yt2 + 2p]

k =

2p
l

kl = 2p,

A sin1kx + kl + kyt2 = A sin1kx + kyt + 2p2

y = nl

y.
kyT = 2p,
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confirming that represents the wave velocity, which is in the negative x-direction
when and in the positive x-direction when 

Notice that the waveforms of Eqs. (7) through (9) that use the sine func-
tion all represent waves for which at position and time All
of the cosine waveforms in these equations represent waves for which
at position and time As pointed out previously, both situations
could be handled by either the sine or cosine function if an angle of is
added to the phase. In general, to accommodate any arbitrary initial displace-
ment, some angle must be added to the phase. For example, Eq. (7) with
the sine function becomes

Now suppose our initial boundary conditions are such that when
and Then

from which the required initial phase angle can be calculated as

The waveforms in Eqs. (7) to (9) can be generalized further to yield any initial
displacement, therefore, by the addition of an initial phase angle to the
phase. In many cases, the precise phase of the wave is not of interest. Then
can be set equal to zero for simplicity.

Example 1

A traveling wave in a string has a displacement from equilibrium given as a
function of distance along the string x and time t as

Determine the wavelength, frequency, velocity, and initial phase angle. Also
find the displacement at and 

Solution

By comparison with Eq. (9), and Thus,

The initial phase is The velocity of the wave may be
found from in the positive x-direction
(due to the negative sign in the phase). One can also set the phase

equal to a constant so that

or Furthermore, the displacement
at is

y

y = 10.1 m, 02 = (0.35 m) sina0.3p +

p

4
b = + 0.346 m

x =10 cm, t = 0
y = dx>dt = 10p>3p m>s = + 3.33 m>s.

y(x, t) = (0.35 m) sin[(3p/m) * - (10p/s)t + p/4)]

dw = (3p/m)dx - (10p/s)dt = 0

w = (3p/m)x - (10p/s)t + p>4

y = ln = 12>325 m>s = 3.33 m>s
1x = 0, t = 02 p>4.

l =

2p
k

=

2
3

m and n =

v

2p
= 5 Hz

k = 3p/m v = 10p/s.

x = 10 cm t = 0.

w0

w0

w0 = sin-1a
y0

A
b

w0

y = A sin w0 = y0

t = 0.

t = 0.x = 0
y = A

t = 0.x = 0y = 0

w = k1x - yt2.w = k1x + yt2

x = 0
y = y0

y = A sin[k1x ; yt2 + w0]

w0

p>2
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3 COMPLEX NUMBERS

In many situations it is useful to represent harmonic waves in complex-num-
ber notation. To this end, we first review briefly some important relations in-
volving complex numbers.

A complex number is expressed as the sum of its real and imaginary
parts,

(11)

where

are real numbers and The form of the complex number given by
Eq. (11) can also be cast into polar form. Referring to Figure 3, the complex
number is represented in terms of its real and imaginary parts along the
corresponding axes. The magnitude of symbolized by also called its 
absolute value or modulus, is given by the Pythagorean theorem as

(12)

Since from Figure 3, and it is also possible to
express by

The expression in parentheses is, by Euler’s formula,

(13)

so that

(14)

where

(15)

The complex conjugate is simply the complex number with i replaced by
Thus if 

(16)

where the asterisk is used to denote the complex conjugate. A very useful
minitheorem is that the product of a complex number with its complex con-
jugate equals the square of its absolute value. Using the polar form,

(17)

Finally, it will be helpful to list the values of using Euler’s formula, Eq. (13),
for frequently occurring special cases. These are given in Figure 4, together
with a mnemonic device to assist in recalling them quickly.

eiu,

z
'

z
'…

= 1 ƒ z
'

ƒ eiu21 ƒ z
'

ƒ e-iu2 = ƒ z
'

ƒ
2

z
'…

= a - ib or z
'…

= ƒ z
'

ƒ e-iu

z
'

= a + ib,
z
'… z

'

- i.

u = tan-1a
b
a
b

z
'

= ƒ z
'

ƒ eiu

eiu
= cos u + i sin u

z
'

= ƒ z
'

ƒ 1cos u + i sin u2

z
'

a = ƒ z
'

ƒ cos u b = ƒ z
'

ƒ sin u,

ƒ z
'

ƒ
2

= a2
+ b2

z
'

, ƒ z
'

ƒ ,
z
'

i = 2-1.

a = Re1z
'

2 and b = Im1z
'

2

z
'

= a + ib

z
'

a

b
u

Re

Im

| z |~

Figure 3 Graphical representation of a
complex number along real (Re) and imag-
inary (Im) axes.
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1
i
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0
p/2
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p

Figure 4 Frequently used values of eiu.
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4 HARMONIC WAVES AS COMPLEX 
FUNCTIONS

Using Euler’s formula, it is possible to express a harmonic wave as the real
(or imaginary) part of the complex function

(18)

so that

(19)

Note that any equation that involves only terms that are linear in and its de-
rivatives will also hold for or Many mathematical
manipulations can be carried out more simply with exponential functions than
with trigonometric functions. As a result, it is common practice to use the com-
plex waveform Eq. (18) to represent a harmonic wave when doing calculations
and then to take the real or imaginary part of this complex function to recov-
er the physical wave represented by one of the forms in Eq. (19).

5 PLANE WAVES

We wish now to generalize the harmonic wave equation further so that it can
represent a waveform propagating along any direction in space. Since an arbi-
trary direction involves the three spatial coordinates x, y, and z, we represent
the wave “displacement” or disturbance by rather than y; for example,

(20)

It is important to note that need not represent only physical displacements
but could represent any quantity that varies in space and time such as the dif-
ference of air pressure from its equilibrium value (as in a sound wave) or the
strength of an electric or magnetic field (as in a light wave). Equation (20)
represents a traveling wave moving along the At fixed time (for
simplicity we take ), the wave is described by

(21)

When the phase Thus, the surfaces of con-
stant phase are a family of planes perpendicular to the x-axis. These surfaces
of constant phase are often called the wavefronts of the disturbance. For con-
creteness, consider a plane sound wave propagating along the x-direction
through a sample of air. The propagation of this sound wave alters the air
pressure P as it passes. Let

represent the difference in the air pressure from its equilibrium value
In Figure 5, is plotted as a function of x at a fixed time

and several wavefronts associated with the plane sound wave are de-
picted at this same time. Note that at all points on a given plane wavefront
have the same value. In addition, has the same value on all wavefronts sep-
arated by a wavelength A motion picture depiction of the sound wave
of Figure 5 would show the wavefronts moving in the positive x-direction at the
wave speed 340 m/s. Clearly, plane waves, which have planar wavefronts that
are infinite in extent, are approximations to real waves, which have limited
extent in directions that are transverse to the propagation direction. Treating

l = 1 m.
c

c
t = 0
1P0 L 105 N>m22. c

c = P - P0 = 110 N>m22 sin[12p>m2x - 1680p>s2t]

x = constant, w = kx = constant.

c = A sin kx

t = 0
+x-direction.

c

c = A sin1kx - vt2

c

y = Re 1y
'

2 y = Im 1y
'

2.
y
'

y = Re 1y
'

2 = A cos1kx - vt2 or y = Im 1y
'

2 = A sin1kx - vt2

y
'

= Aei1kx -vt2
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a wave as a simple plane wave is a useful approximation if a portion of the
wave has nearly planar wavefronts over the region of interest.

Consider again the wave represented in Eq. (20). Since, for this wave-
form, the wave disturbance at an arbitrary point in space, defined by the vec-
tor in Figure 6a, is the same as for the point x along the x-axis, where

Eq. (21) may then be written as

c = A sin1kr cos u2

x = r cos u.
rB

x � 0.25 m x � 0.5 m x � 0.75 m x � 1.0 m

c �
 10 m

2N

0.250

x � 1.25 m

1.25
0.5 1.0

0.75

x

x

y

z

c
m2
N

l � 1.0 m

c �
 0

c �
 0

c �
 10 m

2N

c �
 �

10 m
2N

Figure 5 Air pressure variation induced by a plane sound wave propagating in the 
x-direction. The plot shows the difference in air pressure from its equilibrium value as
a function of x at and several planar wavefronts associated with the sound wave
are depicted at the same time. Note that the wavefronts associated with adjacent max-
ima are separated by one wavelength.

t = 0,

u

r

x

z

k

s

s

s

y

x

z

y

(a) (b)

k

r

Figure 6 Generalization of the plane wave
to an arbitrary direction. The wave direction
is given by the vector along the x-axis in
(a) and an arbitrary direction in (b).

k
B
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Equation 20 can therefore be generalized if the propagation constant,
whose magnitude has already been determined in Eq. (4), is now
considered to be a vector quantity, pointing in the direction of propagation.
Then and the harmonic wave of Eq. (20) becomes

(22)

In this form, Eq. (22) can represent plane waves propagating in any arbitrary
direction given by as shown in Figure 6b. In the general case,

where are the components of the propagation direction and (x, y, z)
are the components of the point in space where the displacement is evaluated
and s is the component of the position vector along the direction of the propaga-
tion of the wave. Note that, in general, s represents the distance along a waveform
measured along a direction that is perpendicular to the wavefronts associated
with the wave.

A general harmonic wave in three-dimensions can be expressed in com-
plex form as

(23)

(Recall that the physical waveform is described by the real or imaginary part
of the complex form.) The partial differential equation satisfied by such
three-dimensional waves is a generalization of Eq. (2) in the form

(24)

as can easily be verified by computing the second partial derivatives of from
Eq. (23). The wave Eq. (24) is often written more compactly by separating the
spatial second derivatives from the wave function by treating them as
 operators:

The entire operator in parentheses is known as the Laplacian operator,

and Eq. (24) becomes simply

(25)

6 SPHERICAL WAVES

Harmonic wave disturbances emanating from a point source in a homoge-
neous medium travel at equal rates in all directions. As shown in Figure 7,
surfaces of constant phase, that is, wavefronts, are then spherical surfaces
centered at the source. Such waves, which are of course also solutions to

§
2c =

1

y2

0
2c

0t2

§
2

K

0
2

0x2 +

0
2

0y2 +

0
2

0z2

c
1kx , ky , kz2

k
B

# rB = xkx + yky + zkz = kr cos u K ks

k
B

,

c = A sin1k
B

# rB - vt2

kr cos u = k
B

# rB,

2p>l

a
0

2

0x2 +

0
2

0y2 +

0
2

0z2 bc =

1

y2

0
2c

0t2

c

c

0
2c

0x2 +

0
2c

0y2 +

0
2c

0z2 =

1

y2

0
2c

0t2

c = Aei1k
B
#rB -vt2

O

Figure 7 Portions of three spherical
 wavefronts emanating from a point source
O. The rays indicate that the direction of
energy propagation is radially outward
from O.
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Eq. (25), can be represented by the complex waveform

(26)

Here, r is the radial distance from the point source to a given point on the
waveform and, as for plane waves, and 

Note that the constant A appearing in Eq. (26) is not the overall ampli-
tude of the wave, which is instead given by A/r. The spherical wave, as it prop-
agates further from the source, decreases in amplitude, in contrast to a 
plane wave for which the amplitude is constant. If the amplitude at distance r
from the point source is A/r, then the irradiance of the wave there is
proportional to That is, Eq. (26) encodes the familiar inverse square 
law of propagation for spherical wave disturbances. Clearly, Eq. (26) is not
valid as r approaches zero but rather describes the disturbance at a finite dis-
tance from a small physical source. Over a small enough region (or sufficient-
ly far from the source), the spherical wavefronts associated with a spherical
wave are approximately planar. For this reason, waves emanating from point
sources can be adequately described by plane waveforms when the region of
interest is small compared to the distance from the point source.

7 OTHER HARMONIC WAVEFORMS

Cylindrical Waves
Another useful complex waveform represents a cylindrical wave in which the
wavefronts are outward-moving cylindrical surfaces surrounding a line of
symmetry, as shown in Figure 8. Such a wave takes the form,

(27)c =

A

1r
ei1kr;vt2

1A>r22.
1W>m22

k = 2p>l v = 2p>T.

c = a
A
r
bei1kr -vt2

Incident
plane waves

Slit

Emerging
cylindrical waves Figure 8 Plane waves incident on a slit

 generate cylindrical waves.
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Here, represents the perpendicular distance from the line of symmetry to a
point on the waveform. That is, if the z-axis is the line of symmetry, then 

Waves of this form are not exact solutions to the wave equation 
given in Eq. (25) and so do not exactly represent physical waves but rather
are approximately valid for large Still, they are useful forms that approxi-
mate the wave that emerges from a slit illuminated by a plane wave.

Gaussian Beams
Another important family of (single-frequency) approximate solutions to the
differential wave Eq. (25) consists of the rather complicated but important
Hermite-Gaussians. Hermite-Gaussian waveforms are, to an excellent ap-
proximation, produced by laser systems that use spherical mirrors to form the
laser cavity and are beamlike, in the sense that the beam irradiance is strong-
ly confined in the transverse direction. We defer a detailed discussion of these
beams for now but sketch and indicate some of the most important features
of the simplest Hermite-Gaussian waveform in Figure 9. The parameter 

(z), shown in Figure 9, is often called the spot size and marks the trans-
verse distance from the axis of the beam to the point at which the irradiance
falls to of the maximum irradiance that occurs on the symmetry
axis of the beam. Note that the beam spreads while maintaining nearly spher-
ical wavefronts that change radius of curvature as the beam propagates.
The minimum spot size 0 occurs at the so-called beam waist, where the
wavefronts are planar. The location and size of the beam waist is determined
by the nature of the laser cavity (and subsequent focusing elements) that form
the beam. Note that the half-angle beam divergence is larger for beams with
smaller beam waists. This is an important general feature of the propagation of
electromagnetic waves. In regions close to the symmetry axis, the Gaussian
beam can be adequately described by planar waveforms.

8 ELECTROMAGNETIC WAVES

The harmonic waveforms discussed so far can represent any type of wave dis-
turbance that varies in a sinusoidal manner. Some familiar examples of such
disturbances are waves on a string, water waves, and sound waves. The distur-
bance may refer to transverse displacements of a string or longitudinalc

w

w

r =

r

e-2
L 0.135

r.

2x2
+ y2 .

x0, y0

x, y

x0, y0

w0

Waist

1
e2

Irradiance profile line

l
pw0

u �

Irradiance variation
in transverse plane

Wavefront

w(z)

z

Figure 9 Gaussian beam propagating in the z-direction. The spot size at the beam
waist (planar wavefront) is defined as The half-angle beam divergence

is valid only in the far field. Note the change in transverse irradiance
as the beam propagates to the right.
u = l>1pw02

w0 .
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pressure variations due to a sound wave propagating in a gas—as mentioned
earlier. In general, harmonic waves are produced by sources that oscillate in a
periodic fashion. Charged particles oscillating with a regular frequency emit
harmonic electromagnetic waves. For electromagnetic waves (including
light), can stand for either of the varying electric or magnetic fields that to-
gether constitute the wave. Figure 10a depicts a plane electromagnetic wave
traveling in some arbitrary direction. From Maxwell’s equations, which
 describe such waves, we know that the harmonic variations of the electric and
magnetic fields are always perpendicular to one another and to the direction
of propagation given by as suggested by the orthogonal set of axes in
 Figure 10a. These variations may be described by the harmonic waveforms

(28)

(29)

where and represent the electric and magnetic fields, respectively, and 
and are their amplitudes. Each component of the wave travels with the same
propagation vector and frequency and thus with the same wavelength and
speed. Furthermore, electromagnetic theory tells us that the field amplitudes are
related by where c is the speed of the wave. Figure 10b shows a plane
wave propagating along the positive z-direction with the electric field varying
along the x-direction and the magnetic field varying along the y-direction.

At any specified time and place,

(30)E = cB

E0 = cB0 ,

k
B

v

B
B

0
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B
B
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0

B
B
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0 sin1k
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E
B

= E
B

0 sin1k
B

# rB - vt2
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c
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k

B

E

(a)

Figure 10 Plane electromagnetic wave
 described by Eqs. (28) and (29). (a) The
electric field magnetic field and prop-
agation vector are everywhere mutually
perpendicular. (b) Wavefronts for a (linear-
ly polarized) plane electromagnetic wave.
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In free space, the velocity c is given by

(31)

where the constants and are, respectively, the permittivity and perme-
ability of vacuum. Measured values for these constants,

and provide an indirect
method of determining the speed of electromagnetic waves in free space and
yield a value of Recall that light is the term for electro-
magnetic radiation that human eyes can “see.” Humans see different wave-
lengths of light as different colors. Light wavelengths range from 380 nm (violet)
to 770 nm (red).

An electromagnetic wave, of course, represents the transmission of
energy. The energy density, in associated with the electric field in
free space is

(32)

and the energy density associated with the magnetic field in free space is

(33)

These expressions, easily derived for the static electric field of an ideal capac-
itor and the static magnetic field of an ideal solenoid, are generally valid. In-
corporating Eqs. (30) and (31) into either of the Eqs. (32) or (33), and
are shown to be equal. For example, starting with Eq. (33),

(34)

The energy of an electromagnetic wave is therefore divided equally between
its constituent electric and magnetic fields. The total energy density is the sum

or

(35)

Consider next the rate at which energy is transported by the electromagnetic
wave, or its power. In a time the energy transported through a cross sec-
tion of area A (Figure 11) is the energy associated with the volume of a
rectangular volume of length 
Thus,

(36)

or the power transferred per unit area, S, is

(37)S = uc

10-12 1C # s22>kg # m3
e0 = 8.8542 *

power =

energy

¢t
=

u ¢V
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=

u1Ac ¢t2
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c ¢t.
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1
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bB2

u = uE + uB = 2uE = 2uB
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1
2
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=
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E
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b

2
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2
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bE2

=
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2
e0E

2
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uBuE
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Figure 11 Energy flow of an electromag-
netic wave. In time the energy enclosed
in the rectangular volume flows across
the surface A.
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We now express the energy density u in terms of E and B, as follows, making
use of Eqs. (31) and (35):

(38)

Inserting this result into Eq. (37),

(39)

The power per unit area, S, when assigned the direction of propagation, is
called the Poynting vector. Since this direction is the same as that of the cross
product of the orthogonal vectors, and we can write, finally,

(40)

Note that since this relation involves the product of two waveforms, it does not
hold for waveforms written in complex form. Because of the rapid variation of
the electric and magnetic fields, whose frequencies are to in the vis-
ible spectrum, the magnitude of the Poynting vector in Eq. (39) is also a rapidly
varying function of time. In most cases, a time average of the power delivered
per unit area is all that is required. This quantity is called the irradiance, 1

(41)

where the angle brackets denote a time average and we have expressed the
fields as sine functions of the phase. The average of the functions or

over a period is easily shown to be so that

(42)

The alternative forms of Eq. (42) are expressed for the case of free space.
They apply also to a medium of refractive index n if is replaced by and
c is replaced by the velocity c/n. Notice that these changes leave the first of
the alternative forms invariant.

Example 2

A laser beam of radius 1 mm carries a power of 6 kW. Determine its aver-
age irradiance and the amplitude of its E and B fields.

Solution

The average irradiance

From Eq. (42),

and, from Eq. (30),

B0 =

E0

c
=

1.20 * 106

c
= 4.00 * 10-3 T

E0 = a
2Ee

e0c
b

1>2

= c
211.91 * 1092

e0c
d

1>2

= 1.20 * 106 V>m

Ee =

power
area

=

6000

p110-322
= 1.91 * 109 W>m2

e0 n2e0

Ee =
1
2a

c
m0
bB0

2

Ee =
1
2 e0cE0

2

Ee =
1
2 e0c

2E0B0

cos2 u 1>2,
sin2 u

Ee = 8 ƒ S
B

ƒ 9 = e0c
28E0B0 sin21k

B
# rB ; vt29

Ee .

1014 1015 Hz

S
B

= e0c
2E
B

* B
B

E
B

B
B

,

S = e0c
2EB

u = 1u1u = 11e0E2a
B

1m0
b =

e0

1e0m0
EB = e0cEB

1To avoid confusion of electric field with irradiance, we will use the symbol I, rather than Ee, to
denote irradiance.
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9 LIGHT POLARIZATION

As we have noted, the fields associated with electromagnetic waves are vector
quantities such that, at every point in the wave, the electric field, the magnetic
field, and the direction of energy propagation are mutually perpendicular, with 
the direction of energy propagation being the direction of In order
to completely specify the electromagnetic wave, it is sufficient to specify the
electric field since the magnetic field and Poynting vector can be determined
once is known. The direction of the electric field is known as the polarization
of the wave. For example, consider an electric field propagating in the positive z-
direction and polarized in the x-direction,

(43)

According to Maxwell’s equations, the magnetic field associated with this
electric field would be

and Eq. (40) would give the Poynting vector as

The polarization of an electromagnetic wave determines the direction of the
force that the electromagnetic wave exerts on charged particles in the path of
the wave through application of the Lorentz force law. This law states that the
electromagnetic force on a particle of charge Q moving with velocity in an
electromagnetic field is

Unless the speed of the charged particle is a significant fraction of the speed
of light, the magnitude of the electric force on the particle will be much larg-
er than that of the magnetic force. The electric force on the charged particle is
along the direction of the polarization of the wave and so must be perpen-
dicular to the direction of propagation of the wave. Many optical applications
depend critically on the nature and manipulation of the polarization of elec-
tromagnetic waves. In summary, electromagnetic waves are produced by os-
cillating (in general, simply accelerating) charge distributions and carry
energy (and momentum) as they travel. These waves exert forces on charged
particles in the wave path.

Linear and Elliptical Polarizations
We conclude this section with but a brief discussion of the basic nature of the
polarization of harmonic electromagnetic fields. The electric field of Eq. (43) is
said to be linearly polarized along the x-direction since the direction of the
electric field is always along the x-direction. As illustrated in Figure 12a, light
may be linearly polarized along any line that is perpendicular to the direction of
wave propagation. In the figure, the electric field made up of equal parts
along the x- and y-directions, oscillates along a line making an angle of 45° with
the x-axis. The electric field vector in the plane is shown every eighth of a
period over one period, 

In general, electric fields may be elliptically polarized in the sense that,
over time, the electric field vector traces out an ellipse as the wave propa-
gates. The special case of an electromagnetic wave that is circularly polarized
is illustrated in Figure 12b. In this graph, the component of the electric field

z = 0
T = 2p>v.
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along the y-direction is always out of phase with the x-component of the
electric field, leading to circular polarization. Note that both circular and lin-
ear polarizations represent limiting cases of elliptical polarizations. An inves-
tigation of the general case of arbitrary elliptical polarization is left as an
exercise (see problem 24).

Unpolarized Light
Often the individual atoms in a source, at a given instant, emit light with dif-
fering random polarizations. The light coming from such a source is then a su-
perposition of electromagnetic fields with differing and randomly distributed
polarizations. Such light is said to be randomly polarized or, commonly, unpo-
larized. If a certain electromagnetic field consists of the superposition of
fields with many different polarizations, of which one or more predominates,
we say the field is partially polarized. Polarized light can be produced by pass-
ing unpolarized light through one of a variety of optical systems that transmit
only a particular polarization of light.

10 DOPPLER EFFECT

The familiar Doppler effect for sound waves has its counterpart in light
waves, but with an important difference. Recall that when dealing with sound
waves, the apparent frequency of a source increases or decreases depending
on the motion of both source and observer along the line joining them. The
frequency shift due to a moving source is based physically on a change in
transmitted wavelength. The frequency shift due to a moving observer is
based physically on the change in speed of the sound waves relative to the
observer. The two effects are physically distinct and described by different
equations. They are also essentially different from the case of light waves. The
difference between the Doppler effect in sound and light waves is more than
the difference in wave speeds. Whereas sound waves propagate through a
material medium, light waves propagate in vacuum. As soon as the medium
of propagation is removed, there is no longer a physical basis for the distinc-
tion between moving observer and moving source. There is one relative mo-
tion between them that determines the frequency shift in the Doppler effect
for light. The derivation of the Doppler effect for light requires the theory of
special relativity and so is not carried out here. The result2 is expressed by

(44)

where is the Doppler-shifted wavelength and is the relative velocity be-
tween source and observer. The sign of is positive when they are approach-
ing one another and negative when they are separating from one another.
When Eq. (44) is approximated by

(45)

p>2

l¿

l
= 1 -

y

c

y V c,

y
l¿ y

l¿

l
=

a

1 -

y

c

1 +

y

c

2Robert Resnick, Basic Concepts in Relativity and Early Quantum Mechanics (New York: John
Wiley and Sons, 1972), Ch. 2.
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The Doppler effect is especially important when used to determine the
speed of astronomical sources emitting electromagnetic radiation. The red-
shift is the shift in wavelength of such radiation toward longer wavelengths,
due to a relative speed of the source away from us.

Example 3

Light from a distant galaxy shows the characteristic lines of the oxygen spec-
trum, except that the wavelengths are shifted from their values as measured
using laboratory sources. In particular, the line expected at 513 nm shows up
at 525 nm. What is the speed of the galaxy relative to the earth?

Solution

Here, and Thus, using Eq. (45),

Since the apparent is larger (the frequency less), the galaxy is moving
away from the earth with a speed of approximately 7020 km/s.

Another situation in which the Doppler effect is of pivotal importance is
the Doppler broadening of the spectral lines associated with the light emitted
by the fast-moving atoms of a gas. Since such atoms have a range of velocities
relative to a laboratory detector, a range of detected frequencies, correspond-
ing to the range of atomic velocities, will result even if the atoms emit nearly
single-frequency electromagnetic radiation. Finally, we mention Doppler
weather radar, in which a source emits an electromagnetic radio wave towards
moving raindrops and other particulates. In turn, the particulates reflect the
radio wave back towards the source. The difference in wavelength of the emit-
ted waves and that of those detected after reflection is directly related to the
velocity of the particulates relative to the source of the radar.

l

y = -0.0234c = -7020 km>s

525
513

= 1 -

y

c

l = 513 nm l¿ = 525 nm.

PROBLEMS

1 A pulse of the form is formed in a rope, where a
and b are constants and x is in centimeters. Sketch this
pulse. Then write an equation that represents the pulse
moving in the negative direction at 10 cm/s.

2 A transverse wave pulse, described by

is initiated at in a stretched string.

a. Write an equation describing the displacement y(x,t) of
the traveling pulse as a function of time t and position
x if it moves with a speed of 2.5 m/s in the negative x-
direction.

b. Plot the pulse at and 

3 Consider the following mathematical expressions, where
distances are in meters:

1.
2.
3. y1x, t2 = A>1Bx2

- t2
y1x, t2 = A1x/m - t/s22
y1z, t2 = A sin2[4p1t/s + z/m2]

t = 0, t = 2 s, t = 5 s.

t = 0

y =

4m3

x2
+ 2m2

y = ae-bx2 a. Which qualify as traveling waves? Prove your conclusion.
b. If they qualify, give the magnitude and direction of the

wave velocity.

4 If the following represents a traveling wave, determine its ve-
locity (magnitude and direction), where distances are in meters.

5 A harmonic traveling wave is moving in the negative z-
direction with an amplitude (arbitrary units) of 2, a wave-
length of 5 m, and a period of 3 s. Its displacement at the ori-
gin is zero at time zero. Write a wave equation for this wave
(a) that exhibits directly both wavelength and period; (b)
that exhibits directly both propagation constant and veloci-
ty; (c) in complex form.

6 a. Write the equation of a harmonic wave traveling along
the x-direction at if it is known to have an ampli-
tude of 5 m and a wavelength of 50 m.

b. Write an expression for the disturbance at if it is
moving in the negative x-direction at 2 m/s.

t = 4 s

t = 0

y =

(100 m)e[x2/m2
- 20(x/m)(t/s) + 100 t2/s2]

x/m - 10 t/s
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7 For a harmonic wave given by

determine (a) wavelength; (b) frequency; (c) propagation
constant; (d) angular frequency; (e) period; (f) velocity; (g)
amplitude.

8 Use the constant phase condition to determine the veloci-
ty of each of the following waves in terms of the constants
A, B, C, and D. Distances are in meters and time in sec-
onds. Verify your results dimensionally.

a.
b.
c.

9 A harmonic wave traveling in the has, at
a displacement of 13 units at and a displace-

ment of units at Write the equation for the
wave at 

10 a. Show that if the maximum positive displacement of a si-
nusoidal wave occurs at distance cm from the origin
when its initial phase angle is given by

where the wavelength is in centimeters.
b. Determine the initial phase and sketch the wave when

and and 
c. What are the appropriate initial phase angles for (b)

when a cosine function is used instead?

11 By finding appropriate expressions for write equations
describing a sinusoidal plane wave in three dimensions, dis-
playing wavelength and velocity, if propagation is

a. along the 
b. along the line 
c. perpendicular to the planes 

12 Show that if is a complex number, (a)
(b) (c) 
(d) 

13 Show that a wave function, expressed in complex form, is
shifted in phase (a) by when multiplied by i and (b) by

when multiplied by 

14 Two waves of the same amplitude, speed, and frequency trav-
el together in the same region of space. The resultant wave
may be written as a sum of the individual waves.

With the help of complex exponentials, show that

15 The energy flow to the earth’s surface associated with sun-
light is about Find the maximum values of E
and B for a wave of this power density.

16 A light wave is traveling in glass of index 1.50. If the electric
field amplitude of the wave is known to be 100 V/m, find

x - (6283/s) t]y = (10 cm) sin[(628.3/cm)

1.0 kW>m2.

c1y, t2 = 2A cos1ky2sin1vt2

c1y, t2 = A sin1ky + vt2 + A sin1ky - vt + p2

p -1.
p>2

1eiu
+ e-iu2>2;

sin u = 1eiu
- e-iu2>2i.

1z
'

+ z
'

*2>2;
Im1z

'

2 =1z
'

- z
'

*2>2i; cos u =

z
'

Re 1z
'

2 =

x + y + z = constant
x = y, z = 0

+z-axis

k
B

# rB,

l = 10 cm x0 = 0, 5
6 , 5

2 , 5, -
1
2 cm.

l

w0 =

p

2
- a

2p
l
bx0

t = 0, w0

x0

t = 0.
-7.5 x = 3l>4.

t = 0, x = 0
+x-direction

f1z, t2 = A exp1Bz2
+ BC2t2

- 2BCzt2
f1x, t2 = A1Bx + Ct + D22
f1y, t2 = A1y - Bt2

(a) the amplitude of the magnetic field and (b) the average
magnitude of the Poynting vector.

17 The solar constant is the radiant flux density (irradiance)
from the sun at the surface of the earth’s atmosphere and is
about Assume an average wavelength of 700
nm for the sun’s radiation that reaches the earth. Find (a)
the amplitude of the and (b) the number of
photons that arrive each second on each square meter of a
solar panel; (c) a harmonic wave equation for the of
the solar radiation, inserting all constants numerically.

18 a. The light from a 220-W lamp spreads uniformly in all direc-
tions. Find the irradiance of these optical electromagnetic
waves and the amplitude of their at a distance of
10 m from the lamp. Assume that 5% of the lamp energy is
converted to light.

b. Suppose a 2000-W laser beam is concentrated by a lens
into a cross-sectional area of about Find
the corresponding irradiance and amplitudes of the
and there.

19 Show that, in order to conserve flux, the amplitude of a
cylindrical wave must vary inversely with 

20 Show that Eq. (45) for the Doppler effect follows from
Eq. (44) when 

21 How fast does one have to approach a red traffic light to see
a green signal? So that we all get the same answer, say that a
good red is 640 nm and a good green is 540 nm.

22 A quasar near the limits of the observed universe to date
shows a wavelength that is 4.80 times the wavelength emit-
ted by the same molecules on the earth. If the Doppler effect
is responsible for this shift, what velocity does it determine
for the quasar?

23 Estimate the Doppler broadening of the 706.52-nm line of
helium when the gas is at 1000 K. Use the root-mean-square
velocity of a gas molecule given by

where R is the gas constant, T the Kelvin temperature, and
M the molecular weight.

24 Consider the electric field,

Produce plots like those in Figure 12 that show the evolution
of the electric field vector, at the plane as a function of
time over one complete temporal cycle for the following
cases.

a.
b.
c.
d.
e.

E
B

= Ex sin1kz - vt + w0x2xN

+ Ey sin1kz - vt + w0y2yN

Ex = 2Ey , w0x = 0, w0y = -p>4
Ex = 2Ey , w0x = p>4, w0y = -p>4
Ex = 2Ey , w0x = 0, w0y = -p>2
Ex = 2Ey , w0x = 0, w0y = p>2
Ex = 2Ey , w0x = w0y = 0

z = 0,

yrms =

A

3RT

M

y V c.

1r .

E
B

-
B
B

-fields

1 * 10-6 cm2.

E
B

-field

E
B

-field

E
B

- B
B

-fields;

0.135 W>cm2.
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INTRODUCTION

Quite commonly, it is necessary to deal with situations in which two or more
waves of given amplitude, wavelength, and frequency arrive at the same point
in space or exist together along the same direction. Several important cases of
the combined effects of two or more harmonic waves are treated in this
chapter. The first case deals with the superposition of harmonic waves of dif-
fering amplitudes and phases but with the same frequency. The analysis
shows that the resultant is just another harmonic wave having the same fre-
quency. This leads to an important difference between the irradiance attain-
able from randomly phased and coherent harmonic waves. The chapter next
treats standing waves that result from the superposition of a harmonic wave
with its reflected counterpart. We end by considering the superposition of
waves of slightly different frequencies and relate this analysis to the phenom-
enon of beats and to the distinction between the phase and group velocities
of an electromagnetic waveform.

1 SUPERPOSITION PRINCIPLE

To explain the combined effects of waves successfully one must ask specifi-
cally: What is the net displacement at a point in space where waves with in-
dependent displacements and exist together? In most cases of interest,
the correct answer is given by the superposition principle: The resultant dis-
placement is the sum of the separate displacements of the constituent waves:

(1)c = c1 + c2

c1 c2

c

Superposition of Waves

s2

E
2

s1

E1

Wavefronts

P

Reference plane for beam 2

Reference plane for beam 1

113

5 



Superposition of Waves

Using this principle, the resultant wave amplitude and irradiance can
be calculated and verified by measurement.

The same principle can be stated more formally as follows. If and
are independently solutions of the wave equation,

then the linear combination,

where a and b are constants, is also a solution.
The superposition of electromagnetic (EM) waves may be expressed in

terms of their electric or magnetic fields by the vector equations,

In general, the orientation of the electric or magnetic fields must be taken
into account. The superposition of waves at a point where their electric
fields are orthogonal, for example, does not yield the same result as the case
where they are parallel. For the present, we treat electric fields as scalar
quantities. This treatment is strictly valid for cases where the individual
vectors are parallel; it is often applied in cases where they are nearly parallel.
The treatment is valid also for cases of unpolarized light, in which the field
can be represented by two (randomly phased) orthogonal components. In
that case, the scalar theory applies to each component and its parallel
 counterpart in the superposing waves, and thus to the entire wave.

When two or more light fields of very large amplitude mix together in a
material, the resultant light field may not be simply the superposition of the
individual fields. In such a case, the interaction with the material can produce
nonlinear effects. The possibility of producing high-energy densities, using
laser light, has facilitated the study and use of such effects, making nonlinear
optics an important branch of modern optics.

2 SUPERPOSITION OF WAVES
OF THE SAME FREQUENCY

The first case of superposition to be considered is the situation in which two
harmonic plane waves of the same frequency combine, at a particular point in
space P, to form a resultant wave disturbance as shown in Figure 1. We permit
the two waves to differ in amplitude and phase. We take the waves, at the
 superposition point P, to have the forms

(1)

(2)

Here, and represent the directed distances measured along the propaga-
tion directions of each light wave from the reference planes at which the
phases of the individual waves are and at time w1 w2 t = 0.

s1 s2

E2 = E02 cos1ks2 - vt + w22

E1 = E01 cos1ks1 - vt + w12

E
B

E
B

E
B

= E
B

1 + E
B

2 and B
B

= B
B

1 + B
B

2

c = ac1 + bc2

§
2c =

1

y2

0
2c

0t2

c2c1

1W>m22
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s1

E1

Wavefronts

P

Reference plane for beam 2

Reference plane for beam 1

Figure 1 Superposition of two plane
waves at point P. The directed distances 
and are the perpendicular distances
from the reference planes to the point of
superposition.

s2

s1

To simplify notation we introduce the constant phases,

(3)

(4)

The time variations of the EM waves at the given point can thus be expressed
by

(5)

(6)

Two such waves, intersecting at the fixed point P, differ in phase by

due to a path difference, given by the first term, and an initial phase difference,
given by the second term. By the superposition principle, the resultant electric
field at the point P is

(7)

Three cases illustrating the nature of the superposition, at a fixed point in space,
of two harmonic waves of the same frequency are illustrated in Figure 2 and
discussed next.

Constructive Interference
Figure 2a illustrates the case of constructive interference in which the individ-
ual waves being superposed are “in step” in the sense that the peaks of the
waves occur at the same times. In this case, the resultant wave is in step with
the individual waves being superposed. And the amplitude of the resultant
wave is simply the sum of the amplitudes of the individual waves.

a1 = ks1 + w1

1E01 + E022

ER = E1 + E2 = E01 cos1a1 - vt2 + E02 cos1a2 - vt2

ER

a2 - a1 = k1s2 - s12 + 1w2 - w12

E2 = E02 cos1a2 - vt2

E1 = E01 cos1a1 - vt2

a2 = ks2 + w2
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Figure 2 Three cases of the superposition of waves of the same frequency at a fixed
point in space. In each case, The vertical dotted lines mark the values
of and at a specific time. (a) Constructive interference; and are in
phase and the amplitude of the resultant wave is simply the sum of the amplitudes of

and (b) Destructive interference; and differ in phase by and the am-
plitude of the resultant wave is the difference in the amplitudes of and For the
case shown, the amplitudes of and are equal, so, at the point of interference, the
resultant disturbance is zero. (c) General superposition; the amplitude of the resultant
wave is neither the sum nor the difference of the amplitudes of and E2 .E1

E2E1

E2 .E1

pE2E1E2 .E1

E2E1ERE1 , E2 ,

ER = E1 + E2 .

Two waves of the forms given in Eqs. (5) and (6) will constructively interfere if
the difference in their phase constants is where m is an inte-
ger. In this case, the resultant wave can be formed as

Destructive Interference
If two harmonic waves of the same frequency are “out of step” in the sense
that the peaks of one always coincide with the troughs of the other, the waves
are said to destructively interfere. In this case, the waves add to form a resultant
wave that has an amplitude that is (in magnitude) the difference of the ampli-
tudes of the waves being superposed and which is in step with the individual
wave of largest amplitude. Two waves of the forms given in Eqs. (5) and (6) will
destructively interfere if the difference in their phase constants is an odd mul-
tiple of that is, if where m is an integer. In this case,

Note that when waves of equal amplitude destructively interfere, the resul-
tant disturbance, at the point of interference, is zero, as shown in Figure 2b.

General Superposition
The general case of the superposition of two waves that are neither in step
nor out of step is depicted in Figure 2c. In this case, the amplitude of the

1a2 - a12 m12p2,

= 1E01 - E022 cos1a1 - vt2

ER = E1 + E2 = E01 cos1a1 - vt2 + E02 cos1a1 + 12m + 12p - vt2

a2 - a1 = 12m + 12p,p,

= 1E01 + E022 cos1a1 - vt2

ER = E1 + E2 = E01 cos1a1 - vt2 + E02 cos1a1 + 2mp - vt2
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 resultant wave is intermediate in magnitude between the magnitude of the
sum and that of the difference of the amplitudes of the waves being super-
posed. As shown in Figure 2c, the resultant wave is not, in general, in step
with either of the waves being superposed. For this general case, the resul-
tant field of Eq. (7) can be simplified by writing the fields in complex form
and using a phasor diagram to aid in the addition of the individual fields.
Proceeding thus we write,

Defining

(8)

permits the resultant wave to be expressed in the standard form,

The amplitude and phase of the resultant field can be found conveniently
by treating the complex numbers in Eq. (8) as vectors, as indicated in the
phasor diagrams of Figure 3. Recall that a complex quantity can be repre-
sented as a vector in a phasor diagram in which the real and imaginary parts
of the complex quantity are, respectively, the horizontal and vertical compo-
nents of its vector representation. See Figure 3a. In such a representation,
the length of the vector is the magnitude of the complex quantity and the
angle that the vector makes with the horizontal axis is the phase of the
 complex quantity. From Figure 3b, the components of the resultant phasor 

are

and

The cosine law may be applied to Figure 3a, yielding an expression for the
amplitude of the resultant field 

(9)

and from Figure 3b, the phase angle of the resultant field is given clearly by

(10)

In summary, we have shown that,

(11)

where the amplitude of the resultant field is given by Eq. (9) and the phase
of the resultant field is given by Eq. (10).

This graphical procedure could be extended to accommodate any num-
ber of component waves of the same frequency, as shown in Figure 4 for four
such waves. The diagram makes apparent the proper generalization of
Eqs. (10) and (9) for N such harmonic waves:

(12)tan a =

a
N

i = 1

E0i sin ai

a
N

i = 1

E0i cos ai

a
E0

ER = E01 cos1a1 - vt2 + E02 cos1a2 - vt2 = E0 cos1a - vt2

tan a =

E01 sin a1 + E02 sin a2

E01 cos a1 + E02 cos a2

E0
2

= E01
2

+ E02
2

+ 2E01E02 cos1a2 - a12

E0 ,

E0 sin a = E01 sin a1 + E02 sin a2

ER = Re1E0e
i1a-vt22 = E0 cos1a - vt2

E0e
ia

= E01e
ia1

+ E02e
ia2

ER = Re1E01e
i1a1 -vt2

+ E02e
i1a2 -vt22 = Re1e-ivt1E01e

ia1
+ E02e

ia222

E0 cos a = E01 cos a1 + E02 cos a2

E0e
ia

E0 E02

E01

(a)

(b)

a2

a1

a

E0 E02

E01

a2

a1

a

E01 sin a1

E02 sin a2

E01 cos a1 E02 cos a2

Figure 3 Phasor diagrams useful for deter-
mining the sum of two harmonic waves. (a)
Vector addition used to determine the sum
phasor. (b) Phasor components.

E0

E01

E04
E03

E02

a
a1

a2

a3

a4

Figure 4 Phasor diagram for four harmonic
waves of the same frequency. Superposition
produces a resultant wave of the same fre-
quency, with amplitude and phase a.E0
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and by the Pythagorean theorem,

(13)

Eq. (13) may be cast into a form that looks more like a generalization of the
cosine law in Eq. (9). Expanding each term,

(14)

(15)

The first term of the right members is the sum of the squares of the individual
terms of the series in the left members. The double sums represent all the
cross products, excluding—by the use of notation —the self-products
already accounted for in the first term and also avoiding a duplication of
products already tallied by the factor 2. Adding Eqs. (14) and (15),

The expressions in parentheses are equivalent to unity in the first term and
are equivalent to in the second, so that, finally,

(16)

Summarizing, the sum of N harmonic waves of identical frequency is again a
harmonic wave of the same frequency, with amplitude given by Eq. (13) or
(16) and phase given by Eq. (12).

Example 1

Determine the result of the superposition of the following harmonic waves:

Solution

To make all phase angles consistent, first change the sine wave to a cosine
wave:

Then, using Eq. (13),

or and The same result can be found
using Eq. (16), which would take the form

E0
2

= 9.3332
+ 28.1662 E0 = 29.67.
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The phase angle of the resulting harmonic wave is found using Eq. (12).
Since the sums forming the numerator and denominator have already been
calculated in the first part, we have

Thus, the resulting harmonic wave can be written as

3 RANDOM AND COHERENT SOURCES

The effort expended in achieving the form of Eq. (16) pays immediate divi-
dends in enabling us to distinguish rather neatly two important cases of su-
perposition: (1) the case of N randomly phased sources of equal amplitude
and frequency, where N is a large number, and (2) the case of N coherent
sources of the same type. In the first instance, if phases are random, the phase
differences are also random. The sum of cosine terms in Eq. (16)
then approaches zero as N increases, because terms are equally divided be-
tween positive and negative fractions ranging from to This leaves

(17)

because there are N sources of equal amplitude. Thus for N randomly phased
sources, the squares of the individual amplitudes add to produce the square
of the resultant amplitude. Recalling that the irradiance is propor-
tional to the square of the amplitude of the electric field, we can say that the
resultant irradiance of N identical but randomly phased sources is the sum of
the individual irradiances. On the other hand, if the N sources are coherent,
and in phase, so that all are equal, then Eq. (16) becomes

since all of the cosine factors are unity in this case. The right side should be
recognizable as the square of the sum of the individual amplitudes. For the
case of equal amplitudes,

(18)

Here the individual amplitudes (rather than the irradiances) simply add to pro-
duce a resultant Thus, the resultant irradiance of N identical co-
herent sources, radiating in phase with each other, is times the irradiance of
the individual sources. Notice that in this case the result does not require that
N be a large number. We conclude that the irradiance of 100 coherent in-
phase sources, for example, is 100 times greater than the more usual case of
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100 random sources. If E is interpreted as the amplitude of a compressional
wave, the result holds for sound intensities as well.

4 STANDING WAVES

Another important case of superposition arises when a given wave exists in
both forward and reverse directions along the same medium. This condition
occurs most frequently when one or the other of the oppositely directed
waves experiences a reflection at some point along its path, as in Figure 5a.
For concreteness, consider the situation shown in Figure 5a in which a wave
traveling in the negative x-direction (solid line) encounters a barrier and is
reflected (dashed line). Let us assume for the moment an ideal situation in
which none of the energy is lost on reflection nor absorbed by the transmit-
ting medium. This permits us to write both waves with the same amplitude.
The oppositely directed waves can then be written as

(19)

(20)

Here, is included to account for possible phase shifts upon reflection. Note
that, for convenience, we use sine functions to represent the individual waves.
Additionally, we have chosen to write the temporal part before the spatial
part in arguments of the sine functions of Eqs. (19) and (20). This is useful if
one wishes to associate with the phase shift caused by reflection.

The resultant wave in the medium, by the principle of superposition, is

(21)

It is expedient in this case to define

and employ the trigonometric identity

Applied to Eq. (21), this leads to the result

(22)ER = 2E0 cosakx +

wR

2
b sinavt -

wR

2
b

sin b
+

+ sin b
-

K 2 sin
1
2
1b

+
+ b

-
2 cos

1
2
1b

+
- b

-
2

b
+

= vt + kx and b
-

= vt - kx - wR

ER = E1 + E2 = E0[sin1vt + kx2 + sin1vt - kx - wR2]

wR

wR

E2 = E0 sin1vt - kx - wR2Á to the right

E1 = E0 sin1vt + kx2Á to the left

Mirror

(a) (b)

t � 0, T, 2T, . . .

Node

x � 0

E1 �2E0

E2

Node Node

�2E0

Node

t � , . . .,
T
2

3T
2

,
5T
2

x

Figure 5 Standing waves. (a) A typical standing wave situation occurs when a wave
and its reflection exist along the same medium. For the case shown, a phase

shift has occurred upon reflection so that a node (zero displacement) will exist at
the mirror. (b) Resultant displacement of a standing wave, shown at various instants.
The solid lines represent the maximum displacement of the wave. The displacement
at the nodes is always zero.

pE2E1
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The case shown in Figure 5a, in which there is a phase shift upon reflec-
tion, corresponds to the physically interesting case of the reflection of an
electromagnetic field from a plane conducting mirror (and the analogous
case of the reflection of a transverse wave in a string from a rigid boundary).
In these cases, and the resultant field takes the form

(23)

As shown in 5b, Eq. (23) represents a standing wave. Interpretation is
 facilitated by regarding the quantity in parentheses as a space-dependent
 amplitude. At any point x along the medium, the oscillations are given by

where There exist values of x for which and
thus for all t. These values occur whenever

or

(24)

Such points are called the nodes of the standing wave and are separated by
half a wavelength. At various times, the standing wave will appear as sine
waves of various amplitudes, like those shown in Figure 5b. Although their
amplitudes vary with time, all pass through zero at the fixed nodal points.
has its maximum value at all points when or when

Thus, the outer envelope of the standing wave occurs at times

where T is the period. There are also periodic times when the standing wave
is everywhere zero, since for 

We have concentrated on the important case in which the field suffers a
phase shift upon reflection. In general, as can be seen from an examination

of Eq. (22), as long as the amplitude of the reflected wave is the same as that
of the incident wave, a standing wave will result. In the more general case of
complete reflection with an arbitrary phase shift, the positions of the nodes will
be shifted from the case depicted in Figure 5b but the nodes will still be separat-
ed by The times at which the form is everywhere zero or everywhere at its
maximum displacement also change. The principal features of the standing
wave, however, remain unaffected.

Laser light is generated in laser cavities, which often take the form of two
highly reflecting mirrors surrounding a gain medium. The light in such a cavity
then consists of counterpropagating electromagnetic waves that form standing
waves. It is typically the case that the electromagnetic boundary conditions at the
mirror surfaces require that the electric field be zero at the mirrors, which then
implies that standing wave nodes occur at the mirrors. This situation is illustrated
in Figure 6. As can be seen from the figure and by examination of Eq. (24), the
requirement that nodes exist at the mirror positions restricts the wavelengths
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t = ma
T
2
b = 0,

T

2
, T,

3T

2
, Á

p

ER = 12E0 sin kx2cos vt

wR>2 = p>2
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ER = A1x2cos vt

Superposition of Waves 121



Superposition of Waves

that can be supported by the cavity to discrete values. If the distance between
the cavity mirrors is d, the cavity will support standing waves with wavelengths

that satisfy the relation

(25)

where m is a nonzero integer. That is, the standing wave normal modes of the
cavity have wavelengths such that an integer number of half-wavelengths “fit”
into the cavity length.

Equation (25) can be used to determine the frequencies of the standing
wave modes of a laser cavity. Solving Eq. (25) for the wavelengths of the stand-
ing wave modes gives

The frequencies of the standing wave modes can be found from the funda-
mental relationship between the frequency, wavelength, and speed c of the
wave:

(26)

In passing, we note that the analysis just given is strictly valid only for cavities
with plane mirrors but is indicative of the behavior of cavities with spherical
mirrors as well. In general, the output of a laser will consist of those frequencies
given in Eq. (26) that the laser gain medium is capable of supporting. The
 following example elaborates on this point.

Example 2

A certain He-Ne laser cavity of the type shown in Figure 6 has a mirror
separation of 30 cm. The helium-neon laser gain medium is capable of
supporting laser light of wavelengths in the range from to

Find:

a. The approximate number m of half-wavelengths that fit into the cavity
b. The range of frequencies supported by the helium-neon gain medium
c. The difference in the frequencies of adjacent standing wave modes of

the cavity
d. The number of standing wave modes that will likely be present in the

laser output

Solution

a. From Eq. (25): (Here, we have

rounded down to an integer.)

m =

2d

l1

L

12 * 0.3 m2

632.8 * 10-9 m
= 948,166.

l2 = 632.802 nm.

l1 = 632.800 nm

nm =

c

lm
= m

c

2d

nm

lm =

2d
m

d = ma
lm

2
b

lm

Mirror Mirrorl\2

d

Figure 6 Standing wave mode of a laser
cavity with mirror spacing d. Each loop of
the standing wave envelope is of length 
In a typical laser cavity, about 1 million half-
waves fit into the length of the cavity.

l>2.
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b. The frequency range supported by the gain medium is

c. Using Eq. (26):

d. The number of standing wave modes that will likely be present in the
laser output is the ratio of the frequency range supported by the gain medium
to the separation between standing wave modes:

Unlike traveling waves, standing waves transmit no energy. All the ener-
gy in the wave goes into sustaining the oscillations between nodes, at which
points forward and reverse waves cancel. If not all of the field incident on a
boundary is reflected, the incident and reflected waves will not add to form a
perfect standing wave. In such a case, the superposed incident and reflected
wave may be written profitably as the sum of a standing wave (which trans-
mits no energy) and a traveling wave that carries the energy that is absorbed
by or transmitted through the boundary. In this way, we may model the fields
in laser cavities with partially transmitting mirrors.

5 THE BEAT PHENOMENON

Yet another case of superposition, with important applications in optics, is
that of waves of the same or comparable amplitude but differing in frequency.
Differences in frequency imply differences in wavelength and, if the medium is
dispersive, differences in velocity. In this section we will consider the case of a
nondispersive medium in which (by definition) waves of different frequency
travel with the same speed. Consider the superposition of two such waves of dif-
ferent frequency and wavelength but with the same speed through the medium:

(27)

(28)

The superposition of these waves, which are traveling together in a given
medium, is

Making use of the trigonometric identity,

(29)

and identifying

b = k2x - v2t

a = k1x - v1t
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=

cos a + cos b K 2 cos
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-

1

632.802 * 10-9 m
b

Superposition of Waves 123



Superposition of Waves

we have

(30)

Now let

(31)

and

(32)

Then,

(33)

Equation (33) represents a product of two cosine waves. The first pos-
sesses a frequency and propagation constant that are, respectively, the
averages of the frequencies and propagation constants of the component
waves. The second cosine factor represents a wave with frequency and
propagation constant that are much smaller by comparison, since differ-
ences of the original values are taken in Eq. (32). With plots of
the cosine functions versus time may appear like those of Figure 7a, calcu-
lated at the same point The slowly varying cosine function is a factor
that ranges between and for various t. The product of this cosine fac-
tor and the overall fixed amplitude may be regarded as the slowly vary-
ing amplitude of the resultant wave. That is, the overall effect is that the
low-frequency wave serves as an envelope modulating the high-frequency
wave, as shown in Figure 7b. The higher-frequency cosine factor, in the re-
sultant waveform, is sometimes referred to as the carrier wave to distinguish
it from the lower-frequency envelope wave. The dashed lines depict the en-
velope of the resulting wave disturbance. Such a wave disturbance exhibits
the phenomenon of beats. Because the square of the displacement of the
wave at any time is a measure of its irradiance, the energy delivered by the
traveling sequence of pulses in Figure 7b is itself pulsating at a beat fre-
quency, The figure shows that the beat frequency is twice the frequency
of the modulating envelope, or

(34)

From Eq. (34) we see that the beat frequency is simply the difference frequen-
cy for the two waves. In the case of sound, this is the usual beat frequency heard
when two tuning forks are made to vibrate simultaneously, equal to the differ-
ence in fork frequencies. The phenomenon of beats provides a sensitive
method of measuring the difference in frequencies of two signals of nearly the
same frequency. Two guitarists may ensure that their guitars are “in tune” with
each other by striking a note and listening for the beat note. One or the other of
the guitarists may then adjust the tension in the guitar string until the beat note
disappears, indicating that the guitars are in tune. In the optical arena, the beat
phenomenon can be used to measure the difference between the emitted radar
wave and the Doppler-shifted return signal in a Doppler weather radar system
or as part of a feedback loop designed to ensure that two sources have the same
frequency.
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6 PHASE AND GROUP VELOCITIES

In general, any pulse of light can be viewed as a superposition of harmonic
waves of different frequencies.1 Generally, the duration of a pulse is inversely
proportional to the range of frequencies of the harmonic waves that superpose
to form the pulse. That is, narrower pulses are composed of harmonic waves with
a wider range of frequencies. Even so-called monochromatic light, unless it has
infinite spatial extent and has been in existence for all time, possesses a spread
of wavelengths, however narrow, about its average wavelength. Electromagnet-
ic waves of different frequencies travel with slightly different speeds through a
given medium. As we have noted previously, this is known as dispersion. Even
“transparent” media are at least weakly absorptive and so must also be dispersive.

�1

�2E0

�2E0

�1

cos (kg x0 � vgt) cos (kp x0 � vpt)

(a)

(b)

Envelope moves with group velocity yg.

Carrier wave moves with
phase velocity yp.

Figure 7 (a) Separate plots of the cosine
factors of Eq. (33) at where

(b) Modulated wave representing
Eq. (33) at The terms group velocity
and phase velocity are introduced in the next
section.

x = x0 .

vp W vg .

x = x0 ,

1Fourier analysis provides techniques for dealing with the superposition of many harmonic
components.
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Thus, the interaction with the medium that results in absorption generally also
affects the speed of the wave. In a train of wave pulses, the high-amplitude puls-
es occur at times and positions at which the crests of the component harmonic
waves are coincident and so constructively interfere. The regions of low field
amplitude between the pulses result from the juxtaposition of constituent waves
more or less out of phase. If all of the harmonic waves in the pulse train move
with the same speed, then the positions of constructive interference (i.e., the
pulses) also move at this speed. However, if the harmonic components move
with different speeds, the positions of net constructive interference have a
more complicated relationship to the speeds of the constituent harmonic waves.
The phase velocity of an electromagnetic signal is a measure of the velocity of
the harmonic waves that constitute the signal. The group velocity of the signal
is the velocity at which the positions of maximal constructive interference
propagate.

The analysis of the preceding section on the phenomenon of beats
serves as a useful starting point for a quantitative discussion of the phase
and group velocities of a wave pulse. Any two wavelength components of
such a light beam, moving through a dispersive medium, can be represented
by Eqs. (27) and (28) and thus produce a resultant like the one pictured in
Figure 7b. The velocity of the higher-frequency carrier wave in the resultant
waveform of Eq. (33), as well as that of the lower-frequency envelope wave,
can be found from the general relation for velocity,

(35)

The velocity of the higher-frequency carrier wave in the wave form of Eq. (33), is
known is the phase velocity,

(36)

where the final member is an approximation in the case and
for neighboring frequency and wavelength components in a contin-

uum. On the other hand, the velocity of the envelope, called the group velocity, is

(37)

assuming again that the differences between frequencies and propagation
constants are small. Now group velocity and phase velocity

need not be the same. Referring back to Figure 7b of the previous
section of this chapter, if the high-frequency waves would appear to
have a velocity to the right relative to the envelope, also in motion. These
waves would seem to disappear at the right node and be generated at the left
node of each pulse. If their relative motion would, of course, be re-
versed. When the high-frequency waves and envelope would move
together at the same rate, without relative motion. The relation between group
and phase velocities can be found as follows. Substituting Eq. (36) into Eq.
(37) and performing the differentiation of a product,

(38)

When the velocity of a wave does not depend on wavelength, that is, in a
nondispersive medium, and phase and group velocities aredyp>dk = 0,
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equal. This is the case of light propagating in a vacuum, where In
dispersive media, however, where the refractive
index n is a function of or k. Then and

When incorporated into Eq. (38), we have an alternate relation between phase
and group velocities,

(39)

Again, using and Eq. (39) can be reformulated as

(40)

In regions of normal dispersion, and 
These results, derived here for the case of two wave components, hold in

general for a number of waves with a narrow range of frequencies. As men-
tioned, if harmonic waves with a wide range of frequencies constitute the wave-
form, the result will be narrow pulses separated by relatively longer intervals of
low field amplitude, as shown in Figure 8. Still, the sum of a larger number of
closely grouped harmonic components can still be characterized both by a phase
velocity, the average velocity of the individual waves, and by the group velocity,
the velocity of the modulating waveform itself. Since the latter determines the
speed with which energy is transmitted, it is the directly measurable speed of the
waves. When carrier waves are modulated to contain information, as in ampli-
tude modulation (AM) of radio waves, we may speak of the group velocity as the
signal velocity, which is usually less than the phase velocity of the carrier waves.
When light pulses, consisting of a number of harmonic waves extending over a
range of frequencies, are transmitted through a dispersive medium, the velocity

dn>dl 6 0 yg 6 yp .

yg = yp c1 +

l

n
a

dn

dl
b d

k = 2p>l dk = -12p>l22 dl,

yg = yp c1 -

k
n
a
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dk
b d

dyp

dk
=

d

dk
a

c
n
b =

-c

n2
a
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dk
b

n = n1k2,
yp = c>n,

l

yp = yg = c.

Envelope moves with group velocity

Carrier wave mover with phase velocity

Figure 8 Snapshot of a waveform that is the sum of 10 equal-amplitude harmonic
waves with frequency spacing about 1/50 of the average frequency of the constituent
harmonic waves. The dotted-line envelope moves with the group velocity and the
high-frequency carrier wave moves with the phase velocity.
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of the group is the velocity of the pulses and is different from the velocity of the
individual harmonic waves. In the formalism of quantum mechanics, the electron
itself is represented by a localized wave packet that can be decomposed into a
number of harmonic waves with a range of wavelengths. The measured velocity
of the electron is the velocity of the wave packet, that is, the group velocity of the
constituent waves. Recently, the relation between the group and phase velocities
of light signals has gained prominence as researchers have succeeded in prepar-
ing propagation media with dispersive properties such that the group velocity of
the light pulses traveling in the nearly transparent media approaches zero.2

The dependence of index of refraction on wavelength can take a variety of
forms, depending upon the nature of the medium through which the signal is
propagating. In Example 3 we consider one such dependence.

Example 3

For wavelengths in the visible spectrum, the index of refraction of a cer-
tain type of crown glass can be approximated by the relation

a. Find the index of refraction of this glass for 400 nm light, 500 nm light,
and 700 nm light.

b. Find the phase velocity, in this glass, for a pulse with frequency com-
ponents centered around 500 nm.

c. Find the group velocity, in this glass, for a pulse with frequency com-
ponents centered around 500 nm.

Solution

a. The indices are

b. The phase velocity is 

c. The group velocity for this pulse would be

The group and phase velocities do not differ greatly for visible pulses
propagating through glass because the index of refraction of glass varies
only slightly across the visible spectrum.

The notion of a group velocity is sensible only so long as the pulses “hold
together” as the constituent harmonic waves propagate. In the general case,
pulses spread and distort as they propagate due to the differing speeds of the

yg = 11.942 * 108 m>s2c1 -

9650 nm2

11.544821500 nm22
d = 1.893 * 108 m>s

= yp c1 -

9650 nm2

nl2
d `
l= 500 nm

yg = yp c1 +

l

n
a

dn

dl
b d `

l= 500 nm

= yp c1 +

l

n
a

4825 nm2

l3
b1-22 d `

l= 500 nm

14825 nm22>l2.

n1l2 = 1.5255 +

yp =

c
n500

=

3 * 108 m>s

1.5448
= 1.942 * 108 m>s.

n700 = 1.5255 + 14825 nm22>1700 nm22 = 1.5353

n500 = 1.5255 + 14825 nm22>1500 nm22 = 1.5448

n400 = 1.5255 + 14825 nm22>1400 nm22 = 1.5557

2For reviews of this phenomenon, see Kirk T. McDonald, Am. J. Phys., Vol. 68, No. 293 (2000)
and Barbara Gross Levi, Phys. Today, Vol. 54, No. 17 (2001).
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different harmonic components. In cases where the pulses break apart, as will
happen if the phase velocities of the component harmonic waves differ by a
sufficient amount, no single group velocity can be assigned to the signal.

PROBLEMS

1 Two plane waves are given by

a. Describe the motion of the two waves.
b. At what instant is their superposition everywhere zero?
c. At what point is their superposition always zero?

2 a. Show in a phasor diagram the following two harmonic
waves:

b. Determine the mathematical expression for the resul-
tant wave.

3 Find the resultant of the superposition of two harmonic
waves in the form

with amplitudes of 3 and 4 and phases of and re-
spectively. Both waves have a period of 1 s.

4 Two waves traveling together along the same line are given by

Write the form of the resultant wave.

5 Plot and write the equation of the superposition of the fol-
lowing harmonic waves:

and 

where the period of each is 2 s.

6 One hundred antennas are putting out identical waves, given by

The waves are brought together at a point. What is the ampli-
tude of the resultant when (a) all waves are in phase (coherent
sources) and (b) the waves have random phase differences?

7 Two plane waves of the same frequency and with vibrations
in the z-direction are given by

c (y, t) = (2 cm) cos a
p

4 cm
y -

20

s
t + pb

c (x, t) = (4 cm) cos a
p

3 cm
x -

20

s
t + pb

E = 0.02 cos1e - vt2 V>m

E3 = 2 sina
p

6
- vtb ,

E1 = sina
p

18
- vtb , E2 = 3 cosa

5p

9
- vtb ,

y2 = 7 sin cvt +

p

3
d

y1 = 5 sin cvt +

p

2
d

p>6 p>2,

E = E0 cos1a - vt2

E1 = 2 cos vt and E2 = 7 cosa
p

4
- vtb

E2 =

-5E0

[13/m)x + (4/s)t - 6]2
+ 2

E1 =

5E0

[(3/m)x - (4/s)t]2
+ 2

and

Write the resultant wave form expressing their superposition
at the point and 

8 Beginning with the relation between group velocity and
phase velocity in the form

(a) express the relation in terms of n and and (b) de-
termine whether the group velocity is greater or less than
the phase velocity in a medium having a normal dispersion.

9 The dispersive power of glass is defined as the ratio
where C, D, and F refer to the

Fraunhofer wavelengths, and
Find the approximate group velocity in glass

whose dispersive power is and for which 

10 The dispersion curve of glass can be represented approxi-
mately by Cauchy’s empirical equation,
Find the phase and group velocities for light of 500-nm
wavelength in a particular glass for which and

11 The dielectric constant K of a gas is related to its index of
refraction by the relation 

a. Show that the group velocity for waves traveling in the gas
may be expressed in terms of the dielectric constant by

where c is the speed of light in vacuum.
b. An empirical relation giving the variation of K with fre-

quency is

where A and are constants for the gas. If the second
term is very small compared to the first, show that

12 a. Show that group velocity can be expressed as

b. Find the group velocity for plane waves in a dispersive
medium, for which where A and B are
constants. Interpret the result.

13 Waves on the ocean have different velocities, depending on
their depth. Long-wavelength waves, traveling deep in the
ocean, have a speed given approximately by

x = 5 cm y = 2 cm.

yp = a
gl

2p
b

1>2

v

yg = yp - l1dyp>dl2

yp = A + Bl,
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dK
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K = n2.

B = 2.5 * 106 Å2.

A = 1.40

n = A + B>l2.

1>30 nD = 1.50.

lF = 4861 Å.

lc = 6563 Å, lD = 5890 Å,

1nF - nC2>1nD - 12,
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where g is the acceleration of gravity. Short-wavelength
waves, corresponding to surface ripples, have a velocity
given approximately by

where is the density and T is the surface tension. Show that
the group velocity for long-wavelength waves is their
phase velocity and the group velocity for short-wavelength
waves is their phase velocity.

14 A laser emits a monochromatic beam of wavelength
which is reflected normally from a plane mirror, receding at
a speed What is the beat frequency between the incident
and reflected light?

15 Standing waves are produced by the superposition of the
wave

and its reflection in a medium whose absorption is negligi-
ble. For the resultant wave, find the amplitude, wavelength,
length of one loop, velocity, and period.

y = (7 cm) sin c2p a
t

T
-

2x

p cm
b d

y.

l,

3>2

r

yp = a
2pT

lr
b

1>2

1>2

16 A medium is disturbed by an oscillation described by

a. Determine the amplitude, frequency, wavelength, speed,
and direction of the component waves whose superposi-
tion produces this result.

b. What is the internodal distance?
c. What are the displacement, velocity, and acceleration of

a particle in the medium at and 

17 Express the plane waves of Eqs. (19) and (20) in the complex
representation. In this form, show that the superposition of
the waves is the standing wave given by Eq. (22).

18 A certain argon-ion laser can support lasing over a frequen-
cy range of 6 GHz. Estimate the number of standing wave
modes that might be in the laser output if the laser cavity is
1 m long.

y = (3 cm) sina
px

10 cm
b cos a

50p

s
tb

x = 5 cm t = 0.22 s?
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INTRODUCTION

The laser is perhaps the most important optical device to be developed in the
past 50 years. Since its arrival in the 1960s, rather quietly and unheralded out-
side the scientific community, it has provided the stimulus to make optics one
of the most rapidly growing fields in science and technology today.

The word laser is an acronym that stands for light amplification by the
stimulated emission of radiation. The key words here are amplification and
stimulated emission. A laser system converts pump energy (which may be
electrical or optical in nature) into intense, highly directional, nearly mono-
chromatic, electromagnetic wave energy. Albert Einstein laid the theoretical
foundation of laser action as early as 1916, when he was the first to predict
the existence of a radiative process called stimulated emission. His theoretical
work, however, remained largely unexploited until 1954, when C. H. Townes
and co-workers developed a microwave amplifier based on stimulated
emission of radiation. It was called a maser. Shortly thereafter, in 1958, A.
Schawlow and C. H. Townes adapted the principle of masers to light in the
visible region, and in 1960, T. H. Maiman built the first laser device.
Maiman’s laser used a ruby crystal as the laser amplifying medium and a
two-mirror cavity as the optical resonator. Within months of the arrival of
Maiman’s ruby laser, which emitted deep red light at a wavelength of 694.3 nm,
A. Javan and associates developed the first gas laser, the helium-neon laser,
which emitted light in both the infrared (at ) and visible (at 632.8 nm)
spectral regions.

Following the discovery of the ruby and helium-neon (He-Ne) lasers,
many other laser devices, using different amplifying media and producing out-
put at different wavelengths, were developed in rapid succession. Still, for the

1.15 mm

Properties of Lasers

Mirror Mirror

Laser beam

M2M1
Pump

Laser

Medium

131

6 



Properties of Lasers

greater part of the 1960s, the laser was viewed by the world of industry and
technology as a scientific curiosity. It was referred to in jest as “a solution in
search of a problem.” Since that time, however, the number of industrial and
research applications of the laser has increased rapidly. Currently, new laser
applications are discovered almost weekly. Together with the fiber-optic and
semiconductor optoelectronic devices, the laser has revolutionized optics and
the optics industry.

In this chapter, we first describe the basic processes involved in the in-
teraction of light with matter and discuss the nature of light emitted by non-
laser light sources. We then examine the essential elements of a laser system,
describe the basic operation of the laser, and list the unique characteristics of
laser light. Finally, by way of a summary, a table is provided that lists many of
the more common lasers, along with their important operating parameters
and characteristics.

1 ENERGY QUANTIZATION
IN LIGHT AND MATTER

Electromagnetic fields result when charged particles are accelerated. Charged
particles, in turn, are accelerated by electromagnetic fields. Laser light is a
manifestation of a particular interaction between charged particles and elec-
tromagnetic fields. An understanding of this interaction necessitates a discus-
sion of the quantization of the energies of electromagnetic fields and atoms.

Energy Quantization of Electromagnetic Fields
The energy of electromagnetic radiation of frequency is quantized in units of

where is Planck’s constant. These units of electro-
magnetic energy—as we have mentioned—are called photons. Generally, the
total energy stored in an electromagnetic field of frequency is 
given by,

(1)

where n is the number of photons in the field. A photon should be thought of
as a quantum of energy associated with the entire electromagnetic field. Note
that the lowest possible energy, which occurs when there are no photons in
the field (i.e., when ), is not zero but rather is Such a field is the
ground state of the electromagnetic field and corresponds to total darkness.
This state of total darkness is referred to as the electromagnetic vacuum. The
fact that the electromagnetic vacuum has energy (even if this energy cannot
be transferred to another system) is relevant to the discussion of spontaneous
emission given later. Since the electromagnetic field can only take on ener-
gies given by Eq. (1), an electromagnetic wave gives up and receives energy
in multiples of the photon energy As Example 1 illustrates, the energy of
a photon is much less than the total energy stored in a typical macroscopic
electromagnetic field and so the graininess of the electromagnetic field often
goes unnoticed.

Example 1

Find the approximate number of photons emitted in 1 s from a source that
emits 1 W of light power at a wavelength of 500 nm.

hn.

hn>2.n = 0

En
EM

=

1
2

hn + nhn n = 0, 1, 2, Á

nEn
EM

h = 6.63 * 10-34 J # shn,
n
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1Actually, the situation is considerably more complicated than this. For example, nonlinear
optical processes involve the exchange of two or more photons with matter at a given time.

2It is awkward to refer to the energy levels of atoms or molecules or liquids or solids, so, at this
point, we begin to refer to the energy levels of atoms with the understanding that the discussion at
hand may also be applicable for molecules, liquids, and solids.

Solution

The output power P is the rate of energy emission. The total energy,
emitted in a time interval t of 1 s can then be written as

This emitted energy is a multiple n of the photon energy That is,

The number of photons n emitted in 1 s is therefore

For this light source, one photon more or less is unlikely to be noticed.

Energy Quantization in Matter
Atoms are composed of charged particles and so interact with electromagnetic
fields. The atoms and molecules that constitute matter have quantized energy
levels. The law of energy conservation suggests that there can be a strong ex-
change of energy between an electromagnetic wave of frequency and matter
only when some of the constituents of the matter have allowed energies and 

such that 1 In such a case, we say that
the electromagnetic field is resonant with the to transition of the atom
or molecule. The different energy levels of atoms are associated with differ-
ent configurations of the electrons that surround the nucleus of the atom.
Molecules have energy levels associated with the energy of electronic config-
uration, rotational kinetic energy of the molecule, and energy stored in vibra-
tion of the molecule. In addition, solids and liquids can have energy levels
associated not with individual atoms and molecules, but with the entire solid.
Solids and liquids sometimes have continuous bands of energy.

The allowed energies of electrons in the wide variety of types of atoms
and molecules cannot be summarized in a simple formula. To illustrate the
basic nature of the quantization of allowed energies of the electrons in atoms,2

consider the allowed energies of the electron in the simplest atom, hydrogen.
A bound electron in hydrogen can only have energies given by the relation

(2)

These allowed energies are often displayed in an energy level diagram like
the one shown in Figure 1. The ground state, with the lowest possible energy

corresponds to the electron in its most stable state in which
it is closest to the nucleus. Excited states of higher energy correspond to the
electron in “orbits” further from the nucleus. An electron with energy greater
than zero is no longer bound to the proton in the nucleus of the hydrogen
atom. That is, an energy of 13.6 eV must be given to an electron in the
ground state of hydrogen in order to ionize the hydrogen atom. It is impor-
tant to note that the energy of a free electron is not quantized. As a result,
free electrons can interact with photons of any frequency. In Example 2 we
explore the quantization conditions for the electromagnetic field and the
hydrogen atom.

ETOT,

ETOT = Pt = 11 W211 s2 = 1 J

E1 = -13.6 eV,

En = -

13.6 eV

n2 n = 1, 2, 3 Á

En Em

Em En - Em = En + 1
EM

- En
EM

= hn0 .
En

n0

n =

ETOT

hc
l =

1 J

16.63 * 10-34 J # s213 * 108 m>s2
15 * 10-7 m2 = 2.5 * 1018

ETOT = nhn = nhc>l

hn = hc>l.

E
�

E4

E3

0

�0.85 eV

�1.51 eV

E2 �3.4 eV

E1 �13.6 eV

Free electron
continuum

Figure 1 Allowed energies of the electron
in the hydrogen atom. Notice that a free
electron that has been stripped from the hy-
drogen atom can have any energy.
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Example 2

a. Calculate the energy difference, in eV and in J, between the ground
state energy and the first excited state energy of the hydrogen
atom.

b. What is the frequency and wavelength of the photon with the same en-
ergy as the energy difference of part (a)?

Solution

a. Using Eq. (2),

b. The frequency of a photon with this energy is

The wavelength of this photon is

Lineshape Function
We have, so far, treated the energy levels of atoms as if they were truly dis-
crete. In fact, these energy levels typically have a narrow but finite width
that arises from the inevitable interaction of the atom with its environment.
Widths of energy levels in atoms vary greatly but a typical value is on the
order of This width in the allowed energy levels in turn relaxes the
restriction that a photon must have a precise energy that just matches the dif-
ference in discrete allowed energy levels. Rather, the photon energy must be
within a very small range of energies, near the nominal energy difference of
two levels, in order to interact with the atom. Roughly, if states with nominal
energies and have energy widths and respectively, a photon
should have energy in the range

in order to significantly interact with the atom. The center frequency of the tran-
sition is Thus, we can say that only fields of frequencies
given by

are likely to have a significant interaction with the pair of atomic levels with
energies and Notice that we have defined the frequency linewidth
associated with transitions between a pair of atomic levels as

(3)

E1 E2

n =

1En - Em2

h
;

1¢En + ¢Em2

2h
K n0 ;

¢n

2

¢n =

¢En + ¢Em

h

En Em . ¢n

n0 = 1En - Em2>h.

hn = En - Em -

1¢En + ¢Em2

2
to hn = En - Em +

1¢En + ¢Em2

2

En Em ¢En ¢Em ,

10-7 eV.

¢E

l0 =

c
n0

=

3 * 108 m>s

2.46 * 1015 Hz
= 1.22 * 10-7 m = 122 nm

E2 - E1 = hn0 Q n0 =

E2 - E1

h
=

1.63 * 10-18 J

6.63 * 10-34 J # s
= 2.46 * 1015 Hz

E2 - E1 = 110.2 eV2a
1.6 * 10-19 J

eV
b = 1.63 * 10-18 J

= -3.4 eV + 13.6 eV = 10.2 eV

E2 - E1 = -

13.6 eV

22 - a-

13.6 eV

12 b

E2 - E1
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Figure 2 Lineshape function for an
atomic transition between energy levels of
nominal energy difference The
linewidth of the transition is the full
width at half maximum of the lineshape
function.

¢n

hn0 .

g1n2

It is common to refer to the frequency as the frequency at line center. The
linewidths of different atomic transitions vary over a wide range of values
but a linewidth in the range for a transition associated with a
photon of nominal frequency is typical. The likelihood of the
atom with energy levels and interacting with a photon of frequency
is proportional to a lineshape function which is, typically, a nearly sym-
metric function of width that peaks at A typical lineshape func-
tion is shown in Figure 2. By convention, the lineshape function is
normalized so that

As we build towards a discussion of laser light, we first review the na-
ture of nonlaser light sources. Such a review naturally begins with a discus-
sion of the interaction of light and matter in thermal equilibrium.

2 THERMAL EQUILIBRIUM AND
BLACKBODY RADIATION

When a system is in thermal equilibrium with its surroundings, there is no
net energy flow between the system and its surroundings. In such a case,
the system and its surroundings can be characterized by a common tem-
perature, T. When two systems at different temperatures are brought to-
gether, there is a net energy flow from the system at higher temperature to
the system at lower temperature. When the two systems come to a common
temperature, the rates of energy flow between the systems become equal.
Since electrons and protons are charged particles and constituents of
atoms, all atoms can emit and absorb light energy. Absorption and emis-
sion of electromagnetic waves is therefore an important mode of energy
exchange between systems. In this section we will borrow relations from
thermodynamics that describe atoms and electromagnetic fields in thermal
equilibrium at a given temperature T. This discussion of thermal equilibri-
um will form a useful background for a discussion of the laser, in which
neither the gain medium nor the electromagnetic field is in thermal equi-
librium with its surroundings.

Atoms in Thermal Equilibrium: The Boltzmann Distribution
Consider an assembly of atoms in thermal equilibrium at temperature T. The
likelihood that a given atom in this assembly will be in one of the states of
energy is given by the so-called Boltzmann distribution

(4)

Here, is the likelihood that the atom will be in the ground state of the sys-
tem which has energy is
Boltzmann’s constant, and the temperature is measured in Kelvins. Recall that
the lowest possible temperature (so-called absolute zero) has the value 0 on the
Kelvin temperature scale and that the temperature in Kelvins is related to
the temperature in Celsius degrees via the relation
For example, the freezing temperature of water is The

n0

T = 0°C = 273 K.
TKelvins = TCelsius + 273.

E1 , kB = 1.38 * 10-23 J>K = 8.62 * 10-5 eV>K
P1

Pi = P1e
-1Ei - E12>kBT

Ei

Pi

3
all n

g1n2 dn = 1

g1n2
¢n n = n0 .

g1n2,
nEmEn

1014
- 1015 Hz

106
- 109 Hz
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Boltzmann distribution3 indicates that in thermal equilibrium, atoms are
more likely to be in states with lower energies. In Example 3 we show that in
thermal equilibrium at room temperature essentially all hydrogen atoms will
be in their electronic ground states.

Example 3

a. Find the ratio of the likelihood that a hydrogen atom will be in one
of its excited states with energy (see Figure 1) to the likelihood
that a hydrogen atom will be in its ground state of energy if the
atoms are in thermal equilibrium at room temperature (293 K).

b. Find the temperature at which the ratio of the likelihoods is
1/1000.

Solution

a. Using Eq. (4) and the values of the ground state and first excited state
energies of hydrogen found from Eq. (2) gives

That is, it is very likely that all of the hydrogen atoms will be in the
ground electronic state at room temperature. In problem 3 you will be
asked to show that a significant number of hydrogen molecules will be
in the first excited rotational energy state at room temperature. In a
 hydrogen atom there are eight distinct ways of combining the orbital
and spin angular momentum of the electron to yield the same energy

Therefore, the ratio of the likelihood that a hydrogen atom will
have energy to the likelihood it will have energy is a factor of 8
larger than the fraction given here. (See footnote 3.)

b. Using Eq. (4) again,

so that

and,

This temperature is, roughly, a factor of 3 more than the surface tem-
perature of the sun.

EM Waves in Thermal Equilibrium
One of the early triumphs of quantum mechanics was the prediction of the
experimentally verified relation giving the wavelength distribution (i.e., the
spectrum) associated with electromagnetic radiation in thermal equilibrium
with a blackbody at temperature T. A blackbody is an ideal absorber: All radi-
ation falling on a blackbody, irrespective of wavelength or angle of incidence,
is completely absorbed. It follows that a blackbody is also a perfect emitter: 

T = 17,100 K

-110.2 eV2>[18.62 * 10-5 eV>K2T] = ln10.0012

P2

P1
= e -110.2 eV2>[18.62 * 10-5 eV>K2T]

= 0.001

E1E2

E2 .

P2

P1
= e-1E2 - E12>kBT

= e-1-3.4 + 13.62>18.62 * 10-5 #2932
= 4.1 * 10-176 !

P2>P1

E1

E2 P1

P2

3If several distinct physical states have the same energy, the energy level is said to be degener-
ate. If the number of distinct states that have energy is and the ground state of the system is not
degenerate, then the likelihood that the system will be in any of the states with energy is
Pi = giP1e

-1Ei - E12>kBT.
Ei

giEi
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No body at the same temperature can emit more radiation at any wavelength
or into any direction than a blackbody. Blackbodies are approached in prac-
tice by blackened surfaces and by tiny apertures in radiating cavities. An ex-
cellent example of a blackbody is the surface formed by the series of sharp
edges of a stack of razor blades. The array of blade edges effectively traps the
incident light, resulting in almost perfect absorption.

The correct form for the spectral exitance of a blackbody was first
derived in 1900 by Max Planck, who found it necessary to postulate quan-
tization in the process of radiation and absorption by the blackbody.
Planck found the spectral exitance associated with a blackbody at temper-
ature T to be

(5)

The spectral exitance is the power per unit area per unit wavelength in-
terval emitted by a source. This quantity is plotted in Figure 3 for different
temperatures. The spectral radiant exitance is seen to increase with absolute
temperature at each wavelength. The peak exitance also shifts toward shorter
wavelengths with increasing temperature, falling into the visible spectrum
(between dashed vertical lines) at and 6000 K. The variation of

the wavelength at which peaks, with the temperature can be found
by differentiating with respect to and setting this equal to zero. The re-
sult is the Wien displacement law, given by

(6)

and is indicated in Figure 3 by the dashed curve. If the spectral exitance of 
Eq. (5) is integrated over all wavelengths, the total radiant exitance or area 
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Figure 3 Blackbody radiation spectral dis-
tribution at four Kelvin temperatures. The
vertical dashed lines mark the visible spec-
trum, and the dashed curve connecting the
peaks of the four curves illustrates the Wien
displacement law. (Note that )5 * 107.5E7 =
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under the blackbody radiation curve at temperature T is found to be

(7)

This relation is known as the Stefan-Boltzmann law, and the Stefan-
Boltzmann constant, is equal to 

The radiation from real surfaces is always less than that of the black-
body, or Planckian source, and is accounted for quantitatively by the emissiv-
ity, Distinguishing now between the radiant exitance M of a measured
specimen and that of a blackbody at the same temperature, we define

(8)

If the radiant exitance of the blackbody and the specimen are compared in var-
ious narrow wavelength intervals, a spectral emissivity is calculated, which is
not, in general, a constant. In those special cases where the emissivity is inde-
pendent of wavelength, the specimen is said to be a graybody. In this instance,
the spectral exitance of the specimen is proportional to that of the blackbody
and their curves are the same except for a constant factor. The spectral radia-
tion from a heated tungsten wire, for example, is close to that of a graybody
with 

Blackbody radiation is used to establish a color scale in terms of absolute
temperature alone. The color temperature of a specimen of light is then the
temperature of the blackbody with the closest spectral energy distribution. In
this way, a candle flame can be said to have a color temper-
ature of 1900 K, whereas the sun has a typical color temper-
ature of 5800 K. Sources at room temperature (293 K) emit electromagnetic
radiation with a peak wavelength in the infrared region, 

3 NONLASER SOURCES OF
ELECTROMAGNETIC RADIATION

Before we examine the production and properties of laser light, we make a
brief survey of some important nonlaser light sources. In order for an assembly
of atoms or particles to be treated as a blackbody or a graybody, the assembly
must be able to emit and absorb a continuous range of frequencies. This re-
quires that there be available energy states which differ by a continuous range
of energies. Such a situation can occur in solids and liquids in which the myriad
modes of interaction between neighboring atoms lead to a nearly continuous
range of possible energies of the atoms or molecules in the material. Hot
gasses, in which some of the atoms are ionized, also constitute a system that can
have a continuous emission spectrum. Since an ionized (free) electron can have
any energy, the range of energies associated with a hot gas are continuous.
Colder dilute gasses, on the other hand, have allowed energies that correspond
only to the allowed transitions of the electronic, rotational, or vibrational ener-
gy states of the constituents of the gas. Such a gas only emits and absorbs light
of particular, nearly discrete, energies. In many typical cases the spectrum of
light emitted by a gas has a continuous background overlaid with a line spec-
trum corresponding to particular transitions between discrete energy levels.
The way in which energy is distributed in the radiation determines the color of
the light and, consequently, the color of surfaces seen under the light. Anyone
who has used a camera is aware that the actual color response of film depends
on the type of light used to illuminate the subject.

5.67 * 10-8 W/(m2 # K4).

lmax = 9890 nm.

1lmax = 500 nm2
1lmax

' 1500 nm2

e = 0.4 - 0.5.
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M
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e.

s,

M =

L

q

0
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The following brief survey of nonlaser sources of light is not intended to
be comprehensive; rather it is intended to serve as a backdrop for the discus-
sion of laser light that follows in subsequent sections.

Sunlight and Skylight
Daylight is a combination of sunlight and skylight. Direct light from the sun
has a spectral distribution that is clearly different from that of skylight,
which has a predominantly blue hue. A plot of spectral solar irradiance is
given in Figure 4. The nature of extraterrestrial solar radiation indicates
that the sun behaves approximately as a blackbody with a temperature of
6000 K at its center and 5000 K at its edge. However, the radiation received
at the earth’s surface is modified by absorption in the earth’s atmosphere.
The annual average of total irradiance just outside the earth’s atmosphere
is the solar constant, The average total irradiance reaching the
earth’s surface on a clear day is about Note that the spectrums
of the extraterrestrial sunlight and the sunlight reaching the earth both con-
sist of a continuous blackbody background “interrupted” by dips. These
dips are the result of selective absorption by specific elements in the sun’s
outer layers and the earth’s atmosphere.

Cosmic Background Radiation
In 1965, Arno Penzias and Robert Wilson at the Bell Labs discovered that the
earth is bathed in isotropic blackbody radiation with a spectral irradiance
consistent with a color temperature of 2.7 K. This radiation is believed to
have originated early in the development of the universe, when the universe
was hot and dense. The subsequent expansion of the universe lowered the
temperature of the radiation while maintaining the blackbody character of
the spectral irradiance of this background radiation. This cosmic background
radiation is important evidence supporting the Big Bang theory of the origin
of the universe.

Incandescent Sources
Optical sources that use light produced by a material heated to incandes-
cence by an electric current are called incandescent lamps. Radiation arises
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Figure 4 Solar spectral irradiance above
the atmosphere and on a horizontal surface
at sea level: clear day, sun at zenith.
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from the de-excitation of the atoms or molecules of the material after they have
been thermally excited. The energy is emitted over a broad continuum of wave-
lengths. Commercially available blackbody sources consist of cavities equipped
with a small hole. Radiation from the small hole has an emissivity that is essen-
tially constant and equal to unity. Such sources are available at operating tem-
peratures from that of liquid nitrogen to 3000°C. Incandescent
sources particularly useful in the infrared include the Nernst glower. This source
is a cylindrical tube or rod of refractory material (zirconia, yttria, thoria) heated
by an electric current and useful from the visible to around The Nernst
glower behaves like a graybody with an emissivity greater than 0.75. When the
material is a rod of bonded silicon carbide, the source is called a globar, approx-
imating a graybody with an average emissivity of 0.88 (see Figure 5).

The tungsten filament lamp is a popular source for optical instrumentation
designed to use continuous radiation in the visible and into the infrared region.
The lamp is available in a wide variety of filament configurations and of bulb
and base shapes. The filament is in coil or ribbon form, the ribbon providing a
more uniform radiating surface. The bulb is usually a glass envelope, although
quartz is used for higher-temperature operation. Radiation over the visible
spectrum approximates that of a graybody, with emissivities approaching unity
for tightly coiled filaments. Light output (typically given in lumens) depends
both on the filament temperature and the electrical input power (wattage).
During operation, tungsten gradually evaporates from the filament and de-
posits on the inner bulb surface, leaving a dark film that can decrease the light
output by as much as 18% during the life of the lamp. This process also weak-
ens the filament and increases its electrical resistance. The presence of an inert
gas, usually nitrogen or argon, introduced at about 8/10 of the atmospheric
pressure, helps to slow down the evaporation. More recently this problem has
been minimized by the addition of a halogen vapor (iodine, bromine) to the gas
in the quartz-halogen or tungsten-halogen lamp. The halogen vapor functions in
a regenerative cycle to keep the bulb free of tungsten. Iodine reacts with the
deposited tungsten to form the gas tungsten iodide, which then dissociates at
the hot filament to redeposit the tungsten and free the iodine for repeated op-
eration. A typical spectral irradiance curve for a 100-W quartz-halogen fila-
ment source is given in Figure 6. The lamp approximates a 3000-K graybody
source, providing a useful continuum from 0.3 to In tungsten arc lamps,
an arc discharge between two tungsten electrodes heats the electrodes to in-
candescence in an atmosphere of argon, providing a spectral distribution of ra-
diation like that of tungsten lamps at 3100 K.
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Discharge Lamps
The discharge lamp depends for its radiation output on the dynamics of an
electrical discharge in a gas. A current is passed through the ionized gas be-
tween two electrodes sealed in a glass or quartz tube. (Glass envelopes ab-
sorb ultraviolet radiation below about 300 nm, whereas quartz transmits
down to about 180 nm.) An electric field accelerates electrons sufficiently to
ionize the vapor atoms. The source of the electrons may be a heated cathode
(thermionic emission), a strong field applied at the cathode (field emission),
or the impact of positive ions on the cathode (secondary emission). De-exci-
tation of the excited vapor atoms provides a release of energy in the form of
photons of radiation. High-pressure and high-current operation generally
results in a continuous spectral output, in addition to spectral lines charac-
teristic of the vapor. The width of the spectral lines is a direct indication of
the linewidth of the particular transition leading to that spectral line. At
lower pressure and current, sharper spectral lines appear, and the back-
ground continuum is minimal. When sharp spectral lines are desired, the
lamp is designed to operate at low temperature, pressure, and current. The
sodium arc lamp, for example, provides radiation almost completely con-
fined to a narrow “yellow” band due to the spectral lines at 589.0 and 589.6 nm.
The low-pressure mercury discharge tube is often used to provide, with the
help of isolating filters, strong monochromatic radiation at wavelengths of
404.7 and 435.8 nm (violet), 546.1 nm (green), and 577.0 and 579.1 nm (yel-
low). Other gases or vapors may be used to provide spectral lines of other
desired wavelengths. For the highest spectral purity, particular isotopes of
the gas are used.

When high intensity rather than spectral purity is desired, other designs
become available. Perhaps the oldest source of this kind is the carbon arc, still
widely used in searchlights and motion picture projectors. The high-current
arc is formed between two carbon rods in air. The source has a spectral distri-
bution close to that of a graybody at 6000 K. A wide range of spectral outputs
is possible by using different materials in the core of the carbon rod. When
the arc is enclosed in an atmosphere of vapor at high pressure, the lamp is a
compact short-arc source and the radiation is divided between line and contin-
uous spectra. See Figure 7 for a sketch of this type of lamp and its housing. The
most useful of these lamps, designed to operate from 50 W to 25 kW, are the
high-pressure mercury arc lamp, with comparatively weak background radia-
tion but strong spectral lines and a good source of ultraviolet; the xenon arc
lamp, with practically continuous radiation from the near-ultraviolet through
the visible and into the near-infrared; and the mercury-xenon arc lamp, pro-
viding essentially the mercury spectrum but with xenon’s contribution to
the continuum and its own strong spectral emission in the 0.8- to
range. Spectral emission curves for Xe and Hg-Xe lamps are shown in 
Figures 8 and 9.
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Figure 6 Spectral irradiance from a 100-W
quartz halogen lamp, providing continuous
radiation from 0.3 to (Oriel Corp.,
General Catalogue, Stratford, Conn.)
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Figure 7 High-intensity, compact short-
arc light source. (a) Compact arc lamp. (b)
Lamp installed in housing, showing back re-
flector and focusing system. (The Ealing
Corp.)
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Flash tubes represent a high output source of visible and near-infrared
radiation, produced by a rapid discharge of stored electrical energy through a
gas-filled tube. The gas is most often xenon. The photoflash tube, in contrast,
provides high-intensity, short-duration illumination by the rapid combustion
of metallic (aluminum or zirconium) foil or wire in a pure oxygen atmosphere.
Flash lamps and arc lamps are often used as optical pumps for laser systems
(like Neodynium:YAG) using solid-state gain media.

The familiar fluorescent lamps use low-pressure, low-current electrical
discharges in mercury vapor. The ultraviolet radiation from excited mercury
atoms is converted to visible light by stimulating fluorescence in a phosphor
coating on the inside of the glass-envelope surface. Spectral outputs depend on
the particular phosphor used. “Daylight” lamps, for example, use a mixture of
zinc beryllium silicate and magnesium tungstate.
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Figure 8 Spectral emission for xenon compact arc lamp. (Canrad-Hanovia, Inc.)
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Light-Emitting Diodes
A light-emitting diode (LED) is an important light source quite different from
those just described. A LED is a solid-state device employing a p-n junction in
a semiconducting crystal. The device is hermetically sealed in an optically cen-
tered package. When a small bias voltage is applied in the forward direction,
optical energy is produced by the recombination of electrons and holes in the
vicinity of the junction. Popular LEDs include the infrared GaAs device, with
a peak output wavelength near 900 nm, and the visible SiC device, with peak
output at 580 nm. LEDs provide narrow spectral emission bands, as is evident
in Figure 10. Solid solutions of similar compound semiconductor materials
produce output in a variety of spectral regions when the composition of the
alloy is varied.

4 EINSTEIN’S THEORY OF 
LIGHT-MATTER INTERACTION

In 1916, Einstein showed that the existence of thermal equilibrium between
light and matter could be explained by positing but three basic interaction
processes. These processes are known as stimulated absorption, stimulated
emission, and spontaneous emission. In this section we discuss these process-
es and introduce the so-called Einstein A and B coefficients that govern their
rates of occurrence. We now turn to brief descriptions of the three basic
processes, illustrated in Figure 11, that describe the interaction of light with
matter. It is useful to keep in mind the situation depicted in Figure 12a, in
which a nearly monochromatic field of frequency and irradiance I is inci-
dent on a sample of atoms that have two levels of energy and that are
nearly resonant with the incident light so that The lineshape
function of the 2 to 1 transition in relation to the frequency of the incidentg1n2 n¿
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Figure 10 Spectral output from a GaAs light-
emitting diode.
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light is shown in Figure 12b. Further, let the population densities of the two atom-
ic energy levels be and respectively. The population density of an energy
level is the number per unit volume of atoms that are in that energy level.

Stimulated Absorption
Stimulated absorption, or simply absorption, is the process by which electro-
magnetic waves transfer energy to matter. An atom can be raised from an initial
state with energy to a final state with energy by absorption of a photon of
frequency provided that the photon energy satisfies the approximate relation

The stimulated absorption process is illustrated in 
Figure 11a. In this figure, an atom originally in its lowest possible energy state

called its ground state, is raised to an excited state of energy by absorption
of a photon of energy, The rate of occurrence per unit volume
of stimulated absorption, when a monochromatic field of frequency
and irradiance I is incident on an assembly of atoms like the one depicted in 
Figure 11a is

(9)

Here, is the Einstein B coefficient for stimulated absorption. Note that the
rate of stimulated absorption is proportional to the irradiance I of the inci-
dent field, the lineshape function evaluated at the frequency of the input field

and the population density of the lower of the two levels involved in
the transition.

Stimulated Emission
As shown in Figure 11b, when a photon of energy en-
counters an atom initially in an excited state it can “stimulate” the atom
to drop to the lower state, In the process, the atom releases a photon of
the same energy, direction, phase, and polarization as that of the incident pho-
ton. As a result, the energy of the electromagnetic wave passing by the atom
is increased by one quantum of energy. It is stimulated emission that
makes possible the amplification of light within a laser system. That stimulat-
ed emission produces a “twin” photon, which accounts for the unique degree
of monochromaticity, directionality, and coherence associated with laser
light. The rate of occurrence per unit volume of stimulated emission,
when a monochromatic field of frequency and irradiance I is incident on
an assembly of atoms like the one depicted in Figure 12a is

(10)

The parameter is the Einstein B coefficient for stimulated emission.

Spontaneous Emission
Spontaneous emission, illustrated in Figure 11c, can take place if an atom is
in an excited state even when there are no photons incident on the atom. In
the process shown, an atom in an excited state with energy “spontaneous-
ly” gives up its energy and falls to the state with energy and a photon of en-
ergy is released. The photon is emitted in a random
direction. The likelihood that the spontaneously emitted photon will have a
given frequency is proportional to the lineshape function That is, the
spontaneous emission from a sample of atoms all in the same excited state will
occur with a range of frequencies characterized by the linewidth This be-
havior is to be contrasted with the stimulated emission process, which pro-
duces only photons that have the same frequency as that of the incident field.
The spectrum of spontaneous emission has the same frequency dependence
as the lineshape function The line-spectra components of the spectra of
Figures (8) and (9) are due primarily to spontaneous emission, and so 
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the width of these line features is also the width of the lineshape function for
the pair of levels associated with that particular spectral line. The line spec-
trum of a weakly excited dilute gas is sometimes called the fluorescence spec-
trum of the gas. Spontaneous emission occurs even in the presence of an
incident electromagnetic wave that causes stimulated emission. In such a case,
the field radiated by the atom is composed of some photons originating from
the spontaneous emission process and some photons originating from the
stimulated emission process. All of the stimulated emission photons have the
same frequency and the same direction as the incident electromagnetic wave,
whereas the spontaneous photons are emitted in—more or less—any direc-
tion with a range of frequencies described by the lineshape function.

Fundamentally, spontaneous emission is a result of an interaction
with the electromagnetic vacuum described in Section 1. That is, even a
field containing no photons still has an effect on an atom in an excited
state. Spontaneous emission is sometimes aptly referred to as vacuum-
stimulated emission. The electromagnetic vacuum has of energy at all
frequencies, in all directions, and is randomly phased and so can induce the
atom to emit photons in any direction and with any frequency that the atom
can emit. Of course, there is no absorption stimulated by the electromag-
netic vacuum because the vacuum, being the ground state of the electro-
magnetic field, can provide no energy quanta to the atom. The spontaneous
emission rate per unit volume is

(11)

Here, is the Einstein A coefficient for the 2 to 1 transition.

Relations Between the Einstein A and B Coefficients
Einstein was able to establish a relation between the Einstein A and B coeffi-
cients by showing that thermal equilibrium will exist between a radiation
field and an assembly of atoms if the following relations hold:

(12)

and

(13)

These relations are necessary for thermal equilibrium between an assembly
of atoms and a radiation field to exist but hold generally as well, since the
Einstein A and B coefficients are characteristics of the atomic levels. We note
here that these relations also follow from a direct quantum mechanical treat-
ment of the interaction of an electromagnetic field with an atom. For the pur-
pose of the present discussion, Eq. (13) is most relevant. Note that the rate
coefficients for stimulated emission and stimulated absorption are equal. This
equality of the rate coefficients, and Eqs. (9) and (10), implies that the ratio of
the overall rate of stimulated emission to that of stimulated absorption is the
ratio of the population densities of the upper and lower energy levels. That is,

(14)

Now the population densities in an assembly of atoms in thermal equilibrium
are proportional to the likelihoods that a given atom will be in a particular ener-
gy state. Therefore, the Boltzmann distribution of Eq. (4) can be used to write
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Therefore, stimulated absorption will occur more often than stimulated emis-
sion in an assembly of atoms in thermal equilibrium with its environment. As
a result, an assembly of atoms in thermal equilibrium will always be a net ab-
sorber of incident radiation. In order for an assembly of atoms to amplify an
incident electromagnetic field, pump energy must be supplied to the atoms in
order to drive the atom out of thermal equilibrium and preferentially popu-
late the upper energy level so that and Such an
amplifying or gain medium plays a central role in laser action. When a level of
higher energy has a greater population density than that of a level of lower en-
ergy, we say that a population inversion exists. Of course, spontaneous emis-
sion occurs in addition to the stimulated processes and so a significant amount
of light may be emitted by an absorbing medium, but this light is emitted in
any direction and with any frequency within the linewidth of the transition.

5 ESSENTIAL ELEMENTS OF A LASER

The laser device is an optical oscillator that emits an intense, highly colli-
mated beam of coherent radiation. The device consists of three essential el-
ements: an external energy source or pump, a gain medium, and an optical
cavity, or resonator. These three elements are shown schematically in Figure
13: as a unit in Figure 13a and separately in Figure 13b, c, and d. Laser sys-
tems with moderate or high power outputs also typically require a cooling
system.

The Pump
The pump is an external energy source that produces a population inversion in
the laser gain medium. As explained in the previous section, amplification of a
light wave or photon radiation field will occur only in a medium that exhibits a
population inversion between two energy levels. In this case, the rate of stimulat-
ed emission will exceed that of stimulated absorption and the irradiance of the
light will increase during each pass through the medium. Without the pump ener-
gy, the light wave would be attenuated during each pass through the medium.

Pumps can be optical, electrical, chemical, or thermal in nature, so long
as they provide energy that can be coupled into the laser medium to excite
the atoms and create the required population inversion. For gas lasers, such

N2 7 N1 RSt. Em. 7 RSt. Abs.
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Laser beam

M2M1

(a) Laser

(b) Pump (c) Resonator (d) Laser medium

M1 M2
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Figure 13 Essential elements of a laser. (a)
Integral laser device with output laser beam.
(b) External energy source, or pump. The
pump creates a population inversion in the
laser medium. The pump can be an optical,
electrical, chemical, or thermal energy
source. The battery and helix pictured are
only symbolic. (c) Empty optical cavity, or
resonator, bounded by two mirrors. (d) Active
cavity containing a gain medium. Population
inversion and stimulated emission work to-
gether in the laser medium to produce ampli-
fication of light.
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as the He-Ne laser, the most commonly used pump mechanism is an electrical
discharge. The important parameters governing this type of pumping are the
electron excitation cross sections and the lifetimes of the various energy lev-
els. In some gas lasers, the free electrons generated in the discharge process
collide with and excite the laser atoms, ions, or molecules directly. In others,
excitation occurs by means of inelastic atom-atom (or molecule-molecule)
collisions. In this latter approach, a mixture of two gases is used such that the
two different species of atoms, say A and B, have excited states and that
coincide. Energy may be transferred from one excited species to the other
species in a process whose net effect can be symbolized by the relation

Atom A originally receives its excitation energy from a
free electron or by some other excitation process. A notable example is the
He-Ne laser, where the laser-active neon (Ne) atoms are excited by resonant
transfer of energy from helium (He) atoms in a metastable state. The helium
atoms receive their energy from free electrons via collisions.

Although there are numerous other pumps or excitation processes, we
cite one more process which has some historical significance. The first laser,
developed by T. Maiman at the Hughes Research Laboratories in 1960, was
a pulsed ruby laser, which operated at the visible red wavelength of 694.3 nm.
Figure 14 shows a drawing of the ruby laser device. To excite the impu-
rity ions in the ruby rod, Maiman used a helical flashlamp filled with xenon
gas. This particular method of exciting the laser medium is known as optical
pumping. Solid and liquid gain media are typically optically pumped either
by a flashlamp or another laser.

Cr+3

A* + B : A + B*.

A* B*

Beam
direction

Output mirror

Shield

Ruby rod

End
mirror

Flashlamp

Power supply

Figure 14 Components of a ruby laser sys-
tem. The shield helps to reflect light from the
flashlamp back into the ruby rod.

The Gain Medium
Laser systems are typically named by the makeup of the gain medium used in the
device. The participating energy levels in the gain medium, which may be a gas,
liquid, or solid, determine the wavelength of the laser radiation. Because of the
large selection of laser media, the range of available laser wavelengths extends
from the ultraviolet well into the infrared region, sometimes to wavelengths that
are a sizable fraction of a millimeter. Laser action has been observed in over half
of the known elements, with more than a thousand laser transitions in gases
alone. Two of the most widely used transitions in gases are the 632.8-nm visible
radiation from neon and the infrared radiation from the molecule.
Other commonly used laser media and their operating wavelengths are listed in
Table 1 at the end of this chapter.

In some lasers, the amplifying medium consists of two parts, the laser host
medium and the laser atoms. For example, the host of the Nd:YAG laser is a crys-
tal of yttrium aluminum garnet (commonly called YAG), whereas the laser atoms
are the trivalent neodymium ions. In gas lasers consisting of mixtures of gases, the
distinction between host and laser atoms is generally not made.

10.6-mm CO2
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The most important requirement of the amplifying medium is its ability to
support a population inversion between two energy levels of the laser atoms.
This is accomplished by exciting (or pumping) more atoms into the higher en-
ergy level than exist in the lower level. As mentioned earlier, in the absence of
pumping, there will be no population inversion between any two energy levels
of a laser medium. Pumping, sometimes vigorous pumping, is required to pro-
duce the “unnatural” condition of a population inversion. As it turns out,
though, due to the widely different lifetimes of available atomic energy levels,
only certain pairs of energy levels with appropriate spontaneous lifetimes can
be “inverted,” even with vigorous pumping.

The Resonator
Given a suitable pump and a laser medium that can be inverted, the third basic
element is a resonator, an optical “feedback device” that directs photons back
and forth through the laser (amplifying) medium. The resonator, or optical
cavity, in its most basic form consists of a pair of carefully aligned plane or
curved mirrors centered along the optical axis of the laser system, as shown in
Figure 13. One of the mirrors is chosen with a reflectivity as close to 100% as
possible. The other is selected with a reflectivity somewhat less than 100% to
allow part of the internally reflecting beam to escape and become the useful
laser output beam.

A laser cavity consisting of two flat mirrors separated by an optical
 distance d will only support standing wave modes of wavelengths and fre-
quencies that satisfy the condition where m is a (typ-
ically large) positive integer. Therefore, the frequencies of the modes of such
a cavity are

(15)

As we have noted, one of the mirrors in a laser cavity must be partially trans-
mitting in order to allow for laser output. As a result, the cavity will support
fields with a narrow range of frequencies near the standing wave frequencies
given in Eq. (15). The laser resonator, then, in addition to acting as a feed-
back device, also acts as a frequency filter. Only electromagnetic fields that
have frequencies near the resonant frequency of the lasing transition (and so
can experience significant gain) and very near a standing wave frequency of
the cavity (and so experience low loss) will be present in the laser output.

Typically, laser mirrors have spherical surfaces, and so the stable repet-
itive field patterns (i.e., the modes of the cavity) are more complicated than
the plane standing wave modes produced by flat mirror cavities discussed
earlier. In general, the geometry of the mirrors and their separation deter-
mine the mode structure of the electromagnetic field within the laser cavity.
The exact distribution of the electric field pattern across the wavefront of
the emerging laser beam, and thus the transverse irradiance of the beam, de-
pends on the construction of the resonator cavity and mirror surfaces. Many
different transverse irradiance patterns, called TEM modes, can be present
in the output laser beam. By suppressing the gain of the higher-order modes—
those with intense electric fields near the edges of the beam—the laser can be
made to operate in a single fundamental mode, the mode. The trans-
verse variation of the irradiance of this mode is Gaussian in shape,
with a peak irradiance at the center and an exponentially decreasing irradiance
toward the edges. 

The Cooling System
Overall efficiency is an important operating characteristic of a laser sys-
tem. The overall efficiency of a laser system is the ratio of the total power

TEM00

TEM00

nm = m
c

2d

lm
nm d = ml>2 = mc>2n,
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required to pump the laser—sometimes called the wall-plug power—to the
optical output power of the laser. Typical efficiencies (see Table 1 at the
end of this chapter) range from fractions of a percent to 25% or so. Many
important high-power laser systems have an efficiency of less than a per-
cent. Pump energy that does not result in laser output inevitably de-
grades into thermal energy. As an example, consider an argon ion laser
with a 10-W output. If the overall efficiency of this laser system is 0.05%,
the total power used is Of this
total power, 99.95% is wasted as heat energy. If this heat energy is not re-
moved from the system, the components of the system will be damaged
or degraded.

Laser systems with solid gain media are typically cooled by surrounding
the gain medium (and sometimes the optical pump) in a cooling jacket.
Water, or a cooling oil, flows through the jacket, removing heat from the laser
system. Laser systems with gas or liquid gain media can be cooled by this
same mechanism, or by flowing the lasing medium itself through the cavity
and cooling it before returning it to the cavity where it is again pumped. This
method of cooling is sometimes used in carbon dioxide and dye lasers. Lasers
with lower heat losses can sometimes be sufficiently cooled by forced air. Low-
power lasers such as the He-Ne laser often need no external cooling system. In
a high-power laser, the cooling system is an essential part of the system.

6 SIMPLIFIED DESCRIPTION
OF LASER OPERATION

We have described briefly the basic elements that comprise the laser device.
How do these elements—pump, medium, and resonator—work together to
produce the laser output? Photons of a certain resonant energy must be cre-
ated in the laser cavity, must interact with atoms, and must be amplified via
stimulated emission, all while bouncing back and forth between the mirrors
of the resonator. We can gain a reasonably accurate, though qualitative, un-
derstanding of laser operation by studying Figures 15 and 16. Figure 15a
shows, in four steps, what happens to a typical atom in the laser medium dur-
ing the creation of a laser photon. Figure 15b shows the actual energy level
 diagram for a helium-neon laser, with the four steps described in Figure 15a
clearly identified. Figure 16 shows the same four-step process while focusing
on the behavior of the atoms in the laser medium and the photon population
in the laser cavity. Let us now examine these figures in turn.

In step 1 of Figure 15a, energy from an appropriate pump is coupled
into the laser medium. The pump energy and rate is sufficiently high to ex-
cite a large number of atoms from the ground state to several excited
states, collectively labeled Once at these levels, the atoms spontaneously
decay, through various chains, back to the ground state Many, however,
preferentially start the trip back by a very fast (usually radiationless) decay
from pump levels to a special level, This decay process is shown in
step 2. Level is labeled as the “upper laser level.” It is special in the sense
that it has a long lifetime. Whereas most excited levels in an atom might
decay in times of the order of level is metastable, with a typical life-
time of the order of hundreds of thousands of times longer than other
levels. Thus, as atoms funnel rapidly from pump levels to they begin
to pile up at the metastable level, which functions as a bottleneck. In the
process, grows to a large value. When level does decay, say by sponta-
neous emission, it does so to level labeled the “lower laser level.” Level
is an ordinary level that decays to the ground state quite rapidly, so the pop-
ulation cannot build to a large value. The net effect is the production of a
population inversion required for light amplification via stimu-
lated emission.
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Once the population inversion has been established and a photon of
nearly resonant energy passes by any one of the atoms in
the upper laser level (step 3), stimulated emission can occur. When it does,
laser amplification begins. Note carefully that a photon of resonant energy

can also stimulate absorption from level to level thereby los-
ing itself in the process. Since is greater than however, and
the rate for stimulated emission, exceeds that for stimulated
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absorption, Thus, light amplification occurs during each
pass through the gain medium. In that event there is a steady increase in the
incident resonant photon population and lasing continues. This is shown
schematically in step 3, where the incident resonant photon approaching from
the “left” leaves the vicinity of an atom in duplicate. In step 4, one of the in-
verted atoms, which dropped to level during the stimulated emission
process, now decays rapidly to the ground state If the pump is still operat-
ing, this atom is ready to repeat the cycle, thereby ensuring a steady popula-
tion inversion and a constant laser beam output. It is important to note that
although the irradiance increases with each pass through the inverted gain
medium, it decreases each time it encounters the output mirror of the res-
onator. So long as the gain per round-trip exceeds the loss per round-trip, the
irradiance in the cavity continues to grow. As the irradiance grows the popula-
tion inversion necessarily decreases since an excess of stimulated
emission creates photons at the expense of the population of the upper lasing
level. Therefore as the irradiance increases, the population inversion in the gain
medium decreases. This process is known as gain saturation. Eventually, the irra-
diance grows sufficiently to reduce the population inversion to the point that the
gain per round-trip becomes equal to the loss per round-trip. When this occurs,
the irradiance no longer grows and so the population inversion maintains a
steady value. This is the steady-state operating condition for the laser.

In Figure 15b, the pump energy (step 1) is supplied by an electrical
 discharge in the low-pressure gas mixture, thereby elevating ground state he-
lium atoms to higher energy states, one of which is represented by the
level. Then by resonant collisional energy transfer—made possible because
the level of helium is nearly equal to the level of neon—step 2 is
achieved as excited helium atoms transfer their energy over to ground state
neon atoms, raising them to the neon level. This process produces the pop-
ulation inversion required for effective amplification via stimulated emission
of radiation.

The stimulated emission process (step 3) occurs between the neon lev-
els and the transition with the highest probability4 from to any of
the ten 2p states. This transition gives rise to photons of wavelength
photons that are amplified via stimulated emission and form the common red
beam characteristic of helium-neon lasers. Finally, in step 4, the neon atom in
energy state decays by spontaneous emission to the 1s ground level. Once
back in the ground state, it is again available to undergo collision with an ex-
cited helium atom and to repeat the cycle. Figure 15b relates the four steps to
the emission of the He-Ne 0.6328 laser line, but other transitions from the
3s to the 2s and 2p levels have also been made to lase. One such transition,
leading to the line, is indicated in the figure.

We now repeat the description of the buildup towards steady-state
laser action with emphasis shifted to the evolution of the light field within
the optical cavity. To aid a discussion of this evolution, consider Figure 16. 
In 16a, the laser medium is shown situated between the mirrors of the op-
tical resonator. Mirror 1 is essentially 100% reflecting, and Mirror 2 is par-
tially reflecting and partially transmitting. Most of the atoms in the laser
medium are in the ground state. This is shown by the black dots. In Figure 16b,
external energy (for example, light from a flashlamp or from an electrical
discharge) is pumped into the medium, leading to a population inversion.
Atoms occupying the upper laser level (state of Figure 15a) are shown
by empty circles. The light amplification process is initiated in Figure 16c
when excited atoms in the upper laser level spontaneously decay to level E1 .

B12g1n¿21I>c2N1 .

E2

mm

E2

1.1523 mm

2p4

0.6328 mm,
3s2 2p4 , 3s2

3s2

21S 3s2

21S

N2 - N1

E0 .
E1

N2
N2

4A readable, comprehensive discussion of the helium-neon laser, with energy level diagrams
and transition probabilities, is given in G. H. B. Thompson, Physics of Semiconductor Laser Devices
(New York: Wiley-Interscience, 1980).

151



Properties of Lasers

Since this is spontaneous emission, the photons given off in the process radi-
ate out randomly in all directions. Many, therefore, leave through the sides of
the laser cavity and are lost. Nevertheless, there will generally be several
photons—let us call them “seed” photons—directed along the optical axis of
the laser. These are the horizontal arrows shown in Figure 16c. With the seed
photons of correct (resonant) energy accurately directed between the mir-
rors and many atoms still in the upper laser level the stage for stimulat-
ed emission is set. As the seed photons pass by the atoms in the upper laser
level, stimulated emission adds identical photons in the same direction, pro-
viding an increasing population of coherent photons that bounce back and
forth between the mirrors. In this process, of course, the number of atoms in
the upper laser level is reduced. That is, gain saturation occurs. This buildup
of the intracavity light and reduction of the population density of atoms
in the upper lasing level is shown in Figures 16d and 16e. Since output
 Mirror 2 is partially transparent, a fraction of the photons incident on the
mirror pass out through the mirror. These photons constitute the external
laser beam. Those that do not leave through the output mirror are reflected,
recycling back and forth through the cavity gain medium. In Figure 16f the
steady-state operation of the laser is illustrated. In steady-state continuous
wave (cw)  operation, the population inversion is just sufficient to maintain a
gain per cavity round-trip that offsets the loss per round-trip.

In summary, then, the laser process depends on the following:

1. A population inversion between two appropriate energy levels in the
laser medium. This is achieved by the pumping process and the existence
of a metastable upper laser state.

2. Seed photons of proper energy and direction, coming from the ever-
present spontaneous emission process between the two laser energy
levels. These initiate the stimulated emission process.

3. An optical cavity that confines and directs the growing number of reso-
nant energy photons back and forth through the laser medium, contin-
ually exploiting the population inversion to create more and more
stimulated emission, thereby creating more and more photons directed
back and forth between the mirrors.

4. Gain saturation that follows from the fact that as the number of photons
in the cavity grows, the rate of stimulated emission increases and so the

N2

E2 ,

Gain mediumMirror 1 Mirror 2 Pump

(a) (b)

(c) (d)

(e) (f)

Output

Figure 16 Time development of the startup
of laser oscillation in a typical laser cavity. (a)
Quiescent laser. (b) Pumping of the gain
medium creates a population inversion. (c)
Spontaneous emission initiates stimulated
emission. (d) Light amplification and gain sat-
uration begin. (e) Gain saturation continues.
(f) Established steady-state laser operation.
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population inversion in the gain medium decreases. When the popula-
tion inversion decreases to the level at which the gain per round-trip
through the cavity is equal to the loss per round-trip through the cavity,
the laser settles into steady-state continuous wave operation.

5. Coupling a certain fraction of the laser light out of the cavity through the
output coupler mirror to form the external laser beam.

7 CHARACTERISTICS OF LASER LIGHT

Monochromaticity
Although no light can be truly monochromatic, laser light comes far closer than
any other light source to reaching this ideal limit. The degree of monochro-
maticity of a light source can be specified by giving the linewidth of the radia-
tion. The laser linewidth is the full width at half maximum (FWHM) of the
spectral irradiance associated with the radiation. We have noted that the fluo-
rescence lines from a weakly excited gas originate from spontaneous emission
and so have linewidths that are the same as the width of the lineshape function

of the atomic transition involved in the fluorescence. The output from a
laser is primarily stimulated emission, which produces photons of nominally
identical frequencies. The fundamental limit to the narrowness of a laser line
results from the fact that some of the randomly-phased spontaneous emission
from the gain medium also exits the laser output mirror and, when mixed with
the stimulated emission output, leads to a finite linewidth. This fundamental
linewidth is sometimes called the Schawlow-Townes linewidth.5 In practice, the
linewidth of a laser is significantly larger than the limit set by the mixing of
spontaneous emission into the laser output. The linewidth of a single mode in
the output of a laser is typically governed by environmental noise such as me-
chanical vibrations, which change the cavity length, or index of refraction vari-
ations in the gain medium. Both of these mechanisms change the frequencies
corresponding to the standing wave modes of the cavity. An example involving
the He-Ne laser is instructive. The fluorescence linewidth of the neon 0.6328 m
lasing transition in the He-Ne laser is about 1.5 GHz. The operating linewidth
of a typical single-mode helium-neon laser ranges from about 1 kHz to 1 MHz.
The Schawlow-Townes linewidth of the He-Ne laser line is on the order of

and so makes a negligible contribution to the operating linewidth. The
operating linewidth of a single-mode He-Ne laser is 1000 to 1 million times nar-
rower than the fluorescence linewidth associated with the neon transition.

Coherence
The optical property of light that most distinguishes the laser from other light
sources is coherence. Coherence is a measure of the degree of phase correlation
that exists in the radiation field of a light source at different locations and dif-
ferent times. Here we give a brief qualitative description of this important fea-
ture of laser light. It is often described in terms of a temporal coherence, which
is a measure of the degree of monochromaticity of the light, and a spatial co-
herence, which is a measure of the uniformity of phase across the optical wave-
front. To obtain a qualitative understanding of temporal and spatial coherence,
consider an ideal monochromatic point source of light. A portion of the wave-
fronts produced by such an ideal point source is indicated in Figure 17. The
electromagnetic field produced by this ideal monochromatic point source has
perfect temporal and spatial coherence. The temporal coherence is perfect

m

g1n2

¢nL

10-3 Hz

5See, for example, M. O. Scully and M. S. Zubairy, Quantum Optics (Cambridge, UK: Cambridge
University Press, 1997).

P1

P2

Point
source

Figure 17 Portion of the wavefronts asso-
ciated with a perfectly coherent light field
produced by an ideal monochromatic point
source.
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because, since the wave has a single frequency, knowledge of the phase at a
given point (say, ) at time allows one to predict with complete confidence
the phase of the field at point at some later time The spatial coherence of
the wavefield is also perfect since along each wavefront the variation of the rel-
ative phase of the field is zero. Thus, knowledge of the phase at point at time

allows one to predict with perfect confidence the phase of the field at this
same time at a spatially distinct point along the same wavefront. If the fre-
quency of the point source varied in a random fashion, the temporal coherence
of the wavefield would be reduced. If there were several nearby point sources
emitting light of the same frequency but with random relative phases, the spa-
tial coherence of the resulting wavefield would be reduced. To produce a field
that is both temporally and spatially coherent, neighboring point sources of
light must produce light of the same frequency and correlated phase. This is
precisely what occurs in a laser gain medium due to the stimulated emission
process caused by the recycling of light within the laser cavity.

A high degree of light coherence is necessary in interferometry and
holography, which are both discussed later in this text. Nonlaser light sources
emit light primarily via the uncorrelated spontaneous emission action of
many atoms. The result is the generation of incoherent light. To achieve
some measure of coherence with a nonlaser source, two modifications to the
emitted light can be made. First, a pinhole can be used with the light source
to limit the spatial extent of the source. Second, a narrow-band filter can be
used to decrease significantly the linewidth of the light. Each modification
improves the coherence of the light given off by the source, but at the ex-
pense of a drastic loss of light energy.

In contrast, as mentioned, a laser source, by the very nature of its pro-
duction of light via stimulated emission, ensures both a narrow-band output
and a high degree of phase correlation. Recall that in the process of stimulat-
ed emission, each photon added to the stimulating radiation has a phase, po-
larization, energy, and direction identical to that of the amplified light wave in
the laser cavity. The laser light thus created and emitted is both temporally
and spatially coherent. Figure 18 summarizes the basic ideas of coherence for
nonlaser and laser sources.

The mixing of spontaneous emission into the laser output and environ-
mental noise fluctuations prevent laser light sources from emitting perfectly
coherent light. Still, typical lasers have spatial and temporal coherences far
superior to that for light from other sources. The transverse spatial coherence
of a single-mode laser beam extends across the full width of the beam, what-
ever that might be. The temporal coherence, also called “longitudinal spatial
coherence,” is many orders of magnitude above that of any ordinary light
source. The coherence time of a laser is a measure of the average time inter-
val over which one can continue to predict the correct phase of the laser
beam at a given point in space. The coherence length is related to the co-
herence time by the equation where c is the speed of light. Thus the
coherence length is the average length of light beam along which the phase of
the wave remains unchanged. For a single-mode He-Ne laser, the coherence
time is of the order of milliseconds (compared with about for light
from a sodium discharge lamp), and the coherence length for the same laser
is thousands of kilometers (compared with fractions of a centimeter for the
sodium lamp).

Directionality
When one sees the thin, pencil-like beam of a laser for the first time, one is
struck immediately by the high degree of beam directionality. No other light
source, with or without the help of lenses or mirrors, generates a beam of such
precise definition and minimum angular spread. The high degree of direc-
tionality of a single-mode laser beam is due to the geometrical design of the
laser cavity and to the fact that the stimulated emission process produces twin

P2

P1 t1

t1

t1

P1

P1 t2 .

10-11 s

Lc = ctc ,
Lc

tc
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photons. Figure 19 shows a specific cavity design and an external laser 
beam with a (far-field) angular spread signified by the angle The cavity mir-
rors shown are shaped with surfaces concave toward the cavity, thereby “fo-
cusing” the reflecting light back into the cavity and forming a beam waist of
radius at one position in the cavity. The nature of the beam inside the
laser cavity and its characteristics outside the cavity are not discussed in
 detail in this chapter. Here we simply note that if a laser output consists of the
fundamental mode, the divergence angle will be

(16)

where designates the half-angle beam spread.

w0

u

u =

l

pw0

TEM00

u.

Properties of Lasers

(a) (b)

(c) (d)

Pinhole

Filter

Figure 18 A tungsten lamp requires a pinhole and filter to produce partially
 coherent light. The light from a laser is naturally coherent. (a) Tungsten lamp. The
tungsten lamp is an extended source that emits many wavelengths. The emission
lacks both temporal and spatial coherence. The wavefronts are irregular and
change shape in a haphazard manner. (b) Tungsten lamp with pinhole. An ideal
pinhole limits the extent of the tungsten source and improves the spatial coherence
of the light. However, the light still lacks temporal coherence since all wavelengths
are present. Power in the beam has been decreased. (c) Tungsten lamp with pinhole
and filter. Adding a good narrow-band filter further reduces the power but im-
proves the temporal coherence. Now the light is “coherent,” but the available
power is far below that initially radiated by the lamp. (d) Laser. Light coming from
the laser has a high degree of spatial and temporal coherence. In addition, the out-
put power can be very high.

Beam divergence
angle

External laser beam

Output coupling
mirror

Wavefronts

Laser cavity

Beam waist
(radius w0) u �

l

pw0

Highly reflecting
mirror

u

Figure 19 External and internal laser
beam for a given cavity. The divergence
angle associated with a field of beam-
waist radius is indicated.w0

u
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It is important to note that the angular spread increases as the beam
waist is made smaller. This general behavior is very similar to the behavior
of a beam that passes through a circular aperture. The far-field divergence
angle due to diffraction of a beam passing through a circular aperture of
radius r is The beam-waist radius is determined by the
design of the laser cavity and depends on the radii of curvature of the two
mirrors and the distance between the mirrors. Therefore, one can build
lasers with a given beam-waist radius and, consequently, a given beam di-
vergence. We explore this relationship in Example 4.

Example 4

a. A He-Ne laser (0.6328 ) has an internal beam waist of radius near
0.25 mm. Determine the beam divergence angle 

b. Since we can control the beam-waist radius by laser cavity design
and “select” the wavelength by choosing different laser media, what
lower limit might we expect for the beam divergence? Suppose we de-
sign a laser with a beam waist of 0.25-cm radius and a wavelength of
200 nm. By what factor is the beam divergence decreased?

Solution

a.

This is a typical laser beam divergence, indicating that the beam radius
increases about 8 cm every 100 m.

b.

This represents, roughly, a 30-fold decrease in beam spread over the
He-Ne laser described in part (a). This beam radius would increase
about 8 cm every 3130 m.

Note from Figure 19 that, near the beam waist, a Gaussian mode laser
field acts much like a plane wave of truncated transverse dimension. That is,
the phase fronts are nearly planar and parallel in this region.

Laser Source Irradiance
The irradiance (power per unit area) of a typical laser is far greater than
other sources of electromagnetic radiation largely due to the directionality
and compactness of the laser beam. For example, lightbulbs spread their out-
put uniformly in all directions so that the irradiance 1 m from a lightbulb with
a light power output of 10 W would be

The output from a He-Ne laser, on the other hand, is concentrated in the thin
beam of light emerging from the laser. One meter from the output of a He-Ne
laser the beam radius might be about 2 mm. For such a situation, the irradiance

mm

= 0.796 W>m2 Irradiance 1 m from a 10-W lightbulb

I = P>A =

P

4pr2 =

10 W

4p11 m22

u =

l

pw0
=

0.6328 mm * 10-9 m

p12.5 * 10-4 m2
= 8 * 10-4 rad

w0

u.

udiff = 0.61l>r. w0

TEM00

u =

l

pw0
=

200 * 10-9 m

p12.5 * 10-3 m2
= 2.55 * 10-5 rad
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1 m from a He-Ne laser with a much smaller output power of 1 mW would be

High-power lasers may have a continuous output of with a beam ra-
dius of 1 cm. The irradiance of such a laser would be Recall
that a laser system converts pump energy into laser output and so the average
power output of a laser is always less than the average pump power. Howev-
er, the laser power is concentrated in a monochromatic directional beam of
small cross-sectional area and so laser irradiances can be very high.

Focusability
Nonlaser sources must have a significant transverse extent in order to produce
a significant amount of light. Therefore, the images of these sources formed by
lenses and mirrors have finite sizes governed by the laws of geometrical optics.
The amount of light at the image position is determined by the amount of light
from the source intercepted by the lens. As a result, a significant amount of
light from these sources cannot be “focused” to a small spot. By contrast, the
small transverse extent of laser beams allows a lens or mirror to intercept es-
sentially all of the power in the beam. In addition, since the laser beam has a
high degree of directionality, it behaves (near the beam waist at any rate) like
a bundle of parallel rays coming from a point object at infinity. As a result,
nearly all of the laser power is concentrated at the focal point of the lens or
mirror. The diameter of the focused spot is limited by lens aberrations and dif-
fraction but can be roughly as small as the wavelength of the laser light. The
ways in which laser and nonlaser light is focused are illustrated in Figure 20.

3.18 * 108 W>m2.
105 W

= 79.6 W>m2 Irradiance 1 m from a 1-mW He-Ne laser

I = P>A =

0.001 W

p10.002 m22

Ideal beam (l 

Fictitious, point image

Focused image of
thermal source

(a) Ideal source

f

(b) Ordinary source

Focused laser beam

Laser

(c) Laser source

ho hi

hi � ho �� l
s�s�s
s

d    l

0)

Figure 20 Focused beams from various
sources. (a) Ideal, collimated beam is fo-
cused to a fictitious “point” in accordance
with geometrical optics. (b) Incoherent radia-
tion from a thermal source is “focused” to a
demagnified image of size (c) Co-
herent laser beam is focused to a diffraction-
limited spot of diameter d � l.

hi W l.
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Laser energy focused onto small target areas makes it possible to drill
tiny holes in hard, dense material, make tiny cuts or welds, make high-density
recordings, and generally carry out industrial or medical procedures in target
areas only a wavelength or two in size. In ophthalmology, for example, where
Nd:YAG lasers are used in ocular surgery, target irradiances of to

are required. Such irradiance levels are readily developed with
the help of beam expanders and suitable focusing optics.

Pulsed Operation
We have thus far described only continuous wave (cw) lasers in which the
laser system delivers a laser beam of constant irradiance. Many important ap-
plications of lasers require that the laser output be pulsed, in the sense that
the laser output turns on and off in very short time periods. A pulsed laser de-
livers bursts of radiation with durations (pulse widths) as small as a few fem-
toseconds. Q-switching and mode locking are the two primary methods used
to pulse the output of a laser. Pulsed laser output is useful for controlling the
delivery of laser energy in materials-processing applications, in time-of-flight
distance measurements, in tracking rapid changes in the properties of
 systems, and in many other applications.

8 LASER TYPES AND PARAMETERS

To this point we have examined the basic processes involved in the interaction
of light with matter, identified the essential parts that make up a laser, de-
scribed in a general way how a laser operates, and studied the characteristics
that make lasers such a unique source of light. Now, by way of summary, we
turn our attention to the identification of some of the common lasers in exis-
tence today and to the parameters that distinguish them from one another.

A careful examination of Table 1 serves as an introduction to the state
of laser technology. For each laser listed, the entries include data on pump
mechanism, emission wavelength, output power (or in some cases, energy per
pulse), nature of output, beam diameter, beam divergence, and operating effi-
ciency. Both pulsed and continuously operating (cw) lasers are represented.
Taken as a whole, Table 1 includes lasers whose wavelengths vary from 193 nm
(deep ultraviolet) to (far infrared); whose cw power outputs vary
from 0.1 mW to 20 kW; whose beam divergences vary from 0.2 mrad (circular
cross section) to (oval cross section); and whose overall effi-
ciencies (laser energy out divided by pump energy in) vary from less than
0.1% to 20%. 

200 * 600 mrad

10.6 mm

109

1012 W>cm2
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1 The Lyman series in the line spectra of atomic hydrogen is
the name for the light emitted from transitions from excited
states to the hydrogen ground state. The Balmer series
refers to the light emitted from transitions from excited states
with to the energy state.

a. Find the wavelengths of the three shortest-wavelength
photons in the Lyman series. In what range of the elec-
tromagnetic spectrum are the spectral lines of the Lyman
series?

b. Find the wavelengths of the three shortest-wavelength
photons in the Balmer series. In what range of the elec-
tromagnetic spectrum are the spectral lines of the
Balmer series?

2 a. Will a photon of energy 5 eV likely be absorbed by a hy-
drogen atom originally in its ground state?

b. What is the range of photon wavelengths that could ionize
a hydrogen atom that is originally in its ground state?

c. What is the range of photon wavelengths that could ionize
a hydrogen atom that is originally in its energy
state?

3 The allowed rotational energies of a diatomic molecule
are given by

In this expression l is the rotational quantum number and
can take the values I is the rotational inertia
of the molecule about an axis through its center of mass; and

The equilibrium separation of the two atoms in a
diatomic hydrogen molecule is about 0.074 nm. The mass
of each hydrogen atom is about 

a. Show that the rotational inertia of the hydrogen mole-
cule about an axis through its center of mass is about

b. Find the difference in energy between the first excited ro-
tational energy state and the ground rotational state. That
is, find Express the answer in both J and eV.

c. Find the relative likelihood that a hydrogen
molecule will be in its first excited rotational state in ther-
mal equilibrium at room temperature, (Ig-
nore possible state degeneracies.)

4 The allowed energies associated with the vibration of a
diatomic molecule are given by

Here, k is the vibrational quantum number and can take
the values and f is the resonant frequency of
the vibration. In a simple model of diatomic hydrogen

the resonant vibration frequency can be taken as

a. Find the difference in energy between the first excited
vibrational energy state and the ground vibrational
state of diatomic hydrogen. That is, find 
Express the answer in both J and eV.

b. Find the relative likelihood that a hydrogen
molecule will be in its first excited vibrational state in ther-
mal equilibrium at room temperature, T = 293 K.

Pk = 1>Pk = 0

E1
vib

- E0
vib.

f = 1.3 * 1014 Hz.
H2 ,

k = 0, 1, 2 Á

Ek
vib

= 1k + 1>22hf

Ek
vib

T = 293 K.

Pl = 1>Pl = 0

E1
rot

- E0
rot.

I = 4.6 * 10-48 kg # m2.

1.67 * 10-27 kg.
H2

U = h>2p.

l = 0, 1, 2 Á ;

El =

l1l + 12U2

2I

El
rot

n = 2

n Ú 3 n = 2

n = 1

5 Referring to problems 3 and 4 and Eq. (2), construct an
energy level diagram for the molecule that shows the first
vibrational and rotational states associated with the ground
electronic state of the molecule. (Hint: The molecule can be
vibrating and rotating at the same time.)

6 Consider an assembly of atoms that have two energy levels
separated by an energy corresponding to a wavelength of
0.6328 , as in the He-Ne laser. What is the ratio of the
population densities of these two energy levels if the assem-
bly of atoms is in thermal equilibrium as a temperature of

7 The rate of decay of an assembly of atoms with population
density at excited energy level when spontaneous
emission is the only important process is

Show that an initial population density decreases to a
value in a time equal to That is, show that
is the inverse of the lifetime of the atomic level.

8 Derive the Wien displacement law from the Planck black-
body spectral radiance formula.

9 Derive the Stefan-Boltzmann law from the Planck blackbody
spectral radiance formula. (Hint: Use a substitution of

to facilitate the integration.)

10 a. At what wavelength does a blackbody at 6000 K radiate
the most per unit wavelength?

b. If the blackbody is a 1-mm diameter hole in a cavity radi-
ator at this temperature, find the power radiated through
the hole in the narrow wavelength region 

11 At a given temperature, for a blackbody
cavity. The cavity temperature is then increased until its
total radiant exitance is doubled. What is the new tempera-
ture and the new 

12 What must be the temperature of a graybody with emissivi-
ty of 0.45 if it is to have the same total radiant exitance as a
blackbody at 5000 K?

13 Plot the spectral exitance for a graybody of emissivity 0.4
in thermal equilibrium at 451°F, the temperature at which
paper burns.

14 Why should one expect lasing at ultraviolet wavelengths to
be more difficult to attain than lasing at infrared wave-
lengths? Develop your answer based on the ratio
and the meaning of the and coefficients.

15 The gain bandwidth of the lasing transition (that is, the width
of the atomic lineshape associated with the transition)
in a Nd:YAG gain medium is about Ex-
press this bandwidth as a wavelength range Use Table 1
to find the center wavelength of the Nd:YAG lasing
transition.

16 The output of an argon ion laser can consist of a number of
modes of frequency that match the cavity resonance condi-
tion and are within the gain bandwidth of the lasing transi-
tion. The gain bandwidth of the lasing transition is roughly

mm

¢l.
¢n = 1.2 * 1011 Hz.

g1n2

A21 B21

A21>B21

Ml

lmax?

lmax = 550 nm

5500–5510 Å.

x = hc>lkBT

A21N20>e t 1>A21 .
N20

a
dN2

dt
b

spont
= -A21N2

N2 E2

T = 300 K?

H2
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equal to the width of the atomic lineshape function as-
sociated with the lasing transition. Take the gain bandwidth
of an argon ion laser to be 2 GHz and the linewidth of an in-
dividual mode from the argon ion laser to be 100 kHz. The
coherence time of a light beam is roughly equal to the recip-
rocal of the spread of frequencies present in light. Find the
coherence time and the coherence length of the argon ion
laser if

a. The laser output consists of a single mode.
b. The laser output consists of a number of modes with fre-

quencies spread across the gain bandwidth of the lasing
transition.

17 Find the number of standing wave cavity modes within the
gain bandwidth of the argon ion laser of problem 16 if the
laser system uses a resonator with flat mirrors separated by a
distance 

18 A He-Ne laser has a beam waist (diameter) equal to about
1 mm.

a. What is its beam-spread angle in the far field?
b. Estimate the diameter of this beam after it has propagat-

ed over a distance of 1 km.

19 To what diameter spot should a He-Ne laser of power 10 mW
be focused if the irradiance in the spot is to be the same as
the sun’s irradiance at the surface of the earth? (The irra-
diance of the sun at the earth’s surface is about

)

20 For a Nd:YAG laser, there are four pump levels located at
1.53 eV, 1.653 eV, 2.119 eV, and 2.361 eV above the ground
state energy level.

a. What is the wavelength associated with the photon ener-
gy required to populate each of the pump levels?

g1n2

1000 W>m2.

d = 0.5 m.

b. Knowing that a Nd:YAG laser emits photons of wave-
length determine the quantum efficiency asso-
ciated with each of the four pump levels. (The quantum
efficiency is the ratio of the energy of a single pump
event to that of an output photon.)

21 To operate a Nd:YAG laser, 2500 W of “wall-plug” power are
required for a power supply that drives the arc lamps. The arc
lamps provide pump energy to create the population inver-
sion. The overall laser system, from power in (to the power
supply) to power out (laser output beam), is characterized by
the following component efficiencies:

80%—power supply operation
30%—arc lamps for pump light energy
70%—optical reflectors for concentrating pump light on
laser rod
15%—for spectral match of pump light to Nd:YAG pump
levels
50%—due to internal cavity/rod losses

a. Taking the efficiencies into account sequentially as they
“occur,” how much of the initial 2500 W is available for
power in the output beam?

b. What is the overall operational efficiency (wall-plug effi-
ciency) for this laser?

22 Table 1 indicates that diode lasers have a large divergence
angle. Why is this reasonable?

23 As the irradiance within a laser cavity increases in the build
up to steady state, does the population inversion in the gain
medium increase or decrease? Explain.

24 Why is a Nd:YAG laser system that uses a diode laser as a
pump more efficient that a Nd:YAG laser system that uses
an arc lamp as a pump? See Table 1.

1.064 mm,
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INTRODUCTION

Like standing waves and beats, the phenomenon of interference depends on
the superposition of two or more individual waves under rather strict
 conditions that will soon be clarified. When interest lies primarily in the effects
of enhancement or diminution of light waves, due precisely to their superposi-
tion, these effects are usually said to be due to the interference of light. When
conditions of enhancement, or constructive interference, and diminution, or
destructive interference, alternate in a spatial display, the interference is said to
produce a pattern of fringes, as in the double-slit interference pattern. The
same conditions may lead to the enhancement of one visible wavelength inter-
val or color at the expense of the others, in which case interference colors are
produced, as in oil slicks and soap films. The simplest explanation of these
 phenomena can be undertaken successfully by treating light as a wave motion.
In this and following chapters, several such applications, considered under the
general heading of interference, are presented.

1 TWO-BEAM INTERFERENCE

We consider first the interference of two plane waves of the same frequency,
represented by and We may express the two electric fields at a point P
where the fields are combined as

(1)

(2)E
B

2 = E
B

02 cos1ks2 - vt + f22

E
B

1 = E
B

01 cos1ks1 - vt + f12

E
B

1 E
B

2 .

Interference of Light

Substrate

High

High

High

Low

Low

Low
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Interference of Light

In these relations and and can be taken to be the distances
traveled by each beam along its respective path from its source to the observa-
tion point P. (See Figure 1.) Then and represent the phases of these
waves at their respective sources at time These waves combine to pro-
duce a disturbance at point P, whose electric field is given by the principle of
superposition,

It should be noted that and are rapidly varying functions with optical fre-
quencies of order to Hz for visible light. Thus both and average
to zero over very short time intervals. Measurement of the waves by their ef-
fect on the eye or some other light detector depends on the energy of the light
beam. The radiant power density, or irradiance, measures the time
average of the square of the wave amplitude. In practice, the time average is
carried out by a detector. The averaging time for the eye is on the order of 1/30
of a second; other detectors have averaging times as short as a nanosecond. In
general, the averaging time of physical detectors greatly exceeds an optical pe-
riod 

Unfortunately, the standard symbol for irradiance, except for the sub-
script, is the same as that for the electric field. To avoid confusion, we use here
the symbol I for irradiance, so that

(3)

Thus, the resulting irradiance at P is given by

or

(4)I = e0c8E
B

1
# E

B

1 + E
B

2
# E

B

2 + 2E
B

1
# E

B

29

= e0c81E
B

1 + E
B

22 # 1E
B

1 + E
B

229

I = e0c8E
B

p
29 = e0c8E

B

p
# E

B

p9

I = e0c8E
B

# E
B

9

110-14
- 10-15 s2.

Ee 1W>m
22,

1014 1015 E
B

1 E
B

2

E
B

1 E
B

2

E
B

p = E
B

1 + E
B

2

E
B

p

t = 0.
f1 f2

s2s1k = 2p>l,

s2

s1

Wavefronts

P

Reference plane for beam 2

Reference plane for beam 1

E1

E
2

Figure 1 Two-beam interference.
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In Eq. (4), the first two terms correspond to the irradiances of the individual
waves, and The last term depends on an interaction of the waves and is
called the interference term, We may then write

(5)

If light behaved without interference, like classical particles, we would
then expect The presence of the third term is indicative
of the wave nature of light, which can produce enhancement or diminu-
tion of the irradiance through interference. Notice that when and
are orthogonal, so that their dot product vanishes, no interference results.
When the electric fields are parallel, on the other hand, the interference
term makes its maximum contribution. Two beams of unpolarized light
produce interference because each can be resolved into orthogonal com-
ponents of that can then be paired off with similar components of the
other beam. Each component produces an interference term with
( parallel to ).

Consider the interference term,

(6)

where and are given by Eqs. (1) and (2). Their dot product,

can be simplified in an instructive manner using a trigonometric identity. To
this end, let us define

so that

The identity helps us cast the
time average of as

The first time average in this relation is taken over a rapidly oscillating cosine
function and so is zero. Thus,

(7)

where we have defined the phase difference between and as

(8)

For purely monochromatic fields, is time-independent, in which case
However, as we will discuss, for real fields, which are not per-

fectly monochromatic, care must be taken in treating this time average. Com-
bining Eqs. (6) and (7),

(9)I12 = e0cE
B

01
# E

B

028cos d9

8cos d9 =cos d.
d

d = k1s2 - s12 + f2 - f1

E
B

2 E
B

1

K E
B

01
# E

B

028cos d9

28E
B

1
# E

B

29 = E
B

01
# E

B

028cos1b - a29 = E
B

01
# E

B

028cos1k1s2 - s12 + f2 - f129

28E
B

1
# E

B

29 = E
B

01
# E

B

02[8cos1a + b - 2vt9 + 8cos1b - a29]

2E
B

1
# E

B

2

2 cos1A2cos1B2 = cos1A + B2 + cos1B - A2

2E
B

1
# E

B

2 = 2E
B

01
# E

B

02 cos1a - vt2cos1b - vt2

a K ks1 + f1 and b K ks2 + f2

E
B

1
# E

B

2 = E
B

01
# E

B

02 cos1ks1 - vt + f12cos1ks2 - vt + f22

E
B

1 E
B

2

I12 = 2e0c8E
B

1
# E

B

29

I12I = I1 + I2 .

I = I1 + I2 + I12

I12 .
I2 .I1

E
B

1 E
B

2

E
B

E
B

2E
B

1

E
B

1 7E
B
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Interference of Light

The irradiance terms and of Eq. (5) can be shown to yield

(10)

and

(11)

In Eqs. (10) and (11) we used the fact that the time average of the square of a
rapidly oscillating sinusoidal function is 1/2. In Eq. (9) when their
dot product is identical with the product of their magnitudes and
These may be expressed in terms of and by the use of Eqs. (10) and (11),
and when combined with Eq. (9) results in

(12)

so that we may write, finally,

(13)

Notice that once we have made the assumption that the fields are parallel,
the treatment becomes much the same as the scalar theory.

Interference of Mutually Incoherent Fields
In practice, for electric fields and originating from different sources,
the time average in Eq. (13) is zero. This occurs because no source is
 perfectly monochromatic. To model real sources, Eqs. (1) and (2) must be
modified to account for departures from monochromaticity. One way to do
this is to allow the phases and to be functions of time. For laser
sources, these phases would typically be random functions of time that
vary on a time scale much longer than an optical period but still shorter
than typical detector averaging times. The interference term in this
case, takes the form,

As stated, for real detectors and for all but those laser sources with state-of-the-
art frequency stability, the time average in the preceding relation will be zero. In
such a case we say that the sources are mutually incoherent and the detected ir-
radiance will be

It is often said, therefore, that light beams from independent sources, even if
both sources are the same kind of laser, do not interfere with each other. In
fact, these fields do interfere but the interference term averages to zero over
the averaging times of most real detectors.

Interference of Mutually Coherent Beams
If light from the same laser source is split and then recombined at a detector,
the time average in Eq. (13) need not be zero. This occurs because the depar-
tures from monochromaticity of each beam, while still present, will be corre-
lated since both beams come from the same source. In this case, the phase
difference will be strictly zero if the beams travel paths of equal
duration before being recombined at the detector. In such a case, is a constant

E
B

I1 I2

d
f21t2 - f11t2

I = I1 + I2 Mutually incoherent beams

22I1I28cos1k1s2 - s12 + f21t2 - f11t229

I12 ,

f1 f2

I1 = e0c8E
B

1
# E

B

19 = e0cE01
2 8cos21a - vt29 =

1
2
e0cE01

2

E
B

1 E
B

2

I = I1 + I2 + 22I1I28cos d9

I12 = 22I1I28cos d9

I2I1

E02 .E01

E01 7E02,

I2 = e0c8E
B

2
# E

B

29 = e0cE02
2 8cos21b - vt29 =

1
2
e0cE02

2
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and the interference term takes the form,

Even if the electric fields travel paths that differ in duration by a time the
phase difference resulting from the departure from monochromaticity,

will still be nearly zero so long as is less than the so-called
coherence time, of the source. Qualitatively, the coherence time of the
source is the time interval over which departures from monochromaticity
are small. You will learn the coherence time of a source is inversely propor-
tional to the range of frequencies, of the components that make up the
electric field. That is,

Associated with the coherence time of a source is a coherence length,
which is the distance that the electric field travels in a coherence time. For a white
light source the coherence length is about laser sources have coherence
lengths that range from tens of centimeters to tens of kilometers. Throughout the
rest of this chapter, we will presume that the difference in the lengths of paths
traveled by beams originating from the same source is considerably less than the
coherence length of the source. In such a case, the electric fields are said to be
mutually coherent and the irradiance of the combined fields will have the form

(14)

where is the total phase difference at the point of recombination of the
beam. As we have noted, if the beams originate from the same source, this
phase difference accumulates as a result of a difference in path lengths trav-
eled by the respective beams. In many cases of interest, other factors can lead
to a phase difference between the beams as well. Important mechanisms of
this sort include differing phase shifts due to reflection from beam splitters
and differing indices of refraction in the separate paths taken by the two beams.
Depending on whether or in Eq. (14), the interference
term either augments or diminishes the sum of the individual irradiances and

leading to constructive or destructive interference, respectively. Since the
relative distances traveled by the two beams will, in general, differ for differ-
ent observation points in the region of overlap, the phase difference will
also differ for different observation points. Typically, will take on alter-
nating maximum and minimum values, and interferenc e fringes, spatially sep-
arated, will occur in the observation plane.

To be more specific, when constructive interference yields
the maximum irradiance

(15)

This condition occurs whenever the phase difference where m is
any integer or zero. On the other hand, when destructive inter-
ference yields the minimum, or background, irradiance

(16)

a condition that occurs whenever A plot of irradiance I versus
phase in Figure 2a, exhibits periodic fringes. Destructive interference is
 complete, that is, cancellation is complete, when Then, Eqs. (15)
and (16) give

Imax = 4I0 and Imin = 0

I1 = I2 = I0 .
d,

d = 12m + 12p.

Imin = I1 + I2 - 22I1I2

22I1I28cos1k1s2 - s12 + f11t2 - f11t229 = 22I1I2 cos1k1s2 - s122

cos d = -1,
d = 2mp,

Imax = I1 + I2 + 22I1I2

cos d = +1,

cos d
d

I1
I2 ,

cos d 7 0 cos d 6 0

d

I = I1 + I2 + 22I1I2 cos d Mutually coherent beams

dtf11t + dt2,f11t2-

= 22I1I2 cos d

dt,

1 mm;

lt = ct0 ,

t0 =

1
¢n

¢n,

t0 ,
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Interference of Light

Resulting fringes, shown in Figure 2b, now exhibit better contrast. A mea-
sure of fringe contrast, called visibility, with values between 0 and 1, is given
by the quantity

(17)

In the experimental utilization of fringe patterns, it is therefore usually desir-
able to ensure that the interfering beams have the same amplitudes.

Another useful form of Eq. (14), for the case of interfering beams of equal
amplitude so that is found by writing

and then making use of the trigonometric identity

The irradiance for two equal interfering beams is then

(18)

Notice that energy is not conserved at each point of the superposition, that
is, but that over at least one spatial period of the fringe pattern

This situation is typical of interference and diffraction phenome-
na: If the power density falls below the average at some points, it rises above
the average at other points in such a way that the total pattern satisfies the
principle of energy conservation.

Example 1

Consider two interfering beams with parallel electric fields that are super-
posed. Take the electric fields of the individual beams to be

E2 = 5 cos1ks2 - vt2 1kV>m2

E1 = 2 cos1ks1 - vt2 1kV>m2

Iav = 2I0 .
I Z 2I0 ,

I = 4I0 cos2a
d

2
b

1 + cos d K 2 cos2a
d

2
b

I = I0 + I0 + 22I0
2 cos d = 2I011 + cos d2

I1 = I2 = I0 ,

visibility =

Imax - Imin

Imax + Imin

(a)

Imax � I1 � I2 � 2 I1I2

Imin � I1 � I2 � 2 I1I2

(b)

I

I

0 p 3p 5p�5p �3p �p

0 p 3p 5p�5p �3p �p

d

d

4I0

Figure 2 Irradiance of interference fringes
as a function of phase difference Visibility
is enhanced in (b), where the background ir-
radiance when I1 = I2 .Imin = 0

d.
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Let us determine the irradiance contributed by each beam acting alone and
that due to their mutual interference at a point where their path difference
is such that We have

To find the visibility near this point of recombination, we must calculate

The visibility is then given by Eq. (17), or

If the amplitudes of the two waves were equal, then
and the visibility would be 1.

In the analysis leading to the irradiance that results from the superposi-
tion of two mutually coherent beams, Eq. (14), we assumed that the individ-
ual beams were plane waves described by Eqs. (1) and (2). In fact, the analysis
holds for any sort of harmonic wave (e.g., spherical, cylindrical, or Gaussian).
However, for these types of waves, the amplitudes and (and so the
 irradiances and ) depend on the distance from the source to the observa-
tion point.

2 YOUNG’S DOUBLE-SLIT EXPERIMENT

The decisive experiment performed by Thomas Young in 1802 is shown
schematically in Figure 3. Monochromatic light is first allowed to pass through
a single small hole in order to approximate a single point source S. The light
spreads out in spherical waves from the source S according to Huygens’ princi-
ple and is allowed to fall on a plane with two closely spaced holes, and In
a modern version of this experiment, a laser is typically used to illuminate the
two holes. In either case, the holes become two coherent sources of light, whose
interference can be observed on a screen some distance away. If the two holes
are equal in size, light waves emanating from the holes have comparable ampli-
tudes, and the irradiance at any point of superposition is given by Eq. (18).
 Referring to Figure 3, we will now develop an expression for the irradiance at
observation points such as P on a screen that is a distance L from the plane
containing the two holes and The phase difference between the two
waves arriving at the observation point P must be determined to calculate the
resultant irradiance there. Clearly, if the waves
will arrive in phase, and maximum irradiance or brightness results. If 

the requisite condition for destructive interference or
darkness is met. Practically speaking, the hole separation a is much smaller
than the screen distance L, allowing a simple expression for the path distance,

Using P as a center, let an arc be drawn of radius so that it in-
tersects the line at Q. Then is equal to the segment as shown.
The first approximation is to regard arc as a straight-line segment thatS1Q

¢,S2P s2 - s1

s1S1Qs2 - s1 .

1m +
1
22l,s2 - s1 =

S2P - S1P = s2 - s1 = ml,

S1 S2 . d

S1 S2 .

I1 I2

E01 E02

Imax = 4I0 , Imin = 0,
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65,034 - 11,945
65,034 + 11,945

= 0.690

= 11,945 W>m2

Imin = I1 + I2 - 22I1I2 = 5309 + 33180 - 2215309 * 331802

= 65,034 W>m2

Imax = I1 + I2 + 22I1I2 = 5309 + 33180 + 2215309 * 331802

I12 = 22I1I2 cos d = 2215309 * 331802 cos1p>122 = 25,640 W>m2
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1
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forms one leg of the right triangle If is the angle between the line
segments and then The second approximation identi-
fies the angle with the angle between the optical axis OX and the line drawn
from the midpoint O between holes to the point P at the screen. Observe that
the corresponding sides of the two angles are related such that
and OP is almost exactly perpendicular to 

The condition for constructive interference at a point P on the screen is,
then, to a very good approximation

(19)

whereas for destructive interference,

(20)

where m is zero or of integral value. Typically, at observation points of inter-
est, the electric field amplitudes of the beams originating from the two slits
are nearly the same so that the irradiance on the screen, at a point deter-
mined by the angle is found using Eq. (18) and the relationship between
path difference and phase difference 

The result is

For points P near the optical axis, where we may approximate fur-
ther: so that

(21)I = 4I0 cos2a
pay

lL
b

sin u � tan u � y>L,
y V L,

I = 4I0 cos2a
p¢

l
b = 4I0 cos2a

pa sin u
l

b

d = k1s2 - s12 =

2p
l

¢

¢ d,
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¢ = Am +
1
2 Bl � a sin u

s2 - s1 = ¢ = ml � a sin u
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Figure 3 Schematic for Young’s double-slit experiment. The holes and are
usually slits, with the long dimensions extending into the page. The hole at S is not
necessary if the source is a spatially coherent laser.
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By allowing the cosine function in Eq. (21) to become alternately and 0,
the conditions expressed by Eqs. (19) and (20) for constructive and
 destructive interference are reproduced.

Arguing now from Eq. (19) and the small angle relation
we find the bright fringe positions to be given by

(22)

Consequently, there is a constant separation between irradiance maxima, cor-
responding to successive values of m, given by

(23)

with minima situated midway between the maxima. Thus, fringe separation is
proportional both to wavelength and screen distance and inversely proportion-
al to the hole spacing. Reducing the hole spacing expands the fringe pattern
formed by each color. Measurement of the fringe separation provides a means
of determining the wavelength of the light. The single hole, used to secure a de-
gree of spatial coherence, may be eliminated if laser light, both highly mono-
chromatic and spatially coherent, is used to illuminate the double slit. In the
observational arrangement just described, fringes are observed on a screen
placed perpendicular to the optical axis at some distance from the aperture, as
indicated in Figure 4. Fringe maxima coincide with integral orders of m, and
fringe minima fall halfway between adjacent maxima.
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2 Figure 4 Irradiance versus distance from

the optical axis for a double-slit fringe pat-
tern. The order of the interference pattern is
indicated by m, with integral values of m de-
termining positions of fringe maxima.
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Example 2

Laser light passes through two identical and parallel slits, 0.2 mm apart. In-
terference fringes are seen on a screen 1 m away. Interference maxima are
separated by 3.29 mm. What is the wavelength of the light? How does the ir-
radiance at the screen vary, if the contribution of one slit alone is 

Solution

From Eq. (23),

According to Eq. (21), In this case,

An alternative way to view the formation of bright (B) positions of con-
structive interference and dark (D) positions of destructive interference is
shown in Figure 5. The crests and valleys of spherical waves from and
are shown approaching the screen. Along directions marked B, wave crests
(or wave valleys) from both slits coincide, producing maximum irradiance.
Along directions marked D, on the other hand, the waves are seen to be out
of step by half a wavelength, and destructive interference results.

Obviously, fringes should be present in all the space surrounding the
holes, where light from the holes is allowed to interfere, though the irradiance
is greatest in the forward direction. If we imagine two coherent point sources of
light radiating in all directions, then the condition given by Eq. (19) for bright
fringes,

(24)

defines a family of bright fringe surfaces in the space surrounding the holes. To
visualize this set of surfaces, we may take advantage of the inherent symmetry in
the arrangement. In Figure 6, the intersection of several bright fringe surfaces
with a plane that includes the two sources is shown, each surface corresponding

S1 S2

I = 4I0 cos2[p10.00022y>1658 * 10-9211m2] = 4I0 cos2[1955>m2y]

I = 4I0 cos2[pay>lL].

= 6.58 * 10-7 m = 658 nm

l = a¢y>L = 10.0002 m213.29 * 10-3 m2>11 m2

I0?

s2 - s1 = ml

D B D D DB B

S1 S2

Figure 5 Alternating bright and dark interference fringes are produced by light
from two coherent sources. Along directions where crests (solid circles) from in-
tersect crests from brightness (B) results. Along directions where crests meet
valleys (dashed circles), darkness (D) results.

S2 ,
S1
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to an integral value of order m. The surfaces are hyperbolic, since Eq. (24) is
precisely the condition for a family of hyperbolic curves with parameter m.
Inasmuch as the y-axis is an axis of symmetry, the corresponding bright fringe
surfaces are generated by rotating the entire pattern about the y-axis. One
should then be able to visualize the intercept of these surfaces with the plane
of an observational screen placed anywhere in the vicinity. In particular, a
screen placed perpendicular to the OX axis, as in Figure 3, intercepts hyper-
bolic arcs that appear as straight-line fringes near the axis, whereas a screen
placed perpendicular to the OY axis shows concentric circular fringes cen-
tered on the axis. Because the fringe system extends throughout the space sur-
rounding the two sources, the fringes are said to be nonlocalized.

The holes and of Figure 3 are usually replaced by parallel, nar-
row slits (oriented with their long sides perpendicular to the page in Figure 3)
to illuminate more fully the interference pattern. The effect of the array of
point sources along the slits, each set producing its own fringe system as just
described, is simply to elongate the pattern parallel to the fringes, without
changing their geometrical relationships. This is true even when two points
along a source slit are not mutually coherent.

3 DOUBLE-SLIT INTERFERENCE
WITH VIRTUAL SOURCES

Interference fringes may sometimes appear in arrangements when only one
light source is present. It is possible, through reflection or refraction, to pro-
duce virtual images that, acting together or with the actual source, behave
as two coherent sources that can produce an interference pattern. Figures 7
to 9 illustrate three such examples. These examples are not only of some
 historic importance; they also serve to impress us with the variety of ways un-
expected fringe patterns may appear in optical experiments, especially when
the extremely coherent light of a laser is being used.

Lloyd’s Mirror
In Figure 7, interference fringes are produced due to the superposition of
light at the screen that originates at the actual source S and, by reflection, also
originates effectively from its virtual source below the surface of the plane
mirror Where the direct and reflected beams strike the screen, fringes
will appear. The position of bright fringes is given by Eq. (22), where a is 
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Figure 6 Bright fringe surfaces for two
 coherent point sources. The distances from

and to any point P on a bright fringe
surface differ by an integral number of
wavelengths. The surfaces are generated by
rotating the pattern about the y-axis.
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Figure 7 Interference with Lloyd’s mirror.
Coherent sources are the point source S
and its virtual image, S¿.
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twice the distance of source S above the mirror plane. The arrangement is
known as Lloyd’s mirror. If the screen were to contact the mirror at the
fringe at would be found to be dark. Since at this point the optical-path
difference between the two interfering beams vanishes, one might expect a
bright fringe. The contrary experimental result—a dark fringe—is explained
by requiring a phase shift of for the air-glass reflection.1

Fresnel’s Mirrors
Another closely related arrangement is Fresnel’s mirrors, Figure 8. Interfer-
ence occurs between the light reflected from each of two mirrors, andM1 M2 ,

p

M¿

M¿,

1A theoretical explanation for phase changes on reflection results from an analysis based on
Maxwell’s equations and requires identification of the state of polarization of the light. 
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Figure 8 Interference with Fresnel’s mirrors. Coherent sources and are the
two virtual images of point source S, formed in the two plane mirrors and 
Direct light from S is not allowed to reach the screen.
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Figure 9 Interference with Fresnel’s biprism. Coherent sources are the virtual im-
ages and of source S, formed by refraction in the two halves of the prism.S2S1
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inclined at a small relative angle Two rays reflected from each are shown
labeled as (1) from and (2) from Interference fringes appear in the
region of overlap. Interference effectively occurs between the two coherent
virtual images and acting as sources. Once the virtual image separation
a is related to the tilt angle and to the distance d from actual source to the
intersection of the mirrors at O, the fringe pattern may again be described by
Eq. (22). The screen is shown at distance D from point O.

Fresnel’s Biprism
Figure 9 shows Fresnel’s biprism, which refracts light from a small source S in
such a way that it appears to come from two coherent, virtual sources, and

Extreme rays for refraction at the top and bottom halves are shown. In-
terference fringes are seen in the overlap region on the screen. In practice,
the prism angle is very small, of the order of a degree. One of the rays
(shown) passes through the wedge in a symmetrical fashion, making equal en-
trance and exit angles with the two sides and satisfying the condition for mini-
mum deviation. For this ray the deviation angle is given by
The geometry of this particular ray provides a means of approximately deter-
mining the virtual source separation a in terms of prism index n and angle 

(25)

Interference fringes are then described by Eq. (22), as usual.

4 INTERFERENCE IN DIELECTRIC FILMS

The familiar appearance of colors on the surface of oily water and soap films
and the beautiful iridescence often seen in mother-of-pearl, peacock feathers,
and butterfly wings are associated with the interference of light in single or
multiple thin surface layers of transparent material. There exists a variety of
situations in which such interference can take place, affecting the nature of
the interference pattern and the conditions under which it can be observed.
Variables in the situation include the size and spectral width of the source
and the shape and reflectance of the film.

Consider the case of a film of transparent material bounded by parallel
planes, such as might be formed by an oil slick, a metal oxide layer, or an
evaporated coating on a flat, glass substrate (Figure 10). A beam of light inci-
dent on the film surface at A divides into reflected and refracted portions.
This separation of the original light into two parts, preliminary to recombina-
tion and interference, is usually referred to as amplitude division, in contrast

u.

a = 2ddm = 2da1n - 12
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u
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Figure 10 Double-beam interference from
a film. Rays reflected from the top and bot-
tom plane surfaces of the film are brought
 together at P by a lens.
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to a situation like Young’s double slit, in which separation is said to occur by
wavefront division. The refracted beam reflects again at the film-substrate in-
terface B and leaves the film at C, in the same direction as the beam reflected
at A. Part of the beam may reflect internally again at C and continue to expe-
rience multiple reflections within the film layer until it has lost its irradiance.
There will thus exist multiple parallel beams emerging from the top surface,
although with rapidly diminishing amplitudes. Unless the reflectance of the
film is large, a good approximation to the more complex situation of multiple
reflection (Section 9) is to consider only the first two emerging beams. The
two parallel beams leaving the film at A and C can be brought together by a
converging lens, the eye, for example. The two beams intersecting at P super-
pose and interfere. Since the two beams travel different paths from point A
onward, a relative phase difference develops that can produce constructive or
destructive interference at P. The optical path difference in the case of nor-
mal incidence, is the additional path length ABC traveled by the refracted ray
times the refractive index of the film. Thus,

(26)

where t is the film thickness. For example, if the wavelength of the light
in vacuum, the two interfering beams, on the basis of optical-path difference
alone, would be in phase and produce constructive interference. However, an ad-
ditional phase difference, due to the phenomenon of phase changes on reflection,
must be considered. Suppose that and In fact, often
because the media bounding the film are identical, as in the case of a water film
(soap bubble) in air. Then the reflection at A occurs with light going from a lower
index toward a higher index a condition usually called external reflection.
The reflection at B, on the other hand, occurs for light going from a higher index

toward a lower index a condition called internal reflection. A relative phase
shift of occurs between the externally and internally reflected beams, so that,
equivalently, an additional path difference of is introduced between the two
beams. The net optical-path difference between the beams is then
which puts them precisely out of phase, and destructive interference results at P.
If, instead, both reflections are external or if both reflections are
internal no relative phase difference due to reflection needs to
be taken into account. In that case, constructive interference occurs at P.

A frequent use of such single-layer films is in the production of 
antireflecting coatings on optical surfaces. In most cases, the light enters the
film from air, so that Furthermore, if no relative phase shift
between the two reflected beams occurs, and the optical-path difference alone
determines the type of interference to be expected. If the film thickness is

where is the wavelength of the light in the film, then and the
optical-path difference since Destructive interference
occurs at this wavelength and to some extent at neighboring wavelengths,
which means that the light reflected from such a film is the incident spectrum
minus the wavelength region around If the incident light is white and is
in the visible region, the reflected light is colored. Extinction of a region of the
spectrum by nonreflecting films of thickness is, of course, more effective if
the amplitudes of the two reflected beams are equal. In general, all one can say
is that for constructive interference the two amplitudes add (being in phase),
and for destructive interference the amplitudes subtract (being exactly out of
phase). For the difference to be zero, that is, for destructive interference to be
complete, the amplitudes must be equal. In the case of normal incidence, the
reflection coefficient (or ratio of reflected to incident electric field amplitudes)
is given by

(27)r =

1 - n
1 + n

2t = lf>2lf>4, lf

2nt = l0 ,

¢ = n1AB + BC2 = n12t2
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Figure 11 Multilayer dielectric mirror of
alternating high and low index. Each film is

in optical thickness.lf>4

where the relative index The amplitudes of the electric field re-
flected internally and externally from the film of Figure 10 are then equal,
 assuming a nonabsorbing film, if the relative indices are equivalent for these
cases, that is, if

(28)

Since usually the requirement that reflected beams be of equal ampli-
tude is met by choosing a film whose refractive index is the square root of the
substrate’s refractive index. A suitable film material for the application may or
may not exist, and some compromise is made. For example, to reduce the re-
flectance of lenses employed in optical instruments handling white light, the film
thickness of is determined with a in the center of the visible spectrum or
wherever the detection system is most sensitive. In the case of the eye, this is the
yellow-green portion near 550 nm. Assuming for the glass lens, ideally 

The nearest practical film material with a matching
index is with For an antireflection coating of this type, the
reduced reflected light near the middle of the spectrum results in a predomi-
nance of the blue and red ends of the spectrum, so that the coatings appear
purple in reflected light.

As another example, consider a multilayer stack of alternating high-low
index dielectric films (Figure 11). If each film has an optical thickness of
a little analysis shows that in this case all emerging beams are in phase. Multi-
ple reflections in the region of increase the total reflected intensity and the
quarter-wave stack performs as an efficient mirror. Such multilayer stacks can
be designed to satisfy extinction or enhancement of reflected light over a
greater portion of the spectrum than would a single-layer film. 

Returning now to the single-layer film, we want first to generalize the
conditions for constructive and destructive interference by calculating the op-
tical-path difference in the case incident rays are not normal. Figure 12 illus-
trates a ray incident on a film at an angle The phase difference at points C
and D between emerging beams is due to the optical path difference between
paths AD and ABC. After points C and D are reached, the respective beams
are parallel and in the same medium, so that no further phase difference

ui .
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Figure 12 Single-film interference with
light incident at arbitrary angle ui .

occurs. To assist in the calculation, point G is shown midway between A and
C at the foot of the altitude BG in the isosceles triangle ABC. Points E and F
are determined by constructing the perpendiculars GE and GF to the ray paths
AB and BC, respectively. The optical-path difference between the emerging
beams is, then,

where and are the refractive indices of film and external medium, as
shown.

It is helpful to break the distances AB and BC into parts and rearrange
terms, resulting in

(29)

The quantity in square brackets vanishes, as we now show. By Snell’s law,

(30)

In addition, by inspection,

(31)

and

(32)

From Eq. (31) and incorporating, in turn, Eqs. (32) and (30),

so that

(33)n0AD = 2nfAE = nf1AE + FC2

2AE = AC sin ut = ADa
sin ut
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nf
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which was to be proved. There remains, then, from Eq. (29),

(34)

The length EB is related to the film thickness t by so we
have, finally,

(35)

The optical-path difference is economically expressed by Eq. (35) in terms
of the angle of refraction, not the angle of incidence, which of course can be re-
covered through Snell’s law, Eq. (30). Notice that for normal incidence,

and as expected. The corresponding phase difference is
The net phase difference must also take into account

possible phase differences that arise on reflection, as discussed previously.
Nevertheless, if we call the optical-path difference given by Eq. (35) and

the equivalent path difference arising from phase change on reflection, we
can state quite generally the conditions for

(36)

and

(37)

where 
If, for example, constructive interference results between the two parts of

a single beam incident at angle the same condition will hold for all beams
incident at the same angle. This is possible if the source is an extended source,
as in Figure 13. Independent point sources and are shown, all con-
tributing to the intensity of the light at P. Since these sources are not coherent,
interference is sustained only between pairs of reflected rays originating from
the same source. If the lens aperture becomes too small to admit two such
beams, such as (a) and (b) from no interference is detected. This may hap-
pen, for example, if the film thickness and, therefore, the spatial separation of
two interfering beams—such as (a) and (b)—are increased, while the pupil of
the eye viewing the reflected light is limited in size. Without a focusing device,
these virtual fringes do not appear. They are called localized fringes because they
are, so to speak, localized at infinity. Recall that nonlocalized fringes (Figure 6)
are, in contrast, formed everywhere. Fringes formed as in Figure 13 are also
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Figure 13 Interference by a dielectric film
with an extended source. Fringes of equal
inclination are focused by a lens.
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Figure 14 Interference by a dielectric film
with a point source. Real, nonlocalized
fringes appear as in the two-point source
pattern of Figure 6. Refraction has been ig-
nored.

 referred to as Haidinger fringes, or fringes of equal inclination, since they are
formed by parallel incident beams from an extended source. If a different
 inclination is chosen, parallel rays from the various source points are incident
on the film at a different angle, reflect as parallel rays from the film at a differ-
ent angle, and all focus at some other point where they interfere, according to
the conditions expressed by Eqs. (36) and (37).

The fringes of equal inclination just described are not possible if the
source is a point or is very small, since every ray of light from the source to the
film must, in that case, arrive at a different angle of incidence (Figure 14).
Fringes of a different kind are nonetheless formed. Since rays are reflected to
any point P from the two film surfaces as if they originated at the virtual
sources and this may be considered an instance of the two-point source
pattern already discussed in connection with Figure 6. Real, nonlocalized
fringes are formed in the space above the film. If the source of light is a laser,
the fringe pattern is clearly visible on a screen placed anywhere in the vicinity
of the film. The condition for interference is just that of the two-source inter-
ference pattern, where the slit separation is the distance between virtual
sources and In Figure 14, and are located approximately by
 ignoring refraction in the film.

5 FRINGES OF EQUAL THICKNESS

If the film is of varying thickness t, the optical-path difference
varies even without variation in the angle of incidence. Thus,

if the direction of the incident light is fixed, say at normal incidence, a bright
or dark fringe will be associated with a particular thickness for which satis-
fies the condition for constructive or destructive interference, respectively.
For this reason, fringes produced by a variable-thickness film are called
fringes of equal thickness. A typical arrangement for viewing these fringes is
shown in Figure 15a. An extended source is used in conjunction with a beam
splitter set at an angle of 45° to the incident light. The beam splitter in this
 position enables light to strike the film at normal incidence, while at the same
time providing for the transmission of part of the reflected light into the
 detector (eye). Fringes, often called Fizeau fringes, are seen localized at the
film, from which the interfering rays diverge. At normal incidence,
and Thus the condition for bright and dark fringes, Eqs. (36) and
(37), is

(38)

where is either or 0, depending on whether there is or is not a relative
phase shift of between the rays reflected from the top and bottom surfaces
of the film. One way of forming a suitable wedge for experimentation is to
use two clean, glass microscope slides, wedged apart at one end by a thin
spacer, perhaps a hair, as in Figure 15b. The resulting air layer between the
slides shows Fizeau fringes when the slides are illuminated by monochro-
matic light. For this film, the two reflections are from glass to air (internal re-
flection) and from air to glass (external reflection), so that in Eq. (38) is

As t increases in a linear fashion along the length of the slides from
to Eq. (38) is satisfied for consecutive orders of m, and a series

of equally spaced, alternating bright and dark fringes will be seen by reflect-
ed light. These fringes are virtual, localized fringes and cannot be projected
onto a screen.

If the extended source of Figure 15a is the sky and white light is inci-
dent at some angle on a film of variable thickness, as in Figure 16, the film

t = 0 t = d,
l>2.

¢r

p
¢r l>2

2nft + ¢r = e
ml, bright
Am +

1
2 Bl, dark

cos ut = 1
¢ = 2nft.

¢

¢ = 2 nf t cos ut

S1 S2 . S1 S2

S2 ,S1

(a)

(b)

d

t

x

Beam splitter

Film

Source

Eye

Figure 15 Interference from a wedge-
shaped film, producing localized fringes 
of equal thickness. (a) Viewing assembly.
(b) Air wedge formed with two micro-
scope slides.

Figure 16 Interference by an irregular film
illuminated by an extended source. Varia-
tions in film thickness, as well as angle of inci-
dence, determine the wavelength region
reinforced by interference.
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may appear in a variety of colors, like an oil slick after a rain. Suppose that in
a small region of the film the thickness is such as to produce constructive in-
terference for wavelengths in the red portion of the spectrum at some order m.
If the wavelengths at which constructive interference occurs again for orders

and are outside the visible spectrum, the reflected light appears
red. This can occur readily for low orders and therefore for thin films.

6 NEWTON’S RINGS

Since Fizeau fringes are fringes of equal thickness, their contours directly
reveal any nonuniformities in the thickness of the film. Figure 17a shows
how this circumstance can be put to practical use in determining the quality
of the spherical surface of a lens, for example, in an arrangement in which
the Fizeau fringes have come to be referred to as Newton’s rings. An air
wedge, formed between the spherical surface and an optically flat surface, is
illuminated with normally incident monochromatic light, such as from a
laser, or from a sodium or mercury lamp with a filter. Equal-thickness con-
tours for a perfectly spherical surface, and therefore the fringes viewed, are
concentric circles around the point of contact with the optical flat. At that
point, and the path difference between reflected rays is as a re-
sult of reflection. The center of the fringe pattern thus appears dark, and
Eq. (38) gives for the order of the destructive interference. Irregu-
larities in the surface of the lens show up as distortions in the concentric
ring pattern. This arrangement can also be used as an optical means of mea-
suring the radius of curvature of the lens surface. A geometrical relation ex-
ists between the radius of the mth-order dark fringe, the corresponding
air-film thickness and the radius of curvature R of the air film or the lens
surface. Referring to Figure 17b and making use of the Pythagorean theo-
rem, we have

or

(39)

The radius of the mth dark ring is measured and the corresponding thick-
ness of the air wedge is determined from the interference condition of Eq. (38).
Thus, R can be found. A little thought should convince one that light transmitted
through the film and the optical flat will also show circular interference fringes.
As shown in Figure 18, the pattern differs in two important respects from the

R =

rm
2

+ tm
2

2tm

R2
= rm

2
+ 1R - tm2

2

tm ,
rm

m = 0

l>2,t = 0

m + 1 m - 1

tm

R

Optical flat

Lens

Beam
splitter

Viewing
microscope

Collimating
lensLight

source

rm

(b)(a)

R � tm

Figure 17 (a) Newton’s rings apparatus.
 Interference fringes of equal thickness are
produced by the air wedge between lens and
optical flat. (b) Essential geometry for produc-
tion of Newton’s rings.
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fringes by reflected light. First, the fringes show poor contrast, because the two
transmitted beams with largest amplitudes have quite different values and result
in incomplete cancellation. Second, the center of the fringe pattern is bright
rather than dark, and the entire fringe system is complementary to the system
by reflection.

Example 3

A plano-convex lens of diopter power is placed, convex sur-
face down, on an optically flat surface as shown in Figure 17a. Using a trav-
eling microscope and sodium light interference fringes are
observed. Determine the radii of the first and tenth dark rings.

Solution

In this case, so that Eq. (38) leads to an air-film thickness at the
mth dark ring given by Since the film is air, and

The ring radii are given by Eq. (39). On neglecting the very small
term in this is The radius of curvature of the convex surface of
the lens is found from the lensmaker’s equation:

With and this gives Then,

or and 

It is ironic that the phenomenon we have been describing, involving so
intimately the wave nature of light, should be known as Newton’s rings after
one who championed the corpuscular theory of light. Probably the first mea-
surement of the wavelength of light was made by Newton, using this tech-
nique. Consistent with his corpuscular theory, however, Newton interpreted
this quantity as a measurement of the distance between the “easy fits of reflec-
tion” of light corpuscles.

7 FILM-THICKNESS MEASUREMENT
BY INTERFERENCE

Fringes of equal thickness provide a sensitive optical means for measuring
thin films. A sketch of one possible arrangement is shown in Figure 19. Sup-
pose the film F to be measured has a thickness d. The film has been deposited
on some substrate S. Monochromatic light is channeled from a light source
LS through a fiber-optic light pipe LP to a right-angle beam-splitting prism
BS, which transmits one beam to a flat mirror M and the other to the film sur-
face. After reflection, each is transmitted by the beam splitter into a micro-
scope MS, where they are allowed to interfere. Equivalently, the beam
reflected from the mirror M can be considered to arise from its virtual image

The virtual mirror is constructed by imaging M through the beam-
splitter reflecting plane. This construction makes it clear that the interference
M¿. M¿

r1 = 1.57 mm r10 = 4.97 mm.

r10
2

= 110214.18421589.3 * 10-92 m2
= 24.66 * 10-6 m2

r1
2

= 11214.18421589.3 * 10-92 m2
= 2.466 * 10-6 m2

rm
2

= 2Rtm = 2Ra
ml

2
b = mRl

f = 8 m, n = 1.523, R2 : q , R = 4.184 m.

1
f

= 1n - 12a
1

R1
-

1
R2
b

rm
2

= 2Rtm .tm
2 ,

tm = ml>2.
tm = ml>2nf . nf = 1

¢r = l>2,

1l = 589.3 nm2,

1n = 1.5232 1
8

(a)

(b)

Figure 18 Newton’s rings in (a) reflected
light and (b) transmitted light are comple-
mentary. (From M. Cagnet, M. Francon, and
J. C. Thrierr, Atlas of Optical Phenomenon,
Plate 9, Berlin: Springer-Verlag, 1962.)
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pattern results from interference due to the air film between the reflecting
plane at and the film F. In practice, mirror M can be moved toward or
away from the beam splitter to equalize optical-path lengths and can be tilted
to make more or less parallel to the film surface. Furthermore, the beam
splitter and mirror assembly form one unit that can be attached to the micro-
scope in place of its objective lens. When and the film surface are not pre-
cisely parallel, the usual Fizeau fringes due to a wedge will be seen through the
microscope, which has been prefocused on the film. The light beam striking
the film is allowed to cover the edge of the film F, so that two fringe systems
are seen side by side, corresponding to air films that differ by the required
thickness at their juncture. Figure 20a shows a typical photograph of the 

M¿

M¿

M¿

MS

BS

M�

F

d

LP

LS
M

S

Figure 19 Film-thickness measure ment.
Interference fri  nges produced by light
 reflected from the film surface and sub-
strate allow a determination of the film
thickness d.

(a)

x

(b)

� x

Figure 20 (a) Photograph of interference fringes produced by the arrangement
shown in Figure 19. The trough-like depression evident in the interference pattern
was made by evaporating the film over a thin, straight wire. (b) Sketch (not to scale)
of the left side of the trough shown in the photo. The fringe pattern shifts by an
amount at the film edge. (Photo by J. Feldott.)¢x
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fringe systems, made through a microscope. The translation of one fringe sys-
tem relative to the other provides a means of determining d, as follows.

For normal incidence, bright fringes satisfy Eq. (36),

where t represents the thickness of the air film at some point. If the air-film
thickness now changes by an amount the order of interference m
changes accordingly, and we have

where we have set for an air film. Increasing the thickness t by for
example, changes the order of any fringe by that is, the fringe
 pattern translates by one whole fringe. For a shift of fringes of magnitude
(Figure 20b) the change in m is given by resulting in

(40)

Since both fringe spacing x and fringe shift can be measured with a sta-
ble microscope—or from a photograph like that of Figure 20—the film
thickness d is determined. When using monochromatic light, the net shift
of fringe systems is ambiguous because a shift for example, will
look exactly like a shift This ambiguity may be removed in one
of two ways. If the shift is more than one fringe width, this situation is ap-
parent when viewing white-light fringes, formed in the same way. The su-
perposition of colors that form the white-light fringes creates a pattern
whose center at is unique, serving as an unambiguous index of
fringe location. The integral shift of fringe patterns is then easily seen and
can be combined with the monochromatic measurement of described
previously. A second method is to prepare the film so that its edge is not
sharp but tails off gradually. In this case, each fringe of one set can be fol-
lowed down the film edge into the corresponding fringe of the second set,
as in Figure 20. If the film cannot be provided with a gradually tailing edge,
a thin film of silver, for example, can be evaporated over both the film and
substrate. The step in the metal film will usually be somewhat sloped, but
the total step will be the same as the thickness of the film to be measured.
A one-to-one correspondence between individual fringes of each set can
then be made visually.

8 STOKES RELATIONS

In order to account for the multiple internal reflections in a thin film, we must
develop some relations for the reflection and transmission coefficients for
electric fields incident on an interface between two different media. We begin
with an argument owing to Sir George Stokes, which yields information con-
cerning the amplitudes of reflected and transmitted portions of a plane wave-
front incident on a plane refracting surface, as in Figure 21a. Let represent
the amplitude of the incident light. We define reflection and transmission
coefficients2 by

(41)r =

Er

Ei
, t =

Et

Ei

Ei

2¢t = 2d = 1¢m2l

¢t = d,

¢p + ¢r = 2nt + ¢r = ml

m = 0

¢x = 1.5x.
¢x = 0.5x,

¢x

d = 1¢x>x21l>22

¢m = ¢x>x,
¢x

¢m = 1,
n = 1 l>2,

¢x

2We will have occasion later to also use reflectance (R) and transmittance (T), defined as the
ratio of the corresponding irradiances. Although R = r2, T Z t2.
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so that at the interface, is divided into a reflected part, and a
transmitted part, as shown. For a ray incident from the second medi-
um, we define similar quantities, which we distinguish with prime notation,
and According to the principle of ray reversibility, the situation shown in
Figure 21b must also be valid. In general, however, two rays incident at the
 interface, as in Figure 21b, each result in a reflected and a transmitted ray, all
of which are shown, with appropriate amplitudes, in Figure 21c. We conclude
that the situations depicted in Figure 21b and c must be physically equivalent,
so that we can write

and

or

(42)
(43)

Equations (42) and (43) are the Stokes relations between amplitude coeffi-
cients for angles of incidence related through Snell’s law. Equation (43) states
that the amplitudes of reflected beams for rays incident from either direction
are the same in magnitude but differ by a phase shift. This becomes clearer
if Eq. (43) is written in the equivalent form, This result agrees with
the predictions of the more complete Fresnel equations. Both the Fresnel the-
ory and experiments, such as Lloyd’s mirror, establish the fact that the phase
shift occurs for the ray incident on the interface from the side of  higher
 velocity or lower index. This wave phenomenon has its analogy in the
 reflection of waves from the fixed end of a rope. Both of the Stokes relations
will be needed in the discussion that follows.

9 MULTIPLE-BEAM INTERFERENCE
IN A PARALLEL PLATE

We return now to the problem of reflections from a thin film, already consid-
ered in a two-beam approximation in Section 4. For concreteness, we consid-
er the case of a parallel plate of thickness t and index of refraction
surrounded by air on both sides. Consider the multiple reflections of the nar-
row beam of light of amplitude and angle of incidence as shown in
Figure 22. The reflection and transmission amplitude coefficients are r and t
at an external reflection and and at an internal reflection. The amplitude
of each segment of the beam can be assigned by multiplying the previous ampli-
tude by the appropriate reflection or transmission coefficient, beginning with
the incident wave of amplitude and working progressively throughE0

r¿ t¿

E0 ui ,
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Figure 21 Figures used in deriving Stokes
relations.
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the train of reflections. Multiple parallel beams emerge from the top and
from the bottom of the plate. Multiple-beam interference takes place when
either set is focused to a point by a converging lens, as shown for the trans-
mitted beam. Having originated from a single beam, the multiple beams are
coherent. Further, if the incident beam is near normal, the beams are brought
together with their E vibrations nearly parallel.

We consider the superposition of the reflected beams from the top of
the plate. According to Eq. (35), the phase difference between successive
 reflected beams is given by

(44)

If the incident ray is expressed as the successive reflected rays can be
expressed by appropriately modifying both the amplitude and phase of the
initial wave. Referring to Figure 22, these are

and so on. A little inspection of these equations shows that the Nth such re-
flected wave can be written as
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Figure 22 Multiply reflected and transmit-
ted beams in a parallel plate.
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a form that holds good for all but which never traverses the plate. When
these waves are superposed, therefore, the resultant may be written as

Factoring a bit, we have

The summation is now in the form of a geometric series,

where

Since the series converges to the sum Thus,

Making use next of the Stokes relations, Eqs. (42) and (43),

After simplifying,

The irradiance, of the resultant beam is proportional to the square of the
amplitude, which is itself complex, so we calculate or

After processing the product of the bracketed terms and making use of the identity,

there results

(46)

or, in terms of irradiance,

(47)

where represents the irradiance of the incident beam, and we have used the
proportionality

(48)
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A similar treatment of the transmitted beams leads to the resultant
transmitted irradiance,

(49)

Equation (49) also follows more directly by combining Eq. (47) with the
 relation required by the conservation of energy for nonab-
sorbing films.

A minimum in reflected irradiance occurs, according to Eq. (47), when
or when

(50)

Necessarily, this must also be the condition for a transmission maximum. Equa-
tion (49) gives as expected. A study of Figure 22, or the equations
describing the set of reflected beams, shows that in the case of a reflection
minimum, the second reflected beam and all subsequent beams are in phase
with one another but exactly out of phase with the first reflected beam. Since
the net reflected irradiance vanishes, there is a perfect cancellation of the
first beam with the sum of all the remaining beams. The two-beam approxi-
mation works well, then, if the amplitude of the second beam is close to the
amplitude of the first beam. Our equations show that their ratio is

which is close to unity when is small. For normal incidence on glass of index
Thus, 96% of the cancellation occurs between the first two

reflected beams alone, and the two-beam treatment is well justified.
Reflection maxima occur, in the other extreme, when or

when

and

(51)

In this case, Eqs. (47) and (49) yield

(52)

(53)

It is easily verified that Also, note that the denominator of the
expression on the right-hand side of Eq. (49) is smallest when so
that this is the condition for a transmission minimum. Therefore, Eq. (52)
does indeed give the maximum reflected intensity. Parallel plates, such as the
one studied here, can be used as Fabry-Perot interferometers. 
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Figure 24 Problem 5.

Figure 23 Problem 1.

PROBLEMS

1 Two mutually coherent beams having parallel electric fields
are described by

with amplitudes in kV/m. The beams interfere at a point P
where the phase difference due to path is (the first
beam having the longer path). At the point of superposi-
tion, calculate (a) the irradiances and of the individual
beams; (b) the irradiance due to their interference;
(c) the net irradiance; (d) the fringe visibility.

I12

I2I1

p>3

E2 = 4 cosaks2 - vt +

p

6
b

E1 = 3 cosaks1 - vt +

p

5
b

7 In a Young’s experiment, narrow double slits 0.2 mm apart
diffract monochromatic light onto a screen 1.5 m away. The
distance between the fifth minima on either side of the
zeroth-order maximum is measured to be 34.73 mm. Deter-
mine the wavelength of the light.

2 Two harmonic light waves with amplitudes of 1.6 and 2.8
interfere at some point P on a screen. What visibility re-
sults there if (a) their electric field vectors are parallel
and (b) if they are perpendicular?

3 The ratio of the amplitudes of two beams forming an inter-
ference fringe pattern is 2/1. What is the visibility? What
ratio of amplitudes produces a visibility of 0.5?

4 a. Show that if one beam of a two-beam interference setup
has an irradiance of N times that of the other beam, the
fringe visibility is given by

b. Determine the beam irradiance ratios for visibilities of
0.96, 0.9, 0.8, and 0.5.

5 A mercury source of light is positioned behind a glass filter,
which allows transmission of the 546.1-nm green light from
the source. The light is allowed to pass through a narrow,
horizontal slit positioned 1 mm above a flat mirror surface.
Describe both qualitatively and quantitatively what appears
on a screen 1 m away from the slit.

V =

22N

N + 1

8 A quasi-monochromatic beam of light illuminates Young’s
double-slit setup, generating a fringe pattern having a 5.6-mm
separation between consecutive dark bands. The distance be-
tween the plane containing the apertures and the plane of
observation is 7 m, and the two slits are separated by 1.0 mm.
Sketch the experimental arrangement. Why is an initial single
slit necessary? What is the wavelength of the light?

9 In an interference experiment of the Young type, the dis-
tance between slits is 0.5 mm, and the wavelength of the
light is 600 nm.

a. If it is desired to have a fringe spacing of 1 mm at the
screen, what is the proper screen distance?

b. If a thin plate of glass of thickness 100 mi-
crons is placed over one of the slits, what is the lateral
fringe displacement at the screen?

c. What path difference corresponds to a shift in the fringe
pattern from a peak maximum to the (same) peak half-
maximum?

10 White light (400 to 700 nm) is used to illuminate a double
slit with a spacing of 1.25 mm. An interference pattern falls
on a screen 1.5 m away. A pinhole in the screen allows some
light to enter a spectrograph of high resolution. If the pin-
hole in the screen is 3 mm from the central white fringe,
where would one expect dark lines to show up in the spec-
trum of the pinhole source?

11 Sodium light (589.3 nm) from a narrow slit illuminates a
Fresnel biprism made of glass of index 1.50. The biprism is
twice as far from a screen on which fringes are observed as
it is from the slit. The fringes are observed to be separated
by 0.03 cm. What is the biprism angle ?a

1n = 1.502

6 Two slits are illuminated by light that consists of two
wavelengths. One wavelength is known to be 436 nm. On
a screen, the fourth minimum of the 436-nm light coin-
cides with the third maximum of the other light. What is
the wavelength of the other light?

0.
2 
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Figure 25 Problem 7.
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Figure 26 Problem 11.

12 The small angle between two plane, adjacent reflecting sur-
faces is determined by examining the interference fringes
produced in a Fresnel mirror experiment. A source slit is
parallel to the intersection between the mirrors and 50 cm

u
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away. The screen is 1 m from the same intersection, mea-
sured along the normal to the screen. When illuminated
with sodium light (589.3 nm), fringes appear on the screen
with a spacing of 0.5 mm. What is the angle ?u

21 Plane plates of glass are in contact along one side and held
apart by a wire 0.05 mm in diameter, parallel to the edge in
contact and 20 cm distant. Using filtered green mercury
light , directed normally on the air film be-
tween plates, interference fringes are seen. Calculate the
separation of the dark fringes. How many dark fringes ap-
pear between the edge and the wire?

22 Show that the separation of the virtual sources and 
producing interference from a film of index n and uniform
thickness t, when illuminated by a point source, is 2t/n. As-
sume the film is in air and light is incident at near-normal
incidence.

I1 I2

(l = 546 nm)

20 Two microscope slides are placed together but held apart
at one end by a thin piece of tin foil. Under sodium light
(589 nm) normally incident on the air film formed between
the slides, one observes exactly 40 bright fringes from the
edges in contact to the edge of the tin foil. Determine the
thickness of the foil.

23 Newton’s rings are formed between a spherical lens surface
and an optical flat. If the tenth bright ring of green light
(546.1 nm) is 7.89 mm in diameter, what is the radius of cur-
vature of the lens surface?

24 Newton’s rings are viewed both with the space between lens
and optical flat empty and filled with a liquid. Show that the
ratio of the radii observed for a particular order fringe is
very nearly the square root of the liquid’s refractive index.

25 A Newton’s ring apparatus is illuminated by light with two
wavelength components. One of the wavelengths is 546 nm. If
the eleventh bright ring of the 546-nm fringe system coincides
with the tenth ring of the other, what is the second wave-
length? What is the radius at which overlap takes place and the
thickness of the air film there? The spherical surface has a ra-
dius of 1 m.
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Figure 27 Problem 12.

13 The prism angle of a very thin prism is measured by ob-
serving interference fringes as in the Fresnel biprism
technique. The distances from slit to prism and from
prism to eye are in the ratio of 1:4. Twenty dark fringes
are found to span a distance of 0.5 cm when green mer-
cury light is used. If the refractive index of the prism is
1.50, determine the prism angle.

14 Light of continuously variable wavelength illuminates
normally a thin oil (index of 1.30) film on a glass surface.
Extinction of the reflected light is observed to occur at
wavelengths of 525 and 675 nm in the visible spectrum.
Determine the thickness of the oil film and the orders of
the interference.

15 A thin film of is deposited on glass so
that it is antireflecting at a wavelength of 580 nm under
normal incidence. What wavelength is minimally reflected
when the light is incident instead at 45°?

16 A nonreflecting, single layer of a lens coating is to be de-
posited on a lens of refractive index Determine
the refractive index of a coating material and the thick-
ness required to produce zero reflection for light of
wavelength 550 nm.

17 Remember that the energy of a light beam is proportion-
al to the square of its amplitude.

a. Determine the percentage of light energy reflected
in air from a single surface separating a material of
index 1.40 for light of 

b. When deposited on glass of index 1.60, how thick
should a film of this material be in order to reduce
the reflected energy by destructive interference?

c. What is then the effective percent reflection from the
film layer?

18 A soap film is formed using a rectangular wire frame
and held in a vertical plane. When illuminated normally
by laser light at 632.8 nm, one sees a series of localized in-
terference fringes that measure 15 per cm. Explain their
formation.

19 A beam of white light (a continuous spectrum from 400
to 700 nm, let us say) is incident at an angle of 45° on two
parallel glass plates separated by an air film 0.001 cm
thick. The reflected light is admitted into a prism spectro-
scope. How many dark “lines” are seen across the entire
spectrum?

l = 500 nm.

n = 1.78.

MgF2 1n = 1.382

t � 0.001 cm

Glass

400 nm � 	 � 700 nm

Glass

Air

45


Figure 28 Problem 19.
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Figure 29 Problem 22.
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26 A fringe pattern, such as that in Figure 20, found using an
interference microscope objective, is observed to have a
regular spacing of 1 mm. At a certain point in the pattern,
the fringes are observed to shift laterally by 3.4 mm. If the
illumination is green light of 546.1 nm, what is the dimen-
sion of the “step” in the film that caused the shift?

27 A laser beam from a 1-mW He-Ne laser (632.8 nm) is direct-
ed onto a parallel film with an incident angle of 45°. Assume a
beam diameter of 1 mm and a film index of 1.414. Determine
(a) the amplitude of the E-vector of the incident beam; (b) the
angle of refraction of the laser beam into the film; (c) the mag-
nitudes of and using the Stokes relations and a reflec-
tion coefficient, (d) the independent amplitudes of
the first three reflected beams and, by comparison with the in-
cident beam, the percentage of radiant power density reflect-
ed in each; (e) the same information as in (d) for the first two
transmitted beams; (f) the minimum thickness of film that
would lead to total cancellation of the reflected beams when
they are brought together at a point by a lens.

r = 0.280;
r¿ tt¿,

Film
Laser
beam

1 mm
E0 45�

n � 1.414

28 a. Using Eq. (27) and the stokes relations, show that ampli-
tudes of the first three reflected and first three transmit-
ted beams from a parallel, nonabsorbing glass

plate, when the incident beam is near normal
and of unit amplitude, are given by

(1) (2) (3)
reflected 0.206 0.198 0.0084
transmitted 0.957 0.041 0.0017

b. Show as a result that the first two reflected rays produce
a visibility of 0.999, whereas the first two transmitted
rays produce a visibility of only 0.085.

1n = 1.522

Figure 30 Problem 27.
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INTRODUCTION

An instrument designed to exploit the interference of light and the fringe pat-
terns that result from optical-path differences, in any of a variety of ways, is
called an optical interferometer. This general description of the instrument re-
flects the wide variety of designs and uses of interferometers. Applications ex-
tend also to acoustic and radio waves, but here we are interested in the optical
interferometer. In this chapter we discuss chiefly the Michelson and the Fabry-
Perot interferometers and suggest only a few of their many applications.

To achieve interference between two coherent beams of light, an inter-
ferometer divides an initial beam into two or more parts that travel diverse
optical paths and then reunite to produce an interference pattern. One crite-
rion for broadly classifying interferometers distinguishes the manner in
which the initial beam is separated. Wavefront-division interferometers sam-
ple different portions of the same wavefront of a coherent beam of light, as in
the case of Young’s double slit, or adaptations like those using Lloyd’s mirror
or Fresnel’s biprism. Amplitude-division interferometers instead use some
type of beam splitter that divides the initial beam into two parts. The Michel-
son interferometer is of this type. Usually the beam splitting is managed by a
semireflecting metallic or dielectric film; it can also occur by frustrated total
internal reflection at the interface of two prisms forming a cube, or by means
of double refraction or diffraction. Another means of classification distin-
guishes between those interferometers that make use of the interference of
two beams, as in the case of the Michelson interferometer, and those that op-
erate with multiple beams, as in the Fabry-Perot interferometer.

dfsr � l1/2
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Optical Interferometry

1 THE MICHELSON INTERFEROMETER

The Michelson interferometer, first introduced by Albert Michelson in 1881,
has played a vital role in the development of modern physics. This simple and
versatile instrument was used, for example, to establish experimental evi-
dence for the validity of the special theory of relativity, to detect and measure
hyperfine structure in line spectra, to measure the tidal effect of the moon on
the earth, and to provide a substitute standard for the meter in terms of wave-
lengths of light. Michelson himself pioneered much of this work.

A schematic of the Michelson interferometer is shown in Figure 1a.
From an extended source of light S, beam 1 of light is split by a beam splitter
(BS) by means of a thin, semitransparent front surface metallic or dielectric
film, deposited on glass. The interferometer is therefore of the amplitude-
splitting type. Reflected beam 2 and transmitted beam 3, of roughly equal
amplitudes, continue to fully-reflecting mirrors M2 and M1, respectively,
where their directions are reversed. On returning to the beam splitter, beam
2 is now transmitted and beam 3 is reflected by the semitransparent film so
that they come together again and leave the interferometer as beam 4. The
useful aperture of this double-beam interferometer is such that all rays strik-
ing M1 and M2 will be normal, or nearly so. Thus, beam 4 includes rays that
have traveled different optical paths and will demonstrate interference. At
least one of the mirrors is equipped with tilting adjustment screws that allow
the surface of M1 to be made perpendicular to that of M2. One of the mirrors
is also movable along the direction of the beam by means of an accurate track
and micrometer screw. In this way, the difference between the optical paths of

(2)

(4)

(1)

(a) (b)

(3)
BS

C

S

M2

M1

Q
S�

M1�
d

M2

S1�

Q�2

Q�1
�p

2d
S2�

u

u

Figure 1 (a) The Michelson interferometer. (b) Equivalent optics for the Michelson
interferometer.
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beams 2 and 3 can be gradually varied. Notice that beam 3 traverses the beam
splitter three times, whereas beam 2 traverses it only once. In some applica-
tions, where white light is used, it is essential that the optical paths of the two
beams be made precisely equal. Although this can be accomplished at one
wavelength by appropriately increasing the distance of M2 from BS, the cor-
rection would not suffice at another wavelength because of the dispersion of
the glass. To compensate for all wavelengths at once, a compensator plate C
made of the same material and dimensions as BS is inserted parallel to BS in
the path of beam 2. Any small, remaining inequalities in optical paths can be
removed by allowing the compensator to rotate, thus varying the optical path
through the thickness of its glass plate.

The actual interferometer in Figure 1a possesses two optical axes at
right angles to one another. A simpler but equivalent optical system, hav-
ing a single optical axis, can be drawn by working with virtual images of
source S and mirror M1 via reflection in the BS mirror. These positions are
most simply found by regarding the assembly including S, M1, and beams 1
and 3 of Figure 1a as rotated counterclockwise by 90° about the point of
 intersection of the beams with the BS mirror. The resulting geometry is
shown in Figure 1b. The new position of the source plane is and the new
position of the mirror M1 is Light from a point Q on the source plane

then effectively reflects from both mirrors M2 and shown parallel
and with an optical path difference of d. The two reflected beams appear to
come from the two virtual images, and of object point Q. Since the
images and of the source plane in the mirrors must be separated by
twice the mirror separation, the distance between and is 2d, and the
optical-path difference between the two beams emerging from the inter-
ferometer is

(1)

where the angle measures the inclination of the beams relative to the opti-
cal axis. For a normal beam, and We expect this result, since,
if one mirror is farther from BS than the other by a distance d, the extra dis-
tance traversed by the beam taking the longer route includes distance d
twice, once before and once after reflection. If, in addition, so that
the two beams interfere constructively, it follows that they will do so repeat-
edly for every translation of one of the mirrors so long as the separation

does not exceed the so-called coherence length, of the source. The co-
herence length is the length along a wave train over which the phase of the
wave remains correlated. The coherence length of the light emitted by a partic-
ular source is the ratio of the speed of light c to the spread of frequencies
present in the source. The coherence length of typical laser sources ranges from
tens of centimeters to tens of kilometers. Throughout this chapter, we will
 assume that all effective path-length differences between interfering beams
that originate from the same source are much less than the coherence length of
the source.

The optical system of Figure 1b is now equivalent to the case of inter-
ference due to a plane, parallel air film, illuminated by an extended source.
Virtual fringes of equal inclination may be seen by looking into the beam
splitter along ray 4, with the eye or a telescope focused at infinity. Assuming
that the two interfering beams are of equal amplitude, the irradiance of the
fringe system of circles concentric with the optical axis is given by

(2)I = 4I0 cos2a
d

2
b

¢n

¢p lt ,
l>2

¢ = ml,

u = 0 ¢p = 2d.
u

¢p = 2d cos u
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1 Qœ
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1This conclusion assumes real beam-splitter transmission coefficients. The assumption is made
to allow discussion of the fringe pattern in a concrete (and common) situation. It does not affect the
validity of results like Eq. (8), for example, because measurements depend on the net motion of the
fringe pattern, not on precisely where it is dark and where it is bright.

where the phase difference is

(3)

The net optical path difference is as usual. A relative phase
shift between the two beams occurs because the reflection coefficients from
opposite sides of a beam splitter differ by .1 For dark fringes, then,

or, more simply,

(4)

If d is of such magnitude that the normal rays forming the center of the fringe
system satisfy Eq. (4), that is, the center fringe is dark, then its order, given by

(5)

is a large integer. Neighboring dark fringes decrease in order outwards from
the center of the pattern, as decreases from its maximum value of 1. This
ordering of fringes may be inverted for convenience by associating another
integer p with each fringe of order m, where

(6)

Using Eq. (6) to replace m in Eq. (4), we arrive at

(7)

where now the central fringe is of order zero and the neighboring fringes in-
crease in order, outward from the center. Figure 2 illustrates the relationship
between orders m and p for the arbitrary case where Equation
(4) or (7) indicates that, as d is varied, a particular point in the fringe pattern

will correspond to gradually changing values of order m or p.
Integral values occur whenever the point coincides with a dark fringe.

Equivalently, this means that as d is varied, fringes of the pattern appear to
move inward toward the center, where they disappear, or else move outward
from the center, where they seem to originate, depending on whether the
optical-path difference is decreasing or increasing. The motion of the fringe pat-
tern thus reverses as one of the mirrors is moved continually through the point
of zero path difference. Viewed in another way, Eq. (4) requires an increase in
the angular separation of a given small fringe interval as the mirror
spacing d becomes smaller, since taking the differential of Eq. (4) leads to

ƒ ¢u ƒ =

l¢m
2d sin u

¢u ¢m

1u = constant2

mmax = 100.

pl = 2d11 - cos u2 p = 0, 1, 2, Á dark fringes

p = mmax - m =

2d

l
- m

cos u

mmax =

2d

l

2d cos u = ml m = 0, 1, 2, Á dark fringes

¢p + ¢r = 2d cos u +

l

2
= am +

1
2
bl

-1 = eip

¢ = ¢p + ¢r , p

d = k¢ = a
2p
l
b¢

m � 99

m � 98

m � 97

m � mmax � 100

p � 1

p � 2

p � 3

p � mmax � m � 0

Figure 2 Alternate orderings of fringes.
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This means that the fringes are more widely separated when optical-path dif-
ferences are small. In fact, if then from Eq. (4), and the
entire field of view encompasses no more than one fringe! For a mirror trans-
lation the number of fringes passing a point at or near the center of
the pattern is, according to Eq. (4),

(8)

Equation (8) suggests an experimental way of either measuring when is
known or calibrating the micrometer translation screw when is known.

Example 1

Fringes are observed due to monochromatic light in a Michelson interfer-
ometer. When the movable mirror is translated by 0.073 mm, a shift of 300
fringes is observed. What is the wavelength of the light? What displacement
of the fringe system takes place when a flake of glass of index 1.51 and
0.005 mm thickness is placed in one arm of the interferometer? (Assume
that the light beam is normal to the glass surface.)

Solution

Using Eq. (8),

With the glass inserted, one arm is effectively lengthened by a path differ-
ence of so that

2 APPLICATIONS OF THE MICHELSON
INTERFEROMETER

The Michelson interferometer is easily adaptable to the measurement of thin
films, a technique essentially the same as that described in the preceding chapter.
It can also be adapted to measure the index of refraction of a gas. An evacuable
cell with plane, parallel windows is interposed in the path of beam 3 (Figure 1a)
and is filled with a gas at a pressure and temperature for which its index of re-
fraction is desired. The fringe system established under these conditions is moni-
tored as the gas is gradually pumped out of the cell. A count of the net fringe
shift is related to the change in optical path during the decrease of the gas pres-
sure. If the actual length of the cell is accurately known to be L, the change in op-
tical path is given by

(9)

and using Eq. (8), it follows that the index can be determined from

(10)

Consider another direct application of the Michelson interferometer,
the determination of wavelength difference between two closely spaced com-
ponents of a spectral “line,” and Each wavelength forms its own system
of circular fringes according to Eq. (4). Suppose we view the circular systems

l l¿.
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near their center, so that Then for a given path difference d of the
interferometer, the product is fixed, that is, When the fringe
systems coincide, the pattern appears sharp, whereas when the fringes of one
system in the region of observation lie midway between the fringes of the sec-
ond system, the pattern appears rather uniform in brightness, or “washed
out.” The mirror movement required between consecutive coincidences is
related to the wavelength difference as follows. At one coincidence, when
fringes are “in step,” the orders of the two systems corresponding to and
must be related by

where N is an integer. If the optical-path difference at this time is then
from Eq. (4),

(11)

Let the optical-path difference be increased to when the next coincidence
is found. Then,

or

(12)

By subtracting Eq. (11) from Eq. (12) and by writing the mirror movement
we find

(13)

Now since and are very close, the wavelength difference of the two unre-
solved components can be approximated by

(14)

This technique is often employed in an optics laboratory course to measure
the wavelength difference of 6 Å between the two components of the yellow
“line” of sodium.

All the preceding discussion of the fringes from a Michelson interfer-
ometer has been in terms of virtual fringes of equal inclination. We have as-
sumed that mirrors M1 and M2 are precisely perpendicular as shown in
Figure 1a, or, what amounts to the same thing, precisely parallel in the equiv-
alent optical system of Figure 1b. If the alignment is such that the air space
between and M2 in Figure 1b is a wedge, fringes of equal thickness may
be seen localized at the mirrors. These fringes will be straight, oriented paral-
lel to the line that represents the intersection of and M2. If the wedge is
of large angle, they will be curved in a way that can be shown to be hyperbol-
ic arcs. Again, if the source is small, then real, nonlocalized fringes appear in
the light emerging from the interferometer, as if formed by the two virtual
images of the source in and M2. These fringes appear without effort
when the intense, coherent light of a laser is used. These possibilities have al-
ready been discussed in the previous chapter, where we treated the various
interference fringes that can be formed by illumination of a film. Figure 3 is a
photograph showing the distortion of fringes of equal thickness produced by
a candle flame when situated in one arm of a Michelson interferometer. Vari-
ations in temperature produce variations in optical-path length by changing
the refractive index of the air.

cos u � 1.
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3 VARIATIONS OF THE MICHELSON
INTERFEROMETER

Although there are many ways in which a beam of light may be split into two
parts and reunited after traversing different paths, we examine briefly two vari-
ations that can be considered adaptations of the Michelson interferometer.

Twyman-Green Interferometer
A slight modification by Twyman and Green is shown in Figure 4a. Instead of
using an extended source, this interferometer uses a point source together
with a collimating lens L1, so that all rays enter the interferometer parallel to
the optical axis, or The parallel rays emerging from the interferome-
ter are brought to a focus by lens L2 at P, where the eye is placed. The circular
fringes of equal inclination no longer appear; in their place are seen fringes of
equal thickness. These fringes reveal imperfections in the optical system that
cause variations in optical-path length. When no distortions appear in the
plane wavefronts through the interferometer, uniform illumination is seen
near P. If the interferometer components are of high quality, this system can

cos u = 1.

Figure 3 Deformation of fringes of equal
thickness in the neighborhood of a candle
flame. (From M. Cagnet, M. Francon, and
J. C. Thrierr, Atlas of Optical Phenomenon,
Plate 12, Berlin: Springer-Verlag, 1962.)

(a) (b)

P

S

L2

M1

M2

BSL1

S M1

M2

BS

P

Figure 4 (a) Twyman-Green interferome-
ter. (b) Twyman-Green interferometer used
in the testing of a prism and a lens (inset).
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be used to test the optical quality of another optical component, such as a
prism, situated as shown in Figure 4b. Surface imperfections or internal vari-
ations in refractive index show up as a distortion of the fringe pattern. Lenses
are tested for aberrations in the same way, once plane mirror M1 is replaced
by a convex spherical surface that can reflect the refracted rays back along
themselves, as suggested in the inset of Figure 4b.

Mach-Zehnder Interferometer
A more radical variation, sketched in Figure 5, is the Mach-Zehnder interfer-
ometer. The incident beam of roughly collimated light is divided into two
beams at beam splitter BS. Each beam is again totally reflected by mirrors
M1 and M2, and the beams are made coincident again by the semitransparent
mirror M3. Path lengths of beams 1 and 2 around the rectangular system and
through the glass of the beam splitters are identical. This interferometer has
been used, for example, in aerodynamic research, where the geometry of air
flow around an object in a wind tunnel is revealed through local variations of
pressure and refractive index. A windowed test chamber, into which the model
and a streamlined flow of air is introduced, is placed in path 1. An identical
chamber is placed in path 2 to maintain equality of optical paths. The air-flow
pattern is revealed by the fringe pattern. For such applications the interfer-
ometer must be constructed on a rather large scale. An advantage of the
Mach-Zehnder over the Michelson interferometer is that, by appropriate
small rotations of the mirrors, the fringes may be made to appear at the object
being tested, so that both can be viewed or photographed together. In the
Michelson interferometer, fringes appear localized on the mirror and so cannot
be seen in sharp focus at the same time as a test object placed in one of its arms.

The Michelson, Twyman-Green, and Mach-Zehnder interferometers
are all two-beam interference instruments that operate by division of ampli-
tude. We turn now to an important case of a multiple-beam instrument, the
Fabry-Perot interferometer.

4 THE FABRY-PEROT INTERFEROMETER

The Fabry-Perot interferometer makes use of an arrangement similar to the
plane parallel plate to produce an interference pattern that results from the
superposition of the multiple beams of the transmitted light. This instrument,
probably the most adaptable of all interferometers, has been used, for exam-
ple, in precision wavelength measurements, analysis of hyperfine spectral line
structure, determination of refractive indices of gasses, and the calibration of
the standard meter in terms of wavelengths. Although simple in structure, it is
a high-resolution instrument that has proven to be a powerful tool in a wide
variety of applications.

A possible arrangement is shown in Figure 6. Two thick glass or quartz
plates are used to enclose a plane parallel “plate” of air between them,
which forms the medium within which the beams are multiply reflected.
The glass plates function as mirrors and the arrangement is often called a

M1

BS M2

(1 � 2)
M3(1)

(2)

(1) (2)

Figure 5 Mach-Zehnder interferometer.

S
ut

ut

ut

P
d

L

Figure 6 Fabry-Perot interferometer.
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cavity. The important surfaces of the glass plates are therefore the inner
ones. Their surfaces are generally polished to a flatness of better than
and coated with a highly reflective layer of silver or aluminum. Silver films
are most useful in the visible region of the spectrum, but their reflectivity
drops off sharply around 400 nm, so that for applications below 400 nm, alu-
minum is usually used. Of course, the films must be thin enough to be par-
tially transmitting. Optimum thicknesses for silver coatings are around
50 nm. The outer surfaces of the glass plate are purposely formed at a small
angle relative to the inner faces (several minutes of arc are sufficient) to
eliminate spurious fringe patterns that can arise from the glass itself acting
as a parallel plate. The spacing, or thickness, d of the air layer, is an impor-
tant performance parameter of the interferometer, as we shall see. When
the spacing is fixed, the instrument is often referred to as an etalon.

Consider a narrow, monochromatic beam from an extended source point
S making an angle (in air) of with respect to the optical axis of the system, as
in Figure 6. The single beam produces multiple coherent beams in the interfer-
ometer, and the emerging set of parallel rays are brought together at a point P
in the focal plane of the converging lens L. The nature of the superposition at P
is determined by the path difference between successive parallel beams,

Using for air, the condition for brightness is

(15)

Other beams from different points of the source but in the same plane and mak-
ing the same angle with the axis satisfy the same path difference and also ar-
rive at P. With d fixed, Eq. (15) is satisfied for certain angles and the fringe
system is the familiar concentric rings due to the focusing of fringes of equal in-
clination. When a collimating lens is used between source and interferometer, as
shown in Figure 7a, every set of parallel beams entering the etalon must arise
from the same source point. A one-to-one correspondence then exists between
source and screen points. The screen may be the retina or a photographic plate.
Figure 7b illustrates another arrangement, in which the source is small. Colli-
mated light in this instance reaches the plates at a fixed angle ( is
shown) and comes to a focus at a light detector. As the spacing d is varied, the
detector records the interference pattern as a function of time in an interfero-
gram. If, for example, the source light consists of two wavelength components,
the output of the two systems is either a double set of circular fringes on a
 photographic plate or a plot of resultant irradiance I versus the plate spacing d,

ut ut = 0

ut ,
ut

2d cos ut = ml

¢ = 2nfd cos ut . nf = 1

ut

l>50

(b)

(a)

d

I

d

Figure 7 (a) Fabry-Perot interferometer,
used with an extended source and a fixed
plate spacing. A circular fringe pattern like
the one shown may be photographed at the
screen. (Photo from M. Cagnet, M. Francon,
and J. C. Thrierr, Atlas of Optical Phenome-
non, Plate 10, Berlin: Springer-Verlag, 1962.)
(b) Fabry-Perot interferometer, used with a
point source and a variable plate spacing. A
detector at the focal point of the second lens
records intensity as a function of plate spac-
ing d. If a laser source is used, the lenses may
not be needed.
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as suggested in Figure 7b. In many common applications the source is a laser, in
which case the lenses shown in Figure 7b may not be needed. It is this last
arrangement that we will discuss in the following sections.

5 FABRY-PEROT TRANSMISSION:
THE AIRY FUNCTION

The irradiance transmitted through a Fabry-Perot interferometer can be cal-
culated with the help of analysis used to treat the parallel plate arrangement.
In this section we present an alternative method that can also be used to de-
termine the loss rate of a laser cavity. Consider the arrangement of Figure 8.
We will assume that the two mirrors that form the Fabry-Perot cavity are iden-
tical, are separated by a distance d, and have real (internal surface) electric-
field reflection and transmission coefficients r and t. Further, we will assume
that an electric field suffers no absorption upon encountering the cavity mir-
rors, so that

(16)

A useful parameter associated with the Fabry-Perot interferometer is the
cavity round-trip time The cavity round-trip time is the time needed for
light to circulate once around the cavity and so is given by

Here, is the speed of light in the medium filling the space between the
mirrors, n is the index of refraction of this medium, and c is the speed of light in
vacuum.

We wish to express the electric field transmitted through the Fabry-
Perot interferometer in terms of the field incident on the interferometer, the
reflection coefficient r of the cavity mirrors, and the length d of the cavity. In the
analysis that follows, we will make use of the notion of a propagation factor

As we define it, the propagation factor is the ratio of an electric
field E(z, t) associated with a traveling monochromatic plane wave at position

and time to the same electric field at position
and time That is,

For example, for a plane monochromatic wave traveling in the direction
encountering no changes in optical media,

(17)
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Figure 8 Schematic of a Fabry-Perot inter-
ferometer consisting of two mirrors with re-
flection and transmission co efficients r and t.
The electric field incident on the interfer-
ometer from the left is the reflected
field is the transmitted field is and
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We choose not to include electric field changes caused by reflection from or
transmission through mirrors in the definition of the propagation factor, but
rather we will include these factors explicitly when we track changes to an elec-
tric field that encounters mirrors.

To determine the field transmitted through the Fabry-Perot cavity, it is con-
venient to first determine the amplitude of the intracavity right-going electric
field shown as in Figure 8. Proceeding, we write the right-going (traveling in
the direction) electric field incident on the Fabry-Perot cavity from the left as

(18)

and the right-going electric field in the cavity, at the position of the first mirror
as,

(19)

Note that the amplitude of this field is, in general, time dependent to allow for
the buildup or decay of the intracavity field as the incident field is turned on
or off. At time the right-going intracavity field can be
formed as the sum of two parts. One part is the fraction of the incident field

that is transmitted through Mirror 1 at this time. The other part is
the fraction of the entire right-going intracavi-
ty field that existed at Mirror 1 one cavity round-trip time earlier. This latter
part has propagated around the cavity a distance 2d in a time reflecting once
from each mirror and returning back to Mirror 1 at time That is,

(20)

Using Eqs. (17) through (19) in Eq. (20) gives

(21)

Some time after the incident field is first directed onto the cavity, the in-
tracavity electric field will settle down to a constant steady-state value.
Once such a steady state has been reached, In
steady state, Eq. (21) can be solved for the intracavity right-going field
amplitude 

(22)

Here,

is the round-trip phase shift.
The transmitted field can be found by propagating the right-going cav-

ity field at Mirror 1 through the cavity and out of Mirror 2,

Using Eq. (22) in the preceding expression and performing some simplifica-
tion leads to

(23)E0T =

t2e-id>2

1 - r2e-idE0I
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Irradiance is proportional to the square of the magnitude of the field ampli-
tude, so the transmittance T of the Fabry-Perot cavity is

where we have used the lossless mirror condition and one of the
Euler identities. Note that this relation gives the transmittance of a parallel
plate. Using Eq. (16), the trigonometric identity and
simplifying a bit allows the transmittance to be put into the form of the Airy
function,

(24)

Coefficient of Finesse
Fabry called the square-bracketed factor in Eq. (24), which is a function only
of the reflection coefficient r of the mirrors, the coefficient of finesse, F:

(25)

Equation (24) can then be expressed more compactly as

(26)

The coefficient of finesse is a sensitive function of the reflection coefficient r
since, as r varies from 0 to 1, F varies from 0 to infinity. We show that F also
represents a certain measure of fringe contrast, written as the ratio

(27)

From the Airy formula, Eq. (26), T takes on its maximum value
when and its minimum value when

Thus,

(28)

Note that this measure of fringe contrast, the coefficient of finesse, differs
from the related quantity called the visibility. The fringe profile may be
plotted once a value of r is chosen. Such a plot, for several choices of r, is
given in Figure 9. For each curve, we see that at
and at Notice that re-
gardless of r and that is never zero but approaches this value as r ap-
proaches 1. For real mirrors with absorption losses, the maximum
transmittance is somewhat less than unity. The transmittance peaks sharply
at higher values of r as the phase difference approaches integral multiples
of remaining near zero for most of the region between fringes. As r in-
creases even more to an attainable value of 0.97, for example, F increases to
1078 and the fringe widths are less than a third of their values at 
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half-maximum for The sharpness of these fringes is to be compared
with the broader fringes from a Michelson interferometer, which have a
simple dependence on the phase (Eq. (2)). These are also shown
in Figure 9 by the dashed lines, normalized to a maximum value of 1.

Finesse
The coefficient of finesse F is not to be confused with a second commonly
used figure of merit called simply the finesse:

(29)

We now show that the finesse is the ratio of the separation between trans-
mittance peaks to the full-width at half-maximum (FWHM) of the peaks.
Equations (26) and (29) can be combined to write the transmittance as

(30)

The phase separation between adjacent transmittance peaks is sometimes
called the free spectral range (FSR) of the cavity, Thus,

The half-width at half-maximum (HWHM) of the transmittance peaks (see
Figure (10)) can be found from Eq. (30) by showing that when 
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Figure 9 Fabry-Perot fringe profile. A plot of transmittance T versus round-trip
phase difference for selected values of reflection coefficient r. Dashed lines repre-
sent comparable fringes from a Michelson interferometer.
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where

Trigonometric identities and a small angle approximation can be used to ver-
ify that, at the half-maxima,

(32)

Combining Equations (31) and (32), we find that

(33)

Cavities with more highly reflecting mirrors have higher values for the fi-
nesse and so narrower transmittance peaks than do cavities with less highly
reflecting mirrors. As suggested, the finesse of a cavity is the ratio of the free
spectral range of the cavity to the FWHM of the cavity transmittance peaks:

(34)
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Figure 10 Transmittance T as a function
of round-trip phase shift The parameters
used to produce this plot are discussed in
Example 2.

d.

The transmittance may be regarded as a function of the round-trip phase shift or
any of the factors upon which depends, such as the mirror spacing (cavity length)
d, the frequency (and so wavelength ) of the input field, or the index of refrac-
tion n of the medium in the space between the mirrors. In different modes of op-
eration, one of these quantities is typically varied while the others are held
constant. Although the values of the free spectral range and the FWHM of the
transmittance peaks depend, of course, on the chosen independent variable,
the ratio of these quantities (i.e., the finesse) depends only on the reflectivities
of the mirrors and so is a useful figure of merit for the Fabry-Perot cavity. We shall
use the term free spectral range to refer to the separation between adjacent
transmittance peaks regardless of the choice of independent variable but take
care to symbolically differentiate between the free spectral ranges in the different
modes of operation. For example, we shall give the free spectral range of a vari-
able-length Fabry-Perot interferometer the symbol and that of a variable-
input-frequency Fabry-Perot interferometer the symbol 

Example 2

Estimate the coefficient of finesse F, the finesse and the mirror reflectivity
r for a Fabry-Perot cavity with the transmittance curve shown in Figure 10.

F,

nfsr .
dfsr

n l
d

d
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Solution

Using Eq. (27) and noting from Figure 10 that the coefficient
of finesse is found to be

The finesse can be found either by extracting the FWHM from Figure 10
and using Eq. (34),

or by using Eq. (29),

The mirror reflection coefficient can be obtained from Eq. (29),

Rearranging gives

Taking the positive root of this quadratic reveals

6 SCANNING FABRY-PEROT
INTERFEROMETER

As noted earlier, a Fabry-Perot cavity is commonly used as a scanning interfer-
ometer. That is, the irradiance transmitted through a Fabry-Perot is measured
as a function of the length of the cavity. An example of such a record that re-
sults from the use of a monochromatic incident field is shown in Figure 11a.
There are many different methods used to change the length of the cavity in
a controlled fashion. For example, if the Fabry-Perot interferometer consists
of two mirrors separated by an air gap, the mirror separation can be con-
trolled by means of a piezoelectric spacer, as shown in the Figure 11b. The
transmittance is a maximum whenever

Rearrangement gives the condition for a maximum as

(35)

Accordingly, the free spectral range in this mode of operation is

(36)

The cavity length change required to move from one transmittance peak to an-
other is thus a measure of the wavelength of the source. In practice, however, this
relation, by itself, is not used to experimentally determine the wavelength of the
source because the length change cannot be measured with the desired accura-
cy. Instead, Eq. (36) can be used to calibrate the length change of the cavity in
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order to, for example, determine the difference in wavelength of two closely
spaced wavelength components in the input to the Fabry-Perot cavity.

An example of a record that would result when light of two different but
closely spaced wavelengths and are simultaneously input into a Fabry-
Perot cavity of nominal length is shown in Figure 12.

If and are known to be, for example, very near a nominal wavelength,
this record can be used to accurately determine the difference in

the two wavelengths. If it is known that the adjacent peaks in Figure 12 have the
same mode number m, then the wavelengths must satisfy the relations
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l1 l2
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Figure 11 (a) Transmittance T as a func-
tion of the change in cavity length for a
monochromatic input field. (b) Piezoelec-
tric spacer used to control the mirror sepa-
ration d.
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Figure 12 Fabry-Perot scan used to deter-
mine the difference in wavelength of two
closely spaced wavelength components of
the input field. The scan is for a nominal
wavelength of 500 nm and a nominal mirror
spacing of 5 cm.
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The wavelength difference is, then,

Thus,

(37)

While it is true that the absolute length of the cavity is unlikely to be known to a
high degree of accuracy, one can use the nominal length, of the cavity in
this expression. Similarly, one typically replaces the wavelength appearing in
Eq. (37) by its nominal value For the situation shown in Figure 12,

so that for 

That is, this Fabry-Perot interferometer easily resolves a fractional difference
in wavelength of less than one part in a million.

Resolving Power
The minimum wavelength difference, that can be determined in this
manner is limited in part by the width of the transmittance peaks associated
with the two wavelength components. A commonly used resolution criterion is
that the minimum resolvable difference, between the cavity lengths asso-
ciated with the centers of the peaks of the transmittance functions of the two
wavelength components is equal to the FWHM of these peaks. In this way, the
crossover point of the two peaks will be not more than one-half of the maximum
irradiance of either peak. This resolution criterion, is il-
lustrated in Figure 13.

We now show that the minimum resolvable wavelength difference,
can be compactly expressed in terms of the cavity finesse As indi-

cated by Eq. (29), the finesse of a Fabry-Perot cavity depends only on the re-
flection coefficient r of the cavity mirrors. As we mentioned, the finesse is a
useful figure of merit because it is the ratio of the separation between adjacent
transmittance peaks (that is, the cavity free spectral range) to the FWHM of a
transmittance peak. Previously, as Eq. (34), we formed this ratio using the
round-trip phase shift as the independent variable. Noting that we
now express the finesse using the cavity length d as the independent variable:

Therefore,

Using the relation in Eq. (37) and imposing the resolution criterion illustrat-
ed in Figure 13, leads to

(38)
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The resolving power, of a Fabry-Perot interferometer is the inverse of this
ratio:

(39)

Here, is the mode number associated with the nominal wavelength
and nominal cavity length d.

Large resolving powers are, of course, desirable. For the scanning Fabry-
Perot interferometer, we see that large values occur when the mode number is
large and for large values of the finesse, which occurs for reflection coefficients
close to unity. Notice that to maximize the mode number m, Eq. (35) requires
that the plate separation d be as large as possible.

Example 3

A Fabry-Perot interferometer has a 1-cm spacing between mirrors and a re-
flection coefficient of For a wavelength around 500 nm, determine
its mode number, its finesse, its minimum resolvable wavelength interval,
and its resolving power.

Solution

Using Eqs. (35), (29), (38) and (39), we find

Good Fabry-Perot interferometers may be expected to have resolving
powers of a million or more. This represents one to two orders of improvement
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Figure 13 Scan of the (scaled) Fabry-
Perot transmittance of two wavelength
components of comparable strength. The
dotted curves indicate the transmittance
of the two wavelength components con-
sidered separately, and the solid curve is
the scaled transmittance when both com-
ponents are present in the input field.
Note that these wavelength components
are just barely resolved since the peaks
are separated by a FWHM of either dot-
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over the performance of comparable prism and grating instruments. The
photograph of the ring pattern of the mercury green line, revealing its fine
structure, shown in Figure 14 illustrates the high-resolution performance
of a Fabry-Perot instrument operated in the mode illustrated in Figure 7a.

We have determined the minimum wavelength separation that can be
resolved with a Fabry-Perot interferometer. It is important to note that there
is also a maximum wavelength separation, that can be resolved in an
unambiguous manner. If the wavelength separation is too large, the transmit-
tance peak associated with the mode number of will overlap the
transmittance peak with mode number m associated with The difference
in cavity lengths associated with the transmittance peaks of the two wave-
length components for the same mode number m is

The difference in cavity lengths associated with adjacent transmittance peaks
for wavelength component is the free spectral range of the variable-length
Fabry-Perot interferometer,

The transmittance peak associated with the mode number of will
overlap the transmittance peak with mode number m associated with if

That is, the overlap occurs if

Thus, the maximum wavelength separation that can be unambiguously resolved
is

Here, is the nominal wavelength of the incident light composed of the two
closely spaced wavelength components and We note that wavelength
separations larger than can be measured with a Fabry-Perot cavity provid-
ed that one has additional knowledge of the wavelength separation so that
the difference in mode number associated with adjacent transmission peaks
can be unambiguously determined.

l>m
l1 l2 .

l
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Figure 14 Fabry-Perot rings obtained with
the mercury green line, revealing fine struc-
ture. (Reproduced by permission from “Atlas of
Optical Phenomena”, 1962, Michael Cagnet,
Maurice Franco and Jean Claude Thrierr; Plate
10(top). Copyright© Springer-Verlag GmbH &
Co KG. With Kind Permission of Springer Sci-
ence and Business Media.)
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It is interesting to note that the ratio of this maximum wavelength dif-
ference to the minimum resolvable wavelength difference is given by the
finesse,

The fact that this ratio is the finesse is not surprising. The transmittance of
a fixed-length Fabry-Perot interferometer considered as a function of a vari-
able-wavelength-input field has transmittance peaks of FWHM equal to

and a peak separation (that is, a free spectral range) equal to
Thus, may be called the (wavelength) free spectral range

of a Fabry-Perot interferometer. (See problem 23.)
Spherical, rather than flat, mirrors are often used in scanning Fabry-

Perot interferometers. Spherical-mirror Fabry-Perot cavities are easier to
align and fabricate and have greater light-gathering power than do flat-mirror
cavities. However, spherical-mirror cavities also have a more complex trans-
mittance spectrum than do the flat-mirror cavities just considered. Like cavi-
ties made from flat mirrors, spherical-mirror cavities have (so-called
longitudinal) modes separated by the cavity free spectral range, but in addi-
tion they have (so-called transverse) modes associated with the relationship
of the curvatures of the mirrors to the cavity length. The more complicated
mode structure associated with spherical-mirror Fabry-Perot cavities pro-
vides the possibility of additional markers that may be useful in the calibra-
tion of the Fabry-Perot interferometer.

7 VARIABLE-INPUT-FREQUENCY 
FABRY-PEROT INTERFEROMETERS

For the scanning Fabry-Perot cavity discussed in the previous section, the
transmittance through the Fabry-Perot cavity is a function of the changing
length of the cavity. A second variant of the Fabry-Perot interferometer
uses a cavity of fixed length and a variable-frequency input field. In this
mode of operation, the frequencies associated with the transmittance peaks
provide frequency markers that can be used to monitor and calibrate the
changing frequency of the input laser field. The free spectral range and
FWHM of the transmittance T through a variable-input-frequency Fabry-
Perot interferometer can be derived in a manner similar to that used in the
discussion of the scanning Fabry-Perot interferometer of the last section. To
do so, we should first relate the round-trip phase shift to the frequency of
the input field Making use of the fundamental relation 
the round-trip phase shift associated with an input field of frequency can
be written as

Thus, a record of the transmittance as a function of the variable input fre-
quency will have maxima when the frequency of the input field has values
that follow from the resonance condition,

That is, the resonant frequencies of the Fabry-Perot cavity are
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Note that we are assuming, here, that the index of refraction of the material in
the space between the cavity mirrors is In this mode of operation, the
free spectral range of the interferometer is

(41)

In fact, the term free spectral range is most commonly applied for this case,
that is, when the transmittance is considered as a function of input frequency.
The FWHM of the transmittance curves can be found from the basic
expression for and the relation between round-trip phase shift and fre-
quency That is,

so that

Using Eq. (41) and the expression for the finesse given in Eq. (29) gives

(42)

The transmittance through a Fabry-Perot interferometer as a function of the
frequency of the input field is shown in Figure 15. A Fabry-Perot cavity used in
this manner is often characterized by a quality factor, Q, defined as the ratio of
a nominal resonant frequency to the FWHM of the transmittance peaks,

(43)

As noted, the transmittance of a Fabry-Perot interferometer, with an
input laser field whose frequency is intentionally changed, can be used to cal-
ibrate the frequency change of the laser. The laser frequency could be
changed, for example by changing the effective length of the laser cavity. Such
a calibration procedure is useful, for example, in absorption spectroscopy.
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This application of a variable-input-frequency Fabry-Perot interferometer is
explored in problem 22. Alternatively, as discussed at the end of the next sec-
tion, the change in the transmittance through a fixed-length Fabry-Perot cav-
ity induced by a change in the frequency of the laser input field can be used as
a feedback signal to stabilize the frequency of the laser source.

In Example 4 we explore the relationships between various figures of
merit for a variable-input-frequency Fabry-Perot interferometer.

Example 4

Consider the transmittance through a variable-input-frequency Fabry-Perot
interferometer. Let the Fabry-Perot cavity have length and finesse

Take the nominal frequency of the laser to be 

a. Find the free spectral range, of this Fabry-Perot cavity.
b. Find the FWHM of the transmittance peaks.
c. Find the quality factor Q of this Fabry-Perot cavity.
d. Estimate the smallest frequency change that could be easily monitored

with this Fabry-Perot cavity.

Solution

a. Using Eq. (41), 

b. Using the expression for the finesse, we find

c. Using Eq. (43), 

d. If the frequency is originally adjusted to give maximum transmittance,
a frequency change of would cause the trans-
mittance to fall by a factor of 2. Thus, it would be easy to monitor a fre-
quency change of 50 MHz with this Fabry-Perot.

8 LASERS AND THE 
FABRY-PEROT CAVITY

Laser cavities typically consist of two highly reflecting spherical mirrors and so
have the same basic structure as spherical-mirror Fabry-Perot cavities. The fre-
quencies for which a fixed-length Fabry-Perot cavity has maximum transmit-
tance are also the frequencies for which the light generated in a laser medium,
within the same cavity, would experience low loss. In addition, as we show later,
the rate at which light energy stored in an optical cavity decreases over time due
to transmission through and absorption by the cavity mirrors is directly related
to the FWHM, of the transmittance peaks of the same cavity used as
a Fabry-Perot interferometer. This cavity loss rate, often called the cavity
decay rate and given the symbol must be compensated for by the gain
medium in order to maintain steady-state laser operation. The formalism intro-
duced in Section 5 can be used to determine the rate at which the light energy
stored in an optical cavity decreases over time. In particular, Eq. (21) can be
adapted and used to develop an expression for the cavity loss rate. Let the
field incident on a Fabry-Perot cavity be removed at time Further take the
field in the cavity to be resonant with the cavity so that Then for
times Eq. (21) simplifies tot 7 t0 ,

d = 2mp.
t0 .

≠,

2¢n1>2 ,

¢n = ¢n1>2 = 50 MHz

Q =

n

2¢n1>2
=

5 * 1014 Hz

108 Hz
= 5 * 106

2¢n1>2 = nfs r>F = 13 GHz2>30 = 100 MHz.

F =

nfsr

2¢n1>2
,

nfsr =

c

2d
=

3 * 108 m>s

210.05 m2
= 3 GHz.

2¢n1>2

nfsr,

F = 30. n = 5 * 1014 Hz.
d = 5 cm
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(44)

If, during one round-trip time the change in the complex field amplitude
is small compared to the amplitude itself, a Taylor series approximation

can be used,

Using this in Eq. (44) and rearranging terms gives

One can verify by direct substitution that the solution to this differential equa-
tion is

The right-going irradiance in the cavity is proportional to the square of the
magnitude of the complex field amplitude of the right-going wave, so

That is, the cavity irradiance decays at the rate

(45)

This sensible result indicates that, for lossless mirrors, the fractional irradi-
ance loss during each round-trip time is approximately
The inverse of the cavity decay rate is sometimes called the photon lifetime,

of the cavity. That is, the photon lifetime of a cavity is the time interval
over which the energy stored in a cavity without gain or input decays

to 1/e of its initial value. If the light in the cavity is sustained by an input as in
a Fabry-Perot cavity, or by a pumped gain medium as in the case of a laser,
is the approximate time that a given portion of the light field remains in the
cavity. Note that the approximate number of round-trips, that a portion of
the light field makes before exiting the cavity is, then,

(46)

It is useful to note (see Eqs. (42) and (45)) that, for highly reflective mirrors (r
close to 1), the cavity decay rate and the FWHM of the transmittance peaks

are simply related:

This leads us to a second definition of the cavity quality factor Q as the ratio
of the operating resonant cavity frequency to the cavity decay rate:
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≠
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In addition to the formal similarity between Fabry-Perot and laser cavities,
Fabry-Perot interferometers can serve a variety of roles as diagnostic or control
elements in optical systems. For example, an external scanning Fabry-Perot in-
terferometer provides a means of investigating the mode structure of the output
of a multimode laser. Two common uses of the Fabry-Perot as a control element
are as a means of limiting a laser to single-mode operation and as a component
in a laser frequency stabilization system. These are discussed next.

Mode Suppression with an Etalon
As noted, many laser systems permit so-called multimode operation. That is,
the steady-state output of the laser includes electric fields with frequencies
corresponding to many different cavity resonances. In some applications, it is
preferable for the laser to have an output at only a single cavity resonant fre-
quency. Such a single-mode laser has a longer coherence length than a mul-
timode laser. A Fabry-Perot etalon of length d can be inserted into a laser
cavity of length in order to suppress all but a single laser mode. l 7 d

(a) (b)

d MirrorMirror

Etalon
Laser tube

l Frequency

c
2d

c
2l

Figure 16 (a) Laser with intracavity etalon for single-mode operation. (b) Transmit-
tance for laser cavity of length l (solid curve) and etalon of length d (dashed curve).

For a laser system like that shown in Figure 16a, a cavity mode of a given
frequency will be present in the laser output only if it is amplified by the laser
gain medium and satisfies also the low loss condition imposed by both the
laser cavity and the etalon. The etalon, being much shorter than the laser cav-
ity, has a free spectral range, that is much larger than that of the
laser cavity, c/2l. The length of the etalon can be chosen so that only a single
etalon mode overlaps an existing cavity mode within the frequency range
(the gain bandwidth) of laser operation. In addition, if the width of the etalon
mode is less than the free spectral range of the cavity, only one cavity mode
will be present in the laser output. Mode spacings in a typical laser system
using an etalon for mode suppression are shown in Figure 16b. Tuning of the
position of the etalon mode within the gain bandwidth can be accomplished
by changing the effective etalon spacing d, for example, by piezoelectric con-
trol of the etalon spacing or by tilting the etalon. The use of an etalon to limit
a laser to single mode operation is  explored in Example 5.

nfsr = c>2d,
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Example 5

A certain argon-ion laser can support steady-state lasing over a range of fre-
quencies of 6 GHz. That is, the gain bandwidth of the argon-ion laser is about
6 GHz. If the length of the laser cavity is estimate the number of
longitudinal cavity modes that might be present in the laser output. Also find
the minimum length d of an etalon that could be used to limit this laser to
single-mode operation.

Solution

The longitudinal cavity modes are separated by the free spectral range of
the laser cavity,

Therefore, the number of lasing modes would be given by

To ensure single-mode operation, the free spectral range of the etalon must
exceed the gain bandwidth. This requirement allows for a determination of
the required etalon length d:

Laser Frequency Stabilization
When embedded within a feedback loop, the Fabry-Perot cavity can be used
to provide state-of-the-art frequency or length stabilization. For example,
light output from a single-mode laser can be fed into a stabilized Fabry-Perot
cavity adjusted to allow maximum transmission of this frequency of the laser
light. When the laser frequency strays from the resonant frequency of the
Fabry-Perot interferometer, the resultant dip in the transmittance of the
Fabry-Perot can be used to initiate a feedback signal used to return the laser
frequency to the resonant frequency of the Fabry-Perot cavity. Of course,
such a system does not really stabilize the absolute frequency of the laser out-
put but rather locks it to the resonant frequency of the Fabry-Perot. If the
Fabry-Perot is in turn locked to a very stable frequency source of known fre-
quency, absolute stabilization of the laser frequency is achieved.

9 FABRY-PEROT FIGURES OF MERIT

As we have seen, the Fabry-Perot interferometer is a flexible device that has
many modes of operation. In Table 1 we list relations involving some figures
of merit for Fabry-Perot cavities. In Table 2, representative values of these
figures of merit, as well as some other quantities, are listed for different mirror
reflection coefficients. Note that in Table 2 there are two rows each for the
FSR and FWHM: The values in one set are pertinent when the transmittance
varies as a result of changing the mirror spacing d, and the values in the other
set apply when the transmittance varies as a result of changing the input
 frequency n.

d 6

c
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nfsr
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=

c
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7 6 GHz
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nfsr
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=

c

2l
=

3 # 108 m>s

211 m2
= 0.15 GHz

l = 1 m,
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10 GRAVITATIONAL WAVE DETECTORS

We conclude this chapter with a description of interferometers used for gravi-
tational wave detection. At the time of this writing, members of the Laser In-
terferometer Gravitational Observatory (LIGO) project are building, at two
different sites within the United States, interferometers designed to detect and
study gravitational waves. Similar interferometers are being developed by sci-
entists and engineers in Europe and Japan. Gravitational waves result from the
acceleration of mass in a manner that is analogous to the generation of electro-
magnetic waves by the acceleration of charge. Gravitational waves exert time-
varying forces on matter as they pass by. Because the gravitational force is so
weak, gravitational waves coming from even the most dramatic astronomical
events like the collision of black holes or the explosion of supernovae lead
to extraordinarily small effects on earth. To date, gravitational waves have
not been directly detected, but the interferometers currently being construct-
ed are predicted to be sensitive enough to detect the gravitational waves

TABLE 1 FABRY-PEROT FIGURES OF MERIT.
Here r is the end mirror reflection coefficient, T is the Fabry-Perot transmittance, is the
resolving power of the Fabry-Perot with an input field of nominal wavelength whose mirror
spacing d is varied, is the FWHM of a transmittance peak when the frequency of the
input is varied around frequency is the decay rate of the light within the Fabry-Perot
cavity, is the photon lifetime of the cavity, and FSR stands for free spectral range.
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TABLE 2 Fabry-Perot parameters for a cavity with a nominal spacing of a nominal input wavelength of
and a nominal frequency of Photon lifetime and FWHM are quantities that are not applicable

(NA) if the reflection coefficient is too low.

Mirror Reflection Coefficient r 0.2 0.5 0.8 0.9 0.97 0.99

Coefficient of Finesse, F 0.174 1.78 19.8 89.8 1080 9900

Finesse, 0.655 2.09 6.98 14.9 51.6 156

Quality Factor, Q

Photon Lifetime, (s) NA NA

Resolving Power, 

(nm)

FSR (Variable Spacing) (nm) 250 250 250 250 250 250

FWHM (Variable Spacing) (nm) NA NA 35.8 16.8 4.85 1.6

FSR (Variable Frequency) (GHz) 3 3 3 3 3 3

FWHM (Variable Frequency) (GHz) NA NA 0.43 0.202 0.0582 0.0192
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from the dramatic events listed as well as from systems like rotating binary
stars. Gravitational wave detection would open a new window to the universe
in much the same way that the development of infrared, ultraviolet, and X-ray
“telescopes” dramatically increased our store of knowledge regarding astro-
nomical events. Information obtained from interferometers at widely separated
locations will aid in distinguishing signals caused by gravitational waves from
those caused by local environmental and instrument noise.

A schematic of the LIGO instruments being constructed and an aerial
view of one of the installation sites are shown in Figure 17. Note that in order to
achieve the desired sensitivity, the LIGO interferometer incorporates aspects
of both the Michelson and Fabry-Perot interferometers in that it contains a
Fabry-Perot cavity in each of the two arms of a Michelson interferometer. The
distance between the hanging mirrors can vary in response to passing gravita-
tional waves. Gravitational waves are predicted to be a form of transverse
quadrupole radiation so that a wave propagating in a direction that is perpen-
dicular to the plane of the interferometer will induce changes in length of op-
posite sign in the two arms of the interferometer. That is, if the length of one
arm is being reduced, the length of the other arm will be increased due to the
passage of the gravitational wave. Gravity waves propagating in other direc-
tions will also cause differing length changes in the two arms. The gravitational
strain h induced in the lengths of the arms of the interferometer has the form

(47)

where L is the nominal length of one arm of the interferometer and is the
difference in the lengths of the arms caused by the passage of the gravitation-
al wave.

In a Michelson interferometer, the differential length change in the
arms of the interferometer leads to a change in the phase difference of the
two beams coming from the interferometer arms and arriving at the detector.
The size of the phase shift resulting from an astronomical event that produces
a certain gravitational strain h can thus be increased by using interferometers
with longer arms. It is predicted that in order to detect gravitational radiation
from astronomical sources, sensitivities to strains of less than (over a de-
tection time of about 1 ms) are required. At first glance, this sensitivity would
seem unachievable since it implies that length changes smaller than the
size of an atomic nucleus would need to be measured in a device1'10-15 m2
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Figure 17 (a) Schematic of the LIGO interferometer. The mirrors are attached to
hanging mounts, which approximate free masses. (b) Aerial view of the gravitational
wave detector being built in Hanford, Washington. Courtesy of LIGO Laboratory.
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with an arm length L of even 10 km. However, prototype devices with arm
lengths of 40 m have been operated with noise levels corresponding to strains
of about for signals at about 450 Hz.2

In the setup illustrated in Figure 17a, the end mirrors of the two Fabry-
Perot interferometers and the beam splitter are mounted on freely suspend-
ed masses. In one mode of operation, the lengths of the arms of the
interferometer, in the absence of a signal, are adjusted so that destructive in-
terference occurs at the detector. Detection of light, then, corresponds to the
detection of a differential length change in the arms of the interferometer.
One of the LIGO instruments uses interferometer arms that are 4 km long.
The Fabry-Perot cavities effectively extend the length of the arms by causing
the light from the laser to sample the cavity length many times before exiting
to the detector. The use of the Fabry-Perot cavities in the interferometer arms
increases the sensitivity of the device by a factor roughly equal to the number
of round-trips in a photon lifetime of the Fabry-Perot cavities. For the mirror
reflectivities of the LIGO device, this enhancement factor is about 50, making
the effective length of an interferometer arm about 200 km. The generation
of LIGO interferometers under construction in 2005 is predicted to be sensi-
tive to gravitational strains of less than and the next generation of de-
vices is predicted to have strain sensitivities of less than both for signals
with frequencies in the range of 100–1000 Hz. To detect these tiny gravita-
tional strains, environmental signals due to seismic activity and a variety of
other sources must be either reduced in size or filtered. The filtering process
is greatly aided by the use of interferometers at widely separated sites, which
are unlikely to be subject to the same local environmental noise. In addition,
the quadrupole nature of the gravitational waves leads to signals of unique
signature. In Example 6 we show how one can estimate the signal power as-
sociated with a given gravitational strain.

Example 6

Assume that a gravitational wave causes a gravitational strain h of in
the arms of a gravitational wave detector like the one pictured in Figure 17a.
Assume that the interferometer is set to a null (no detected power) in the
absence of the gravitational strain. Calculate the phase difference of the light
(of wavelength 488 nm) arriving at the detector from the two arms of the in-
terferometer due to this gravitational strain, and use this result to estimate
the detected power if the laser output power is 10 W. Assume that the
nominal arm length is and that the light makes an average of 50
round-trips in each arm of the interferometer.

Solution

The total irradiance at the photodetector is related to the irradiances
and of the beams exiting the respective arms of the interferometer by the
two-beam interference expression,

Here, is the phase difference between the two beams arriving at the detec-
tor after traversing the interferometer arms. Since irradiance is power per
unit area, the interference relation can be recast in terms of the detected
power and the powers of the beams exiting the two interferometer arms,

and That is,

Pdet = P1 + P2 + 22P1P2 cos d

P1 P2 .
Pdet

d

Idet = I1 + I2 + 22I1I2 cos d

I2

Idet I1

L = 4 km
P0

10-21

10-22 ,
10-21 ,

2 * 10-19

2A. Abramovici et al., Phys. Lett. A, Vol. 218, 1996, 157–163.
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Since the beams heading towards the detector encounter the 50-50 beam
splitter as they enter and exit the respective interferometer arms,

and

Note that the detected power varies between zero and the full laser power
as varies from to 1. Since the detected power is to be zero in

the absence of a strain caused by a gravitational wave, the phase shift can be
written profitably as

where is the phase shift induced by the gravitational wave. Using this
form for the phase difference between the two beams and using common
trigonometric identities, the detected power can be written as

For small arguments, the sine function can be approximated by its argument
so that

The phase difference induced by the gravitational wave is where
is the difference in path lengths traveled by the beams passing through

the two arms of the interferometer. This path difference is

Here, is the difference in the lengths of the interferometer arms
(of nominal length L) induced by the gravitational wave. The factor of 50
accounts for the approximately 50 round-trips made by the light in the
Fabry-Perot cavities in each interferometer arm, and the factor 2 accounts
for the fact that the light traverses the length of an arm twice in one round-
trip through the Fabry-Perot cavity in that arm. The phase shift induced
by the gravitational strain is, therefore,

Using this in the final expression for the detected power,

This power corresponds to about 160 photons/s and, while small, is easily de-
tected. However, even very low level environmental noise processes lead to
power signals of this and greater levels. As noted, reliable detection of gravita-
tional waves will require isolating the interferometer from environmental
noise and separating the gravitational signal from the remaining environmen-
tal noise signals.
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PROBLEMS

1 When one mirror of a Michelson interferometer is translat-
ed by 0.0114 cm, 523 fringes are observed to pass the
crosshairs of the viewing telescope. Calculate the wave-
length of the light.

2 When looking into a Michelson interferometer illuminated
by the 546.1-nm light of mercury, one sees a series of
straight-line fringes that number 12 per centimeter. Explain
their occurrence.
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r2 � 0.9r2 � 0.9

2 cm

n � 4.5

Transparent
slab

l
546 nm

Figure 18 Problem 10.

3 A thin sheet of fluorite of index 1.434 is inserted normally
into one beam of a Michelson interferometer. Using light of
wavelength 589 nm, the fringe pattern is found to shift by 35
fringes. What is the thickness of the sheet?

4 Looking into a Michelson interferometer, one sees a dark
central disk surrounded by concentric bright and dark rings.
One arm of the device is 2 cm longer than the other, and the
wavelength of the light is 500 nm. Determine (a) the order
of the central disc and (b) the order of the sixth dark ring
from the center.

5 A Michelson interferometer is used to measure the refractive
index of a gas. The gas is allowed to flow into an evacuated
glass cell of length L placed in one arm of the interferome-
ter. The wavelength is 

a. If N fringes are counted as the pressure in the cell
changes from vacuum to atmospheric pressure, what is
the index of refraction n in terms of and L?

b. How many fringes would be counted if the gas were car-
bon dioxide for a 10-cm cell length, using
sodium light at 589 nm?

6 A Michelson interferometer is used with red light of wave-
length 632.8 nm and is adjusted for a path difference of

Determine the angular radius of the (a) first (smallest-
diameter) ring observed and (b) the tenth ring observed.

7 A polished surface is examined using a Michelson interfer-
ometer with the polished surface replacing one of the mir-
rors. A fringe pattern characterizing the surface contour is
observed using He-Ne light of wavelength 632.8 nm. Fringe
distortion over the surface is found to be less than one-
fourth the fringe separation at any point. What is the maxi-
mum depth of polishing defects on the surface?

8 The plates of a Fabry-Perot interferometer have a reflection
coefficient of Calculate the minimum (a) resolving
power and (b) plate separation that will accomplish the reso-
lution of the two components of the H-alpha doublet of the
hydrogen spectrum, whose separation is 1.360 nm at 656.3 nm.

9 A Fabry-Perot interferometer is to be used to resolve the
mode structure of a He-Ne laser operating at 632.8 nm.
The frequency separation between the modes is 150 MHz.
The plates are separated by an air gap and have a reflectance

of 0.999.

a. What is the coefficient of finesse of the instrument?
b. What is the resolving power required?
c. What plate spacing is required?
d. What is the free spectral range of the instrument under

these conditions?
e. What is the minimum resolvable wavelength interval

under these conditions?

10 A Fabry-Perot etalon is fashioned from a single slab of trans-
parent material having a high refractive index and
a thickness of 2 cm. The uncoated surfaces of the slab
have a reflectance of 0.90. If the etalon is used in the
vicinity of wavelength 546 nm, determine (a) the highest-
order fringe in the interference pattern, (b) the ratio

and (c) the resolving power.

11 The separation of a certain doublet is 0.0055 nm at a wave-
length of 490 nm. A variable-spaced Fabry-Perot interferom-
eter is used to examine the doublet. At what spacing does the

Tmax>Tmin ,

1r22

1n = 4.52

1r22

1n = 1.000452

N, l,

l.

r = 0.99.

20 mm.

d
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Figure 19 Problem 12.

mth order of one component coincide with the 
order of the other?

12 White light is passed through a Fabry-Perot interferometer
in the arrangement shown in Figure 19, where the detector is
a spectroscope. A series of bright bands appear. When mer-
cury light is simultaneously admitted into the spectroscope
slit, 150 of the bright bands are seen to fall between the violet
and green lines of mercury at 435.8 nm and 546.1 nm, respec-
tively. What is the thickness of the etalon?

1m + 12th

13 Apply the reasoning used to calculate the finesse of a Fabry-
Perot interferometer to the Michelson interferometer. Using
the irradiance of Michelson fringes as a function of phase,
calculate (a) the fringe separation; (b) the fringe width at
half-maximum; (c) their ratio, the finesse.

14 Assume that in a Mach-Zehnder interferometer (Figure 5),
the beam splitter and mirror M3 each transmit 80% and
 reflect 20% of the incident light. Compare the visibility
when observing the interference of the two emerging
beams (shown) with the visibility that results from the two
beams emerging from M3 along a direction at 90° relative
to the first (not shown). For the second case, beam (1) is
 reflected and beam (2) is transmitted at M3.

15 Consider the Fabry-Perot cavity shown in Figure 8.

a. With the method used in Section 5 to derive the Fabry-
Perot transmittance, find the reflectance, of
a Fabry-Perot cavity. (Note: The reflection coefficient for
the external surface of the cavity mirror must be if
that from the internal surface is r and the transmission
coefficients t are real.)

b. Using the result from (a) and Eq. (24) (or an equivalent
form), show that the sum of the irradiances reflected by
and transmitted through the Fabry-Perot cavity is equal

-r

R = IR>II ,
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to the irradiance in the field incident on the Fabry-Perot.
That is, show that 

16 The reflectance R (see Problem 15) of a Fabry-Perot etalon is
0.6. Determine the ratio of transmittance of the etalon at
maximum to the transmittance at halfway between maxima.

17 Find the transmittance, and the reflectance,
of a Fabry-Perot cavity with mirrors of (internal)

reflection coefficients and Take the mirror separa-
tion to be d and see the note given in part (a) of Problem 15.

18 Consider the transmittance of the variable-input-frequency
Fabry-Perot cavity shown in Figure 15. Assume that the
Fabry-Perot cavity used has a length of 10 cm and that the
nominal frequency of the laser input is Find
a. The finesse, of the cavity.
b. The free spectral range, of the transmittance.
c. The FWHM, of a transmittance peak.
d. The quality factor, Q, of the cavity.
e. The photon lifetime, of the cavity.

19 Plot the transmittance, T, as a function of cavity length, d,
for a scanning Fabry-Perot interferometer with a mono-
chromatic input of wavelength 632.8 nm if the finesse,
of the cavity is 15. In the plot let d range from 5 cm to
5.000001 cm.

20 Find the values of all the quantities listed in the first column
of Table 2 for a mirror reflection coefficient of 0.999.

21 Consider a light source consisting of two components with
different wavelength and Let light from this source be
incident on a scanning Fabry-Perot interferometer of nomi-
nal length Let the scaled transmittance through
the Fabry-Perot as a function of the change in the cavity
length be as shown in Figure 20a and 20b. Figure 20b shows

d = 5 cm.

l2 .l1

F,

tp ,

2¢n1>2 ,
nfsr ,

F,
4.53 * 1014 Hz.

r2 Z r1 .r1

R = IR>II ,
T = IT>II ,

IR + IT = II .
the first set of dual peaks of Figure 20a over a smaller
length scale in order to allow a closer examination of the
structure of the overlapping peaks.

a. What is the nominal wavelength of the light source?
b. Estimate the difference in wavelength of the two

components presuming that the overlapping transmittance
peaks have the same mode number, 

c. Estimate the difference in wavelength of the two
components presuming that the overlapping transmit-
tance peaks have mode numbers that differ by 1, so that

22 In this problem we examine experimental absorption spec-
troscopy data. The output of a variable-frequency diode
laser is divided at a beam splitter so that part of the laser
beam is incident on a Fabry-Perot cavity of fixed length and
part of the laser beam passes through a sample cell contain-
ing atmospheric oxygen, as shown in Figure 21a. An overlay
of the scaled transmittance through the Fabry-Perot cavity
(solid curve) and the scaled transmittance through the oxy-
gen cell as functions of the
laser frequency change is shown in Figure 21b. The dips in
the transmittance through the oxygen cell indicate that the
oxygen molecule strongly absorbs these frequencies. The
free spectral range of the Fabry-Perot cavity used in the ex-
periment was known to be 11.6 GHz. The free spectral
range can be taken to be the distance between the tall trans-
mittance peaks, indicated by the arrows in Figure 21b. 
(A spherical-mirror Fabry-Perot cavity was used in the ex-
periment and so the transmittance includes peaks corre-
sponding to both longitudinal and transverse modes.)
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Figure 20 Problem 21.
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a. Estimate the difference in the frequencies of the two ab-
sorption dips shown in Figure 21b.

b. Estimate the “full-width-at-half-depth” of each absorp-
tion dip.

23 Consider the transmittance through a Fabry-Perot interfer-
ometer as a function of the variable wavelength of its inputl

field. Show that the FWHM of the transmittance peaks is
and the separation between transmittance

peaks is (Here where d is the length
of the Fabry-Perot interferometer.)

lfsr = l>m. m = 2d>l,
2¢l1>2 = l>mF

Oxygen cell

Beam splitter Fabry-Perot

Overlay of transmittance through the Fabry-Perot and the oxygen cell

Change in laser frequency

(b)

(a)

Laser

Figure 21 Problem 22. (a) Experimental arrangement. (b) Overlay of transmit-
tance curves. (Courtesy of R. J. Brecha, Physics Department, University of Dayton.)
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INTRODUCTION

The term coherence is used to describe the correlation between phases of
monochromatic radiations. Beams with random phase relationships are, gen-
erally speaking, incoherent beams, whereas beams with a constant phase
relationship are coherent beams. The requirement of coherence between in-
terfering beams of light, if they are to produce observable fringe patterns,
should be familiar to you, as should the relationship between coherence and
the net irradiance of interfering beams. In the superposition of in-phase
 coherent beams, individual amplitudes add together, whereas in the superpo-
sition of incoherent beams, individual irradiances add together. In this chap-
ter, we examine the property of coherence in greater detail, distinguishing
between longitudinal coherence, which is related to the spectral purity of the
source, and lateral or spatial coherence, which is related to the size of the
source. We also describe a quantitative measure of partial coherence, the con-
dition under which most experimental measurements of interference take
place. We begin our treatment with a brief description of Fourier analysis,
which we will need in this chapter.

1 FOURIER ANALYSIS

When a number of harmonic waves of the same frequency are added together,
even though they differ in amplitude and phase, the result is again a harmonic
wave of the given frequency. If the superposed waves differ in frequency as
well, the result is periodic but anharmonic and may assume an arbitrary

t1 t2 t3 t4 t5
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shape, such as that shown in Figure 1. An infinite variety of shapes may be
synthesized in this way. The inverse process of decomposition of a given
waveform into its harmonic components is called Fourier analysis.

The successful decomposition of a waveform into a series of harmonic
waves is insured by the theorem of Dirichlet:

If f(t) is a bounded function of period T with at most a finite number of maxima or
minima or discontinuities in a period, then the Fourier series,

(1)

converges to f(t) at all points where f(t) is continuous and to the average of the right
and left limits at each point where f(t) is discontinuous.

In Eq. (1), m takes on integral values and where T is
the period of the arbitrary f(t). The sine and cosine terms can be interpreted as
harmonic waves with amplitudes of and respectively, and frequencies
of The magnitudes of the coefficients or amplitudes determine the contri-
bution each harmonic wave makes to the resultant anharmonic waveform. If
Eq. (1) is multiplied by dt and integrated over one period T, the sine and
 cosine integrals vanish, and the result is

(2)

If Eq. (1) is multiplied throughout instead by where n is any inte-
ger, and then integrated over a period, the only nonvanishing integral on the
right side is the one including the coefficient and one finds

(3)

Similarly, multiplying Eq. (1) by and integrating gives

(4)

Thus, once f(t) is specified, each of the coefficients and can be cal-
culated, and the analysis is complete.

As an example, consider the Fourier analysis of the square wave shown
in Figure 2 and represented over a period symmetric with the origin by

f1t2 = c 0, -T>2 6 t 6 -T>4
1, -T>4 6 t 6 T>4
0, T>4 6 t 6 T>2

a0 , an , bn
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2
T L
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t0

f1t2 sin nvt dt
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2
T L
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t0

f1t2 cos nvt dt

an ,

cos nvt dt,

a0 =

2
T L

t0 + T

t0

f1t2 dt

am ,
mv.

bm

v = 2pn = 2p>T,

f1t2 =

a0

2
+ a

q

m = 1
am cos mvt + a

q

m = 1
bm sin mvt

f(t)

T
t

Figure 1 Anharmonic function of time
with period T.
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f(t)

t
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T
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T
4

T
2

Since the function is even in t, the coefficients are found to vanish, and
only cosine terms (also even functions of t) remain. From Eqs. (2) and (3),
we find

so that the Fourier series that converges to the square wave of Figure 2 as
more terms are included in the summation is

Writing out the first few terms explicitly,

Notice that the contribution of each successive term decreases because its
amplitude decreases. Thus a finite number of terms may represent the func-
tion rather well. The more rapidly the series converges, the fewer are the
terms needed for an adequate fit. Notice also that some amplitudes may be
negative, that is, some harmonic waves must be subtracted from the sum to
accomplish the convergence. The approximation to a square pulse obtained
using a Fourier series representation with a finite number of terms is illus-
trated in Figure 3. Note that the approximation becomes increasingly better
as the number of terms in the summation increases. Quite reasonably, fine
features in the given f(t), such as the corners of the square waves, require
waves of smaller wavelength, or higher frequency components, to represent
them. Accordingly, if the widths of the square waves were allowed to diminish,

bm

f1t2 =

1
2

+

2
p
acos vt -

1
3

cos 3vt +

1
5

cos 5vt +
Áb

f1t2 =

1
2

+ a
q

m = 1
c a

2
np
bsina

np

2
b d cos mvt

an = a
2

np
bsina
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2
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a0 = 1

t

100 terms 3 terms 10 terms
f(t)

Figure 3 Fourier series approximations to
a square wave. Approximations using the
first 3, 10, and 100 terms of the summation
are shown.

Figure 2 Square wave.
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so that the individual squares approached spikes, one would expect a greater
contribution from the high-frequency components for an adequate synthesis
of the function.

With the help of Euler’s equation, the Fourier series given in general by
Eq. (1), involving as it does both sine and cosine terms, can be expressed in
complex notation using exponential functions. The result is

(5)

where now the coefficients are given by

(6)

In cases where we wish instead to represent a nonperiodic function (cleverly
interpreted mathematically as a periodic function whose period T ap-
proaches infinity), it is possible to generalize the Fourier series to a Fourier
integral. For example, a single pulse is a nonperiodic function but can be in-
terpreted as a periodic function whose period extends from to

It can be shown that the discrete Fourier series now becomes an
integral given by

(7)

where the coefficient

(8)

The Fourier integral, Eq. (7), and the expression for its associated coeffi-
cient, Eq. (8), have a certain degree of mathematical symmetry and are to-
gether referred to as a Fourier-transform pair. Instead of a discrete spectrum
of frequencies given by the Fourier series, Eq. (6), we are led to a continuous
spectrum, as given by Eq. (8). In Figure 4, a sample discrete set of coeffi-
cients, as might be calculated from Eq. (6), is shown together with a continu-
ous distribution approximated by the coefficients, such as might result
from Eq. (8).

It should be pointed out that if the function to be represented is a
function of spatial position x with period L, say, rather than of time t with

g1v2 =

1
2p L

+q

-q

f1t2eivt dt
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f1t2einvt dt
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+q

n = -q

cne-invt

g(v)
and cn

c1 c2 c3

g(v)

v

Figure 4 Fourier coefficients of a periodic
function specify discrete harmonic compo-
nents of amplitude at frequency The
Fourier transform of a nonperiodic func-
tion requires instead a continuous frequency
spectrum g1v2.

vn .cn
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period T, then in Eqs. (1) through (8) T should be replaced by L and
the temporal frequency should be replaced by the spatial fre-
quency, For example, the Fourier transforms in Eqs. (7) and (8)
become

(9)

(10)

2 FOURIER ANALYSIS OF A FINITE
HARMONIC WAVE TRAIN

The spectral resolution of an infinitely long sinusoidal wave is extremely
simple: It is one term of the Fourier series, the term corresponding to the ac-
tual frequency of the wave. In this case, all other coefficients vanish. Sinu-
soidal waves without a beginning or an end are, however, mathematical
idealizations. In practice, the wave is turned on and off at finite times. The re-
sult is a wave train of finite length, such as the one pictured in Figure 5.
Fourier analysis of such a wave train must regard it as a nonperiodic func-
tion. Clearly, it cannot be represented by a single sine wave that has no be-
ginning or end. Rather, the various harmonic waves that combine to produce
the wave train must be numerous and so selected that they produce exactly
the wave train during the time interval it exists and cancel exactly every-
where outside that interval. Evidently, the turning “on” and “off” of the wave
adds many other spectral components to that of the temporary wave train it-
self. The use of the Fourier-transform integrals leads, in fact, to a continuous
distribution of frequency components. What we have said here of a finite
wave train is also true of any isolated pulse, regardless of its shape. We con-
sider for simplicity the spectral resolution of a pulse that is, while it exists at
some point, a harmonic wave. The problem must be handled, as suggested,
by the Fourier integral transforms, Eqs. (7) and (8). We have placed the
 origin of the time frame, Figure 5, so that the wave train is symmetrical
about it.

The wave train has a lifetime and a frequency Thus it may be rep-
resented by

(11)f1t2 = c e-iv0t, -
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2
6 t 6
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k = 2p>L.
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t
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T �
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2p
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Figure 5 Finite harmonic wave train of
lifetime and period The spatial
 extension of the pulse is The real
part of f(t) is plotted.

/0 = ct0 .
2p>v0 .t0
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The frequency spectrum is calculated from Eq. (8), with the specific
function f(t) of Eq. (11),

Integrating, we have

or, after using the identity,

(12)

Calling we then have The
function (sin u)/u, often called simply sinc (u), shows up frequently. It has the
property that as u approaches 0, the function approaches a value of 1. Thus,
from Eq. (12), we conclude that

(13)

Furthermore, the sinc function (sin u)/u vanishes whenever except
at the case already described by Eq. (13). In every other case,

for and so

(14)

As increases (or decreases) from then, passes periodically through
zero. The accompanying increase in the magnitude of u, or of the denomina-
tor of Eq. (12), gradually decreases the amplitude of an otherwise harmonic
variation. These results are all displayed in Figure 6, where the origin of
the frequency spectrum is chosen at its point of symmetry, When thev = v0 .
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Figure 6 Fourier transform of the finite
harmonic wave train of Figure 5. The
dashed line gives the amplitude of the fre-
quency spectrum and the solid line gives its
square, the power spectrum. The curves
have been normalized to the same maxi-
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amplitude is squared, the resulting curve is the power spectrum, shown
as the solid curve in Figure 6. Although frequencies far from contribute to
the power spectrum, the bulk of the energy of the wave train is clearly car-
ried by the frequencies present in the central maximum, of width No-
tice that the shorter the wave train of Figure 5, that is, the smaller the
lifetime the wider is the central maximum of Figure 6. This means that
the harmonic waves making important contributions to the actual wave train
span a greater frequency interval.

We take the half-width of the central maximum, or to indicate in
a rough way the range of dominant frequencies required. This criterion at least
preserves the important inverse relationship with Accordingly, we write,
as a measure of the frequency band centered around required to repre-
sent the harmonic wave train of frequency and lifetime 

or  (15)

Equation (15) shows that if corresponding to a wave train of infinite
length, and a single frequency or wavelength suffices to repre-
sent the wave train. In this idealized case we have a perfectly monochromatic
beam, as considered previously. On the other hand, as approximating
a harmonic “spike,” Thus, the sharper or narrower the pulse, the
greater is the number of frequencies required to represent it, and so the
greater the frequency bandwidth of the harmonic wave package.

3 TEMPORAL COHERENCE
AND LINE WIDTH

Clearly, there are no perfectly monochromatic sources. Sources we call “mono-
chromatic” emit light that can be represented as a sequence of harmonic wave
trains of finite length, as suggested in Figure 7, each separated from the others
by a discontinuous change in phase. These phase changes reflect the erratic
process by which excited atoms in a light source undergo transitions be-
tween energy levels, producing brief and random radiation wave trains. A
given source can be characterized by an average wave train lifetime
called its coherence time. Thus, the physical implications of Eq. (15) may be
summarized as follows: The frequency width of a spectral line is inverse-
ly proportional to the coherence time of the source. The greater its coher-
ence time, the more monochromatic the source. The coherence length of a
wave train is the length of its coherent pulse, or

(16)

Combining Eqs. (15) and (16), the coherence length is

The frequency band can be related to the line width by taking the dif-
ferential of the relation That is, We note that it¢n = ƒ -1c>l22 ¢l ƒ .

¢l
n = c>l.
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Figure 7 Sequence of harmonic wave
trains of varying finite lengths or lifetimes 
The wave train may be characterized by an
average lifetime, the coherence time t0 .
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is conventional to take both and to be positive. Then, in terms of the
line width the coherence length takes the form

(17)

Thus, the line width is

(18)

To digress briefly, it is interesting to note that Eq. (18) has a formal similarity
to the uncertainty principle of quantum mechanics, where a wave pulse can
be used to represent, say, the location of an electron. If the coherence
length is interpreted as the interval within which the particle is to be
found—that is, its uncertainty in location—and the uncertainty in momentum

is expressed by the differential of the deBroglie wavelength in the equa-
tion the result is The inequality associated with the
Heisenberg uncertainty relation is consistent with the inequality inherent in
Eq. (15).

Since the line width of spectral sources can be measured, average coher-
ence times and coherent lengths may be surmised. White light, for example,
has a “line width” of around 300 nm, extending roughly from 400 to 700 nm.
Taking the average wavelength at 550 nm, Eq. (17) gives

a very small coherence length indeed, of around a millionth of a centimeter
or two “wavelengths” of white light. Understandably, interference fringes by
white light are difficult to obtain since the difference in the path lengths of
the interfering beams should not be greater than the coherence length for
the light. Sodium or mercury gas-discharge lamp sources are far more mono-
chromatic and coherent. For example, the green line of mercury at 546 nm
may have a line width of around 0.025 nm, giving a coherence length of 1.2 cm.
One of the most monochromatic gas-discharge sources is a gas of the kryp-
ton 86 isotope, whose orange emission line at 606 nm has a line width of only
0.00047 nm. The coherence length of this radiation, by Eq. (17), is 78 cm!
Laser radiation has far surpassed even the coherence of this gas-discharge
source. The short-term stability of commercially available lasers, for ex-
ample, is such that line widths of around are attainable at the
infrared emission wavelength of These numbers give a coherence
length of around 11 km! Under carefully controlled conditions, He-Ne lasers
can improve this figure by another order of magnitude. Somewhat discour-
agingly, the common He-Ne laser used in instructional laboratories may not
have coherence lengths much greater than its cavity length, due to random
temperature fluctuations and mirror vibrations. These spurious effects
change the cavity length, lead to multimode oscillations, and adversely affect
the coherence length of the laser. Hence the use of these lasers, in hologra-
phy experiments, for example, still requires some care in equalizing optical-
path lengths.

4 PARTIAL COHERENCE

As pointed out previously, when the phase difference between two waves is
constant, they are mutually coherent waves. In practice, this condition is only
approximately met, and we speak of partial coherence. The concept is defined
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more precisely in what follows. Consider, as in Figure 8, a general situation in
which interference is produced at P between two beams that originate from a
single source S after traveling different paths. In the present discussion we
choose to write the fields and being superposed at point P in terms
of the field at the source point S. Further we choose to consider the case
in which the fields and maintain the same polarization as so that
we can represent the fields by scalar functions.

For convenience, we choose to write the source field at point S as

(19)

where,

(20)

Here, models the departure from monochromaticity of the source field.
Similarly, for the two fields being superposed at P,

(21)

(22)

Now, we note that the complex superposed fields and are related
to the complex source field E(t) via the relations,

(23)

Here and are multiplicative factors resulting from the splitting of the
source field and changes in field amplitude due to reflection and transmission
in the propagation of the fields from S to P. Further, is the time of flight
for the light field propagating along path 1 and is the time of flight for the
light field propagating along path 2. We choose the forms of the fields shown
in the preceding equations in order to lead to a standard expression for the ir-
radiance at point P in terms of the coherence properties of the source field. It
is important to note that the fields being superposed are proportional to the
source field evaluated at different times. Proceeding, we can form the irradi-
ance at P as,

(24)

where, as before, the brackets denote a time average. In forming the last equal-
ity we have made use of the fundamental definition of irradiance to form

and In addition we used Eqs. (21) and (22) to
form the last term in Eq. (24). This last term is the interference term since its
value determines whether the irradiance at P is more than, less than or equal to
the sum of the irradiances of the fields being superposed. Note that
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since, as one can see from Eq. (23) these terms involve the time average of
sine and cosine factors that oscillate at Thus Eq. (24) can be written as,

Using the middle members of Eq. (23) in the last term in this expression gives,

where, for simplicity, we have taken and to be real. Shifting the time
 origin by and defining the difference in the times of flight for the two paths
to be the irradiance at point P can be written as,

The remaining time average has the form of a correlation function. Accord-
ingly, we define

(25)

Note that this correlation function, which determines the size of the interfer-
ence term, depends on the amount of correlation that exists in the values of the
source field at two different times. We have achieved one of our objectives:
The irradiance at P is dependent on the correlation function involving
the source field. It is convenient to also define the normalized correlation
function,

(26)

so that the irradiance at P may then be expressed as

(27)

The function now the heart of the interference term, is a function of
and therefore of the location of point P. We know that the time difference be-
tween paths, relative to the average coherence time of the source, is crucial
to the degree of coherence achieved. We expect that for some coher-
ence between the two beams will be lost. The dependence of on is now
derived, under the assumption that represents a constant coherence time
rather than an average. Such a wave train is shown at the top of Figure 9a, with
regular discontinuities in phase, separated by the time interval The nor-
malized correlation function sometimes called the degree of coherence,
can be simplified by expressing and in terms of the amplitude of the
source field. This is most easily accomplished with the help of Eq. (23) which
indicates that the amplitudes of and are and respectively.
Therefore, 

Using these relations and Eq. (20) in Eq. (26) gives,
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Simplification gives the important result

The time average expressed in this equation may be calculated as

(28)

where T is a sufficiently long time. The function in the expo-
nent is pictured in Figure 9b and is seen to be a series of regularly spaced rec-
tangular pulses with random magnitude falling between and
Consider the first coherence time interval in which the pulse function may
be expressed by
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Figure 9 (a) Random phase fluctua-
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the same phase fluctuations of
the wave (dashed line) at a time earlier.
(b) Difference in the phase between the
two waves described in (a).

t

w1t + t2
t0w1t2

234 Chapter 9



Coherence

In successive intervals, the expression is similar, except for the value of We
may then write the normalized coherence function, for a large number, N, of
intervals as

Integrating over N terms,

Combining the first terms of each interval and summing the rest,

Because of the random nature of the terms in the summation average to
zero for N sufficiently large. Thus only those times during which the waves
coincide—when —contribute to the integral, and we are
left with

(29)

The real part of required in Eq. (27), is given by

(30)

and so takes on a maximum value of 1 when (equal path lengths), a
value of 0 when (path difference equals coherence length), and values
between 0 and 1 for between and 0. The amplitude of the cosine term in
Eq. (30) is just the magnitude of the degree of coherence that is,

(31)

This quantity sets the limits of the variations in the interference term in
Eq. (27) and thus controls the contrast or visibility of the fringes as a func-
tion of This amplitude, is plotted in Figure 10. Combining the last
three equations,

(32)

(33)

Recalling the empirical expression for visibility,

(34)
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Figure 10 Fringe visibility or degree of
 coherence as a function of the difference in
arrival times of two waves with coherence
time t0 .
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we may now delineate the following special cases:

1. Complete incoherence: and 

2. Complete coherence: and 

3. Partial coherence: and 

In all cases of equal beams, therefore, the fringe visibility V is equal to the mag-
nitude of the correlation function and either one is a measure of the degree
of coherence.

Example 1

In an interference experiment, a light beam is split into two equal-amplitude
parts. The two parts are superimposed again after traveling along different
paths. The light is of wavelength 541 nm with a line width of 1 Å, and the path
difference is 1.50 mm. Determine the visibility of the interference fringes.
How is the visibility modified if the path difference is doubled?

Solution
The visibility is given by

where the ratio of time delay to coherence time is replaced by the corre-
sponding ratio of path difference to coherence length. In this case,

Thus,

When the path difference is doubled, and so that the beams
are incoherent and 

t: t0 ƒg ƒ = 0

V = 0.
t 7 t0 ,¢ 7 /t

V = 1 -

1.5
2.93

= 0.49

/t = l2>¢l = 15410 Å22>11 Å2 = 2.93 mm.

V = 1 -

t

t0
= 1 -

¢

/t

ƒg ƒ ,

V =

4I0 ƒg ƒ

4I0
= ƒg ƒ

Imax = 2I011 + ƒg ƒ 2 and Imin = 2I011 - ƒg ƒ 2

Ip = 2I0[1 + Re 1g2], for equal beams

Ip = I1 + I2 + 22I1I2 Re 1g2

0 6 t 6 t0 1 7 ƒg ƒ 7 0

V =

4I0

4I0
= 1

Imin = I1 + I2 - 22I1I2 = 0, for equal beams

Imax = I1 + I2 + 22I1I2 = 4I0 , for equal beams

Ip = I1 + I2 + 22I1I2 cos vt

t = 0 ƒg ƒ = 1

V =

2I0 - 2I0

4I0
= 0

Ip = 2I0 , for equal beams

Ip = I1 + I2
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5 SPATIAL COHERENCE

In speaking of temporal coherence, we have been considering the correla-
tion in phase between temporally distinct points of the radiation field of a
source along its line of propagation. For this reason, temporal coherence
is also called longitudinal coherence. The degree of coherence can be ob-
served by examining the interference fringe contrast in an amplitude-split-
ting instrument, such as the Michelson interferometer. As we have seen,
temporal coherence is a measure of the average length of the constituent
harmonic waves, which depends on the radiation properties of the source.
In contrast, we now turn our attention to what is referred to as spatial, or
lateral, coherence, the correlation in phase between spatially distinct points
of the radiation field. This type of coherence is important when using a
wavefront-splitting device, such as the double slit. The quality of the inter-
ference pattern in the double-slit experiment depends on the degree of co-
herence between distinct regions of the wavefield at the two slits.

To sharpen our understanding of the coherence of a wavefield radiating
from a source, consider the situation depicted in Figure 11. Light from a
source S passes through a double slit and is also sampled by a Michelson inter-
ferometer located nearby. Spatial coherence between wavefront points A and
B at the slits is insured as long as the source S is a true point source. In that
case, all rays emanating from S are associated with a single set of spherical
waves that have the same phase on any given wavefront. Are clear distin-
guishable fringes then formed on a screen near point The answer, of
course, depends on whether the light from S, traveling along the two distinct
paths and is temporally as well as spatially coherent. The matter
of temporal coherence requires a comparison between the path difference

and the coherence length of the radiation. This is equiva-
lent to a comparison of coherence along any radial direction of light propaga-
tion from the source at two wavefronts separated by the same path
difference. It is this property of temporal coherence that is measured by the
Michelson interferometer. If the path difference is much less than the co-
herence length clean interference fringes are formed at if the
path difference is equal to or greater than the coherence length in-
terference fringes are poorly defined or absent altogether. In practice, of
course, S is always an extended source, so that rays reach A and B from many
points of the source. In ordinary (nonlaser) sources, light emitted by differ-
ent points of a source, well over a wavelength in separation, is not correlat-
ed in phase and so lacks coherence. Thus, the spatial coherence of light at

1¢ Ú lt2,
P1 ;1¢ V lt2,

¢

¢ = SAP1 - SBP1

SBP1 ,SAP1

P1?

P1

P2

Michelson
interferometer

Double slit

A

B
S

Figure 11 Wavefront and amplitude divi-
sion of radiation from source S, illustrating
the practical requirements of spatial and
temporal coherence.
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the slits A and B depends on how closely the source S resembles a point
source of light, either in extension or in its actual coherence properties.

We show in the next section that if two source points and as in
Figure 12, are separated by a distance s and if light of wavelength from
these sources is observed at a distance r away, there will be a region of high
spatial coherence of dimension given by

(35)

where is the angle subtended by the point sources at the observation point P.
Accepting this result for the moment and combining it with the temporal or
longitudinal coherence length we conclude that there exists at any point in
the radiation field of a real light source a region of space in which the light is
coherent. This region has lateral dimensions of and longitudinal dimensions
of relative to the source and thus occupies a volume of roughly around
the point P. It is from this volume that any interferometer must accept radia-
tion if it is to produce observable interference fringes.

6 SPATIAL COHERENCE WIDTH

Consider now the spatial coherence at points and in the radiation field
of a quasi-monochromatic extended source, simply represented by two mutual-
ly incoherent emitting points A and B at the edges of the source (Figure 13).
We may think of and as two slits that propagate light to a screen, where
interference fringes may be viewed. Each point source, acting alone, then
produces a set of double-slit interference fringes on the screen. When both
sources act together, however, the fringe systems overlap. If the fringe sys-
tems overlap with their maxima and minima falling together, the resulting
fringe pattern is highly visible, and the radiation from the two incoherent
sources is considered highly coherent! When the fringe systems are relatively
displaced, however, so that the maxima of one fall on the minima of the other,
the composite pattern is not visible and the radiation is considered incoher-
ent. Suppose that source B is at the position of source A, or that the distance
s in Figure 13 is zero. The fringe systems at the screen then coincide and cor-
respond to the fringes of a single point source. A maximum in the interfer-
ence pattern occurs at P if P lies on the perpendicular bisector of the two slits.
In this condition,

If source B is moved below A, the fringe systems separate until, at a certain
distance s, where

BP2 - BP1 = ¢ =

l

2

BP2 - BP1 = AP2 - AP1 = 0
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Figure 12 Lateral region of coherence 
due to two independent point sources.
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the maximum in the fringe system at P due to source B is replaced by a mini-
mum, and the composite fringe pattern disappears.

If the angle represents the angular separation of the sources from
the plane of the slits, then from the diagram, where is the dis-
tance between slits, and where r is the distance to the sources. It
follows that

(36)

When the distance AB is considered instead to be a continuous array of point
sources, the individual fringe systems do not give complete cancellation until
the spatial extent AB of the source reaches twice the value of s in Eq. (36).
If extreme points are separated by an amount then fringe defini-
tion is assured. Regarding this result as describing instead the maximum slit
separation given a source dimension s, we have for the spatial coherence
width

(37)

As is restricted to smaller fractions of this value, the fringe contrast is cor-
respondingly improved.

According to this argument, moving the source B even farther should
bring the fringe system into coincidence again, so that the degree of coher-
ence between and is a periodic function. In a more complete math-
ematical argument, the extended source is represented by a continuous array
of elemental emitting areas rather than by two point sources. Results show
that outside the coherence width given by Eq. (37), the fringe visibility,
while oscillatory, is negligible. According to a general theorem, known as
the Van Cittert-Zernike theorem1, a plot of the degree of coherence versus
spatial separation of points and is the same as a plot of the diffrac-
tion pattern due to an aperture of the same size and shape as the extended
source.

The significance of Eq. (37) is apparent in the case of Young’s double-
slit experiment, where an extended source is used together with a single slit to
render the light striking the double slit reasonably coherent, as in Figure 14.
We may now use Eq. (37) to determine how small the single slit must be to
ensure coherence and the production of fringes at the screen. The two slits
and must fall within the lateral coherence width due to the primary slit
of width s.
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Figure 14 Young’s double-slit setup. Slits
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ence width due to the single-slit source.ls
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1Born, M. and E. Wolf. Principals of Optics, 5th ed., (New York: Pergamon Press, 1975.)
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Example 2

Let the source-to-slit distance be 20 cm, the slit separation 0.1 mm, and the
wavelength 546 nm. Determine the maximum width of the primary or single slit.

Solution
Using Eq. (37),

Now suppose that the source slit in the example is made exactly 1.1 mm
in width and that the separation between slits and is adjustable. When
the slits are very close together they fall within a high coherence
region and the fringes in the interference pattern appear sharply defined. As
the slits are moved farther apart, the degree of coherence decreases and
the fringe contrast begins to degrade. When the slit separation a reaches a
value of 0.1 mm, and the fringes disappear. Evidently an experimen-
tal determination of this slit separation could be used to deduce the size s of
the extended source. This technique was employed by Michelson to measure
the angular diameter of stars. Stars are so distant that imaging techniques are
unable to resolve their diameters. If a star is regarded as an extended, inco-
herent source with light emanating from a continuous array of points ex-
tending across a diameter s of the star (see Figure 15b), then the spatial
coherent width in Eq. (38) becomes

(38)

Here the factor 1.22 arises from the circular shape of the source, as it does in
the Fraunhofer diffraction of a circular aperture. Since the angular diameter
of a star is extremely small, will be correspondingly large. The movable slits
were therefore arranged as in Figure 15a, using mirrors that direct widely sep-
arated portions of the radiation wavefront into a double-slit-telescope instru-
ment. The spacing of the interference fringes depends on the double-slit
separation a, whereas their visibility depends on the separation As is
 increased, the fringes disappear when equality in Eq. (38) is satisfied.
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Figure 15 Michelson stellar interferometer
(a) used to determine a stellar diameter (b).
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Example 3

When Michelson used this technique on the star Betelgeuse in the constel-
lation Orion, he found a first minimum in the fringes at Using
an average wavelength of 570 nm, what is the angular diameter of the star?

Solution
Taking Eq. (38) as an equality,

Since Orion is known to be about away, the stellar diameter is
or about 260 solar diameters.s = ru = 2.26 * 108 mi,

1 * 1015 mi

u =

1.22l
ls

=

1.221570 * 10-92

3.08
= 2.26 * 10-7 rad

ls = 308 cm.

PROBLEMS

1 Determine the Fourier series for the function of spatial peri-
od L given by

2 A half-wave rectifier removes the negative half-cycles of a si-
nusoidal waveform, given by Find the Fouri-
er series of the resulting wave.

E = E0 cos vt.

f1x2 = d -1,
-L

2
6 x 6 0

+1, 0 6 x 6

+L

2

E

E � E0 cos vt

E0

T

t

Figure 16 Problem 2.

3 Find the Fourier transform of the Gaussian function
given by

where h is the height and the “width.” (Hint: Remember
how to complete a square? You will also need the definite
integral

in your calculations.) Does the transform, interpreted as the
frequency spectrum, show the proper relationship to the
original “pulse” width?

4 Using the Fourier transform, determine the power spec-
trum of a single square pulse of amplitude A and duration

Sketch the power spectrum, locating its zeros, and
show that the frequency bandwidth for the pulse is in-
versely proportional to its duration.

t0 .

L

+q

-q

e-x2
dx = 1p

s

f1t2 = he-t2>2s2

A
f(t)

t
t0

2
�

t0

2
�

Figure 17 Problem 4.

5 Two light filters are used to transmit yellow light centered
around a wavelength of 590 nm. One filter has a “broad”
transmission width of 100 nm, whereas the other has a “nar-
row” pass band of 10 nm. Which filter would be better to
use for an interference experiment? Compare the coher-
ence lengths of the light from each.

6 A continuous He-Ne laser beam (632.8 nm) is “chopped,”
using a spinning aperture, into 1-ms pulses. Compute the
resultant line width bandwidth and coherence
length.

7 The angular diameter of the sun viewed from the earth is
approximately 0.5 degree. Determine the spatial coherence
length for “good” coherence, neglecting any variations in
brightness across the surface. Let us consider, somewhat ar-
bitrarily, that “good” coherence will exist over an area that
is 10% of the maximum area of coherence.

8 Michelson found that the cadmium red line (643.8 nm)
was one of the most ideal monochromatic sources avail-
able, allowing fringes to be discerned up to a path differ-
ence of 30 cm in a beam-splitting interference experiment,
such as with a Michelson interferometer. Calculate (a) the
wavelength spread of the line and (b) the coherence time
of the source.

9 A narrow band-pass filter transmits wavelengths in the
range If this filter is placed in front of a source
of white light, what is the coherence length of the transmitted
light?

10 Let a collimated beam of white light fall on one refracting face
of a prism and let the light emerging from the second face be
focused by a lens onto a screen. Suppose that the linear dis-
persion at the screen is 20 Å/mm. By introducing a narrow
“exit slit” in the screen, one has a type of monochromator that

5000 ; 0.5 Å.

¢n,¢l,
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provides a nearly monochromatic beam of light. Sketch the
setup. For an exit slit of 0.02 cm, what is the coherence time
and coherence length of the light of mean wavelength 5000 Å?

11 A pinhole of diameter 0.5 mm is used in front of a sodium
lamp (5890 Å) as a source in a Young interference experi-
ment. The distance from pinhole to slits is 1 m. What is the
maximum slit space insuring interference fringes that are
just visible?

12 Determine the linewidth in angstroms and hertz for laser
light whose coherence length is 10 km. The mean wavelength
is 6328 Å.

13 a. A monochromator is used to obtain quasi-monochromatic
light from a tungsten lamp. The linear dispersion of the in-
strument is 20 Å/mm and an exit slit of is used.
What is the coherence time and length of the light from the
monochromator when set to give light of mean wavelength
500 nm?

b. This light is used to form fringes in an interference exper-
iment in which the light is first amplitude-split into two
equal parts and then brought together again. If the optical
path difference between the two paths is 0.400 mm, calcu-
late the magnitude of the normalized correlation function
and the visibility of the resulting fringes.

c. If the maximum irradiance produced by the fringes is 100
on an arbitrary scale, what is the difference between maxi-
mum irradiance and background irradiance on this scale?

14 Determine the length and base area of the cylindrical volume
within which light received from the sun is coherent. For this

200 mm

purpose, let us assume “good” spatial coherence occurs within
a length that is 25% of the maximum value given by Eq. (38).
The sun subtends an angle of 0.5° at the earth’s surface. The
mean value of the visible spectrum may be taken at 550 nm.
Express the coherence volume also in terms of number of
wavelengths across cylindrical length and diameter.

15 a. Show that the fringe visibility may be expressed by

b. What irradiance ratio of the interfering beams reduces
the fringe visibility by 10% of that for equal-amplitude
beams?

16 Show that the visibility of double-slit fringes in the mth
order is given by

where is the average wavelength of the light and is its
linewidth.

17 A filtered mercury lamp produces green light at 546.1 nm
with a linewidth of 0.05 nm. The light illuminates a double slit
of spacing 0.1 mm. Determine the visibility of the fringes on a
screen 1 m away, in the vicinity of the fringe of order
(See problem 16.) If the discharge lamp is replaced with a
white light source and a filter of bandwidth 10 nm at 546 nm,
how does the visibility change?

m = 20.

¢ll

V = 1 - am
¢l

l
b

V =

22I1I2 ƒg1t2 ƒ

1I1 + I22

Filter Slits
Lamp

0.1 mm

1 m

m � 0

m � 20

Screen

Figure 18 Problem 17.

18 A Michelson interferometer forms fringes with cadmium
red light of 643.847 nm and linewidth of 0.0013 nm. What is
the visibility of the fringes when one mirror is moved 1 cm
from the position of zero path difference between arms?
How does this change when the distance moved is 5 cm? At
what distance does the visibility go to zero?

19 a. Repeat problem 18 when the light is the green mercury
line of 546.1 nm with a linewidth of 0.025 nm.

b. How far can the mirror be moved from zero path differ-
ence so that fringe visibility is at least 0.85?
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INTRODUCTION

The channeling of light through a transparent conduit has taken on great im-
portance in recent times. This is especially true because of its applications in
communications and laser medicine. As long as a transparent solid cylinder,
such as a glass fiber, has a refractive index greater than that of its surrounding
medium, much of the light launched into one end will emerge from the other
end due to a large number of total internal reflections. A comprehensive
treatment of fiber optics requires a wave approach in which Maxwell’s equa-
tions are solved in a dielectric medium, subject to the boundary conditions at
the fiber walls. In this chapter, we adopt a simpler and more intuitive ap-
proach, describing the propagating wavefronts by their rays, although we ap-
peal in some contexts to wave properties such as phase and interference.

1 APPLICATIONS

The simplest use of optical fibers, either singly or in bundles, is as light pipes.
For example, a flexible bundle of fibers might be used to transport light from
inside a vacuum system to the outside, where it can be more easily measured.1

The bundle might be divided into two or more sections at some point to act as
a beam splitter. For such nonimaging applications, the fibers can be randomly
distributed within the cable. When imaging is required, however, the fiber ends
at the input are coordinated with the fiber ends at the output. To maintain this

n2

n1

A B

wc

wc

l1
l1

wc

L

� � �

��

1Interestingly, the rods and cones of the human eye have been shown to function as light pipes,
transmitting light along their lengths, as in optical fibers.
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2Walter P. Siegmund, “Fiber Optics,” in Handbook of Optics, edited by Walter G. Driscoll and
William Vaughan (New York: McGraw-Hill Book Company, 1978).

coordination, fibers at both ends are bonded together. The fiberscope consists
of a bundle of such fibers, end-equipped with objective lens and eyepiece. It is
routinely used by physicians to examine regions of the heart, stomach, lungs,
and duodenum. Some of the fibers function as light pipes, transporting light
from an external source to illuminate inaccessible areas internally. Other
fibers return the image.

Fibers can be bound rigidly by fusing their outer coating or cladding. In
this way, fiber-optic faceplates are made for use as windows in cathode ray
tubes. Further, when such fused-fiber bundles are tapered by heating and
stretching, images can be magnified or diminished in size, depending on the
relative areas of input or output faces. The resolving power of imaging fibers
depends on the accuracy of fiber alignment and, as might be expected, on the
individual fiber diameter d. A conservative estimate2 of fiber resolving
power, RP, is given by

(1)

Thus, a fiber, for example, can produce a high resolution of about
100 lines/mm.

The most far-reaching applications of fiber optics lie in the area of com-
munications, the subject of the following section.

2 COMMUNICATIONS 
SYSTEM OVERVIEW

No application has given greater impetus to the rapid development of fiber
optics than has voice or video communication and data transmission. The ad-
vantages of fiber-optic conduits, or waveguides, over conventional two-wire,
coaxial cable or microwave waveguide systems are impressive. The replace-
ment of microwaves and radio waves by light waves is especially attractive,
since the information-carrying capacity of the carrier wave increases directly
with the width of the frequency band available. Replacement of copper coaxi-
al cable or twisted-pair transmission lines by fiber-optic cable thus offers
greater communications capacity with lower loss in a lighter cable that re-
quires less space. Additionally, in contrast with metallic conduction tech-
niques, communication by light offers the possibility of electrical isolation,
immunity to electromagnetic interference, and freedom from signal leakage.
The latter is especially important where security of information is vital, as in
computer networks that handle confidential data.

In Figure 1, we give an overview of the essential components and
 processes involved in a fiber-optic communications system, from message
source to message output. At the input end of the fiber-optic cable, the informa-
tion to be transmitted is converted by some type of transducer from an electrical
signal to an optical one. After transmission by the optic fiber, it is reconverted
from an optical to an electrical signal. The fiber serves as an optical waveguide to
propagate the information with as little distortion and loss of power as possible,
over a distance that can range from meters to thousands of kilometers.

The message source might be audio, providing an analog electrical signal
from a microphone; it might be visual, providing an analog signal from a video
camera; or it might be digitally encoded information, like computer data in the
form of a train of pulses. Analog and digital formats are convertible into one
another, so that the choice of format for transmission through the fiber is
always available, regardless of the original nature of the signal.

5-mm

RP 1lines>mm2 =

500
d1mm2
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The purpose of the modulator is to perform this conversion when de-
sired and to impress this signal onto the carrier wave generated by the carrier
source. The carrier wave can be modulated to contain the signal information
in various ways, usually by amplitude modulation (AM), frequency modula-
tion (FM), or digital modulation. (See Figure 2.) In fiber-optics systems,
the carrier source is typically either a light-emitting diode (LED) or a laser
diode (LD). In Figure 1, the carrier source output into the optic fiber is rep-
resented by a single, square pulse. As this pulse propagates through the fiber,
it suffers both attenuation (loss of amplitude) and distortion (change in
shape) due to several mechanisms to be discussed. The fiber may be, typical-
ly, a glass or plastic filament in diameter. If the fiber is very long, it may
be necessary to amplify the signal at several positions along the fiber. How-
ever, while high bit-rate signals carried on copper wire transmission lines may
need to be amplified every 300 m, high bit-rate signals carried on optical
fibers need  amplification only every 100 km or so. At the remote end of the

50 mm

Sound:  microphone
Visual:  video camera
Data:  computer

Sound:  loudspeaker
Visual:  CRT
Data:  computer

Message
input

Carrier
source
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Plastic/glass

Attenuation
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Light

Electrical
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demodulation

PIN
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light
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Figure 1 Overview of a fiber-optics com-
munication system.

Signal Carrier AM modulated
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Digital pulse modulated Figure 2 Three forms of modulation in
which a carrier wave is modified to carry a
signal. Top: Amplitude modulation; center:
frequency modulation; bottom: digital mod-
ulation in which a pulse is either present
(“on”) or missing (“off”).
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fiber, the light signal is coupled into a detector that changes the optical signal
back into an electrical signal. This service is performed by a semiconductor
device, most commonly a PIN diode, an avalanche diode, or a photomultiplier.
Of course, the response of the detector should be well matched to the optical
frequency of the signal received. The detector output is then handled by a sig-
nal processor, whose function is to recapture the original electrical signal
from the carrier, a process that involves filtering and amplification and, possi-
bly, a digital-to-analog conversion. The message output may then be commu-
nicated by loudspeaker (audio), by cathode-ray tube (video), or by computer
input (digital).

3 BANDWIDTH AND DATA RATE

The more complicated the signal to be communicated, the greater is the
range of frequencies required to represent it. The output of a stereo system is
more faithful to the original signal than is the output of a telephone receiver
because a greater frequency range is devoted to the process of reproduction.
The range of frequencies required to modulate a carrier for a single tele-
phone channel is only 4 kHz, whereas the bandwidth of an FM radio broad-
casting station is 200 kHz. A commercial TV broadcasting station, which must
communicate both sound and video signals, uses a bandwidth of 6 MHz. The
great information-carrying potential of a light beam becomes evident when
we calculate the ratio of carrier frequency to signal bandwidth, a measure of
the number of separate channels that can be impressed on the carrier. For a
TV station using a 300-MHz carrier, this ratio is 300 MHz/6 MHz, or 50; for an
optical fiber using a carrier of wavelength to carry the
same information, the ratio is or 50,000,000! Cur-
rently, optical fibers use only a small fraction of the entire bandwidth theoret-
ically available to an optical signal. Still, state-of-the-art fiber-optic systems
carry far more information with much lower loss than can copper-wire trans-
mission lines.

More information can be sent by optical fiber when distinct pulses can
be transmitted in more rapid succession. This implies higher frequencies or,
in the case of digital information, higher bit rates. In the latter case, suppose
that 8 bits (on or off pulses) are required to represent the amplitude of an
analog signal. According to the sampling theorem, an analog signal must be
sampled at a rate at least twice as high as its highest-frequency component
in order to be faithfully represented. In the case of the TV channel with a
bandwidth of 6 MHz, this means that or samples must
be taken each second. Since each sample is described using 8 bits, the re-
quired data rate is 96 Mbps (megabits per second). As we shall see in dis-
cussions to follow, data rates are limited by the modulator capabilities as
well as by fiber distortions that prevent distinct identification of neighbor-
ing pulses. Wavelength-division multiplexing (WDM) is a means of combin-
ing 40 or more signals, carried in different wavelength channels, so that they
propagate together through the same fiber. The maximum bit rate of
transmission through an optical-fiber system using (dense) WDM exceeds
1 terrabit per second 

4 OPTICS OF PROPAGATION

We consider now the manner in which light propagates through an optical
fiber. The conditions for successful propagation are developed here mainly

11012 bits>s2.

2 * 6 MHz 12 * 106

13 * 108 MHz2>6 MHz,
1-mm 13 * 108 MHz2
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from the point of view of geometrical optics. In addition, we consider only the
meridional rays, which intersect with the fiber’s central axis.3

Consider a short section of a straight fiber, pictured in Figure 3a. The
fiber itself has refractive index the encasing medium (called cladding) has
index and the end faces are exposed to a medium of index Ray A en-
tering the left face of the fiber is refracted there and transmitted to point C
on the fiber surface where it is partially refracted out of the fiber and partial-
ly reflected internally. The internal ray continues, diminished in amplitude, to
D, then to E, and so on. After multiple reflections, the ray will have lost a
large part of its energy. Ray A does not meet the conditions for total internal
reflection, that is, it strikes the fiber surface at points such that its
angle of incidence is less than the critical angle or

(2)

Ray B, on the other hand, which enters at a smaller angle with respect to
the axis, strikes the fiber surface at F in such a way that it is refracted parallel
to the fiber surface. Other rays, as in Figure 3b, incident at angles
 experience total internal reflection at the fiber surface. Such rays are propa-
gated along the fiber by a succession of such reflections, without loss of ener-
gy due to refraction out of the cylinder. However, depending upon the degree
of transparency of the fiber material to the light, some attenuation occurs
by absorption.

Ray B thus represents an extreme ray, defining the slant face of a cone of
rays, all of which satisfy the condition for total internal reflection within the
fiber. The maximum half-angle of this cone is evidently related to the criti-
cal angle of reflection At the input face of the fiber shown in Figure 3a,

(3)n0 sin um = n1 sin uœ
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Figure 3 (a) Propagation of light rays
through an optical fiber. Ray B defines the
maximum input cone of rays satisfying total
internal reflection at the walls of the fiber.
(b) Propagation of a typical light ray through
an optical fiber.

3Other rays, the skew rays, do not lie in a plane containing the central fiber axis. These rays take
a piecewise spiral path through the fiber.
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and at a point like F,

Using the geometrical fact, and the trigonometric identity,
these relations combine to give the numerical aperture,

(4)

If the numerical aperture is simply the sine of the half-angle of the
largest cone of meridional rays (i.e., rays coplanar with the fiber axis) that
are propagated through the fiber by a series of total internal reflections. The
numerical aperture clearly cannot be greater than unity, unless A
numerical aperture of 0.6, for example, corresponds to an acceptance cone
of 74°. The light-gathering ability of an optical fiber increases with its nu-
merical aperture.

Also from Figure 3b, the skip distance, between two successive
 reflections of a ray of light propagating in the fiber is given by

(5)

where d is the fiber diameter. Relating to the entrance angle by Snell’s law,

(6)

For example, in the case and Eq. (6)
gives Thus, in 1 m of fiber, there are approximately or
6580, reflections! Table 1 lists various core and cladding possibilities, for
which the critical angle, numerical aperture, and skip distances have been cal-
culated. With so many reflections occurring, the condition for total internal
reflection must be accurately met over the entire length of the fiber. Surface
scratches or irregularities, as well as surface dust, moisture, or grease, become
sources of loss that rapidly diminish light energy. If only 0.1% of the light is
lost at each reflection, over a length of 1 m, this attenuation would reduce the
energy by a factor of about 720. Therefore, to protect the optical quality of
the fiber, it is essential that it be coated with a layer of plastic or glass called
the cladding. Cladding material need not be highly transparent, but must be
compatible with the fiber core in terms of expansion coefficients, for exam-
ple. The index of refraction of the cladding, where influences the
critical angle and numerical aperture of the fiber.

The cladding around the fiber cores has another important function,
which is to prevent what is called frustrated total internal reflection from occur-
ring. When the process of total internal reflection is treated as the interaction of
a wave disturbance with the electron oscillators comprising the medium, it
becomes apparent that there is some short-range penetration of the wave be-
yond the boundary. Although the wave amplitude decreases rapidly beyond

n2 n2 6 n1 ,
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TABLE 1 CHARACTERIZATION OF SEVERAL OPTICAL FIBERS

Core/cladding N. A.

Glass/air 1 1.50 1.0 41.8° 90.0° 1 8944
Plastic/plastic 1 1.49 1.39 68.9° 32.5° 0.54 3866
Glass/plastic 1 1.46 1.40 73.5° 24.5° 0.41 2962
Glass/glass 1 1.48 1.46 80.6° 14.0° 0.24 1657

Note: The reciprocal of the skip distance ( or skips per meter) is calculated for a fiber of diameter
and at 

umaxwc 1>Lsn2n1n0

u = umax .100 mm
1>Ls ,
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the boundary, a second medium introduced into this region can couple into
the wave and provide a means of carrying away energy that otherwise would
return into the first medium. Thus, if bare optic fibers are packed closely to-
gether in a bundle, there is some leakage between fibers, a phenomenon
called cross talk in communications applications. The presence of cladding of
sufficient thickness prevents leakage, or, to put it more obliquely, negates the
frustration of total internal reflection.

The optic-fiber cores are assumed to be homogeneous in composition,
characterized by a single index of refraction Light is propagated through
them by multiple total internal reflections. Such fibers are called step-index
fibers because the refractive index changes discontinuously between core and
cladding. They are multimode fibers if they permit a discrete number of
modes (or ray directions) to propagate. When the fiber is thin enough so that
only one mode (a ray in the axial direction) satisfies this condition, the fiber
is said to be single-mode. Restrictions on possible modes will be described
later. Another type of fiber, the graded-index fiber, is produced with an index
of refraction that decreases continuously from the core axis as a function of
radius. All these types are discussed in the sections that follow.

5 ALLOWED MODES

Not every ray that enters an optical fiber within its acceptance cone can prop-
agate successfully through the fiber. Only certain ray directions or modes are
allowed. To see why, we consider the simpler case of a symmetric planar or
slab waveguide, shown in Figure 4. The waveguide core of index has a
 rectangular (rather than cylindrical) shape and is bounded symmetrically
above and below by cladding of index A sample ray is shown undergoing
two total internal reflections from the core-cladding interface at points A and B.
 Recalling that the ray represents plane waves moving up and down in the
waveguide, it is evident that such waves overlap and interfere with one
 another. Only those waves that satisfy a resonance condition are sustained.
Notice that points A and C lie on a common wavefront of such waves. If the
net phase change that develops between points A and C is some multiple of

then the interfering wavefronts experience constructive interference and
corresponding ray directions are allowed. The net phase change is made up of
two parts, the optical-path difference and the phase change that occurs
due to the two total reflections at points A and B. Thus, the self-sustaining
waves must satisfy the condition
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Figure 4 Section of a slab waveguide
showing a successfully propagating ray or
one of the possible modes. The geometry is
used to determine the condition for con-
structive interference.
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where m is an integer. The geometrical extensions denoted by the dashed
lines in Figure 4, identifying triangle make it evident that

(7)

so that the possible modes are given by

Now, since the second term is 1 at most and is typically negligible
compared with the first term. Thus, each successful mode of propagation in
the waveguide has an integer mode number m, related to a direction
and given by

(8)

For our present purposes, the precise number of allowable modes is not as im-
portant as the qualitative dependence of the mode order m on the fiber char-
acteristics. Notice that low-order modes—m small—correspond to or
ray directions that are nearly axial, and high-order modes—m large—corre-
spond to rays that propagate with near or at steeper ray angles. The total
number of propagating modes is the value of m when has its max-
imum value. This occurs at the critical angle, Since from Eq. (4),

we can write

(9)

We have added 1 to the total number of modes to account for the “straight-
through” mode at Finally, we should point out that, be-
cause two independent polarizations are possible for the propagating plane
wave, the total number of modes is twice that given by Eq. (9).

This analysis for the slab waveguide has served to elucidate the physical
reasons for mode restriction. The analysis giving the possible modes in a
cylindrical fiber is based on the same physical principles but is more compli-
cated and is not developed here. It can be shown4 that, in this case, the maxi-
mum mode number m is the largest integer that is less than the parameter

which is given by,

(10)

Notice that, as for the slab waveguide, the number of possible modes increas-
es with the ratio Thus, larger-diameter fibers are multimode fibers. If
is small enough to make the fiber allows only the axial mode to
propagate. This is the monomode (or single-mode) fiber. The required diame-
ter for single-mode performance is found by imposing the condition
on Eq. (10), giving
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4Amnon Yariv, Optical Electronics, 3d ed. (New York: Holt, Rinehart and Winston, 1985). Peter
K. Cheo, Fiber Optics Devices and Systems (Englewood Cliffs, N.J.: Prentice-Hall, 1985). Ch. 4.
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A more careful analysis indicates that single-mode performance results even
when

(11)

Example 1

Suppose an optical fiber (core index of 1.465, cladding index of 1.460) is
being used at Determine the diameter for single-mode per-
formance and the number of propagating modes when 

Solution

The N. A. is then and the required diameter
for single-mode performance is, using Eq. (11),

On the other hand, if the fiber is multimode with

giving the number of propagating modes according to Eq. (10).

6 ATTENUATION

The irradiance of light propagating through a fiber invariably attenuates due
to a variety of loss mechanisms that can be classified as extrinsic and intrinsic.
Among the extrinsic losses are inhomogeneities and geometric effects. Inho-
mogeneities whose dimensions are much greater than the optical wavelength
can result, for example, from inadequate mixing of the fiber material before
solidification and from an imperfect interface between core and cladding. Ex-
trinsic losses of a geometric nature include sharp bends in the fiber as well as
microbends, both of which cause radiation loss because the condition for
total internal reflection is no longer satisfied (see Figure 5). Other extrinsic
losses occur as light is coupled into and out of the fiber. At the fiber input end
there are losses due to the restrictions of numerical aperture, as well as losses
due to inevitable reflections at the interface, the so-called Fresnel losses. 
The radiation pattern and size of the light source may also be ill-adapted 
to the fiber end, reducing input efficiency. Of course, such losses also occur at
the output end, where the light from the fiber is fed to a detector. Still other
 losses become important over longer lines wherever connectors, couplers, or
splices are necessary. Losses can include mismatch of coupled fiber ends, in-
volving core diameter and lateral and angular alignment. Separation and nu-
merical aperture incompatibility are also possible and can lead to large losses
when not properly corrected.

Intrinsic losses are due to absorption, both by the core material and by
residual impurities, and by Rayleigh scattering from microscopic inhomo-
geneities, dimensionally smaller than the optical wavelength. The core material—
silica, in the case of glass fibers—absorbs in the region of its electronic and
molecular transition bands (see Figure 6). Strong absorption in the ultravio-
let occurs due to electronic and molecular bands. Absorption in the infra-
red is due to molecular vibrational bands. Both UV and IR absorption
decrease as wavelengths approach the visible region. Figure 6 shows a
 minimum of  absorption at around Residual impurities, such as the
transitional metal ions (Fe, Cu, Co, Ni, Mn, Cr, V) and, in particular, the hy-
droxyl (OH) ion, also contribute to absorption, the last producing significant
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Figure 5 Radiation loss from an optical
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occurs where the condition for total internal
reflection fails. Notice that in (b) the defect
is also responsible for mode coupling, in
this case a conversion from a lower to a
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absorption at 0.95, 1.23, and Rayleigh scattering, with its characteris-
tic dependence, occurs from localized variations in the density or refrac-
tive index of the core material. For example, an optical fiber transmitting at

rather than, say, 800 nm represents a seven-fold reduction in Rayleigh
scattering losses.

Absorption losses over a length L of fiber can be described by the usual
exponential law for light irradiance I,

(12)

where is an attenuation or absorption coefficient for the fiber, a function of
wavelength.5 For optical fibers, the defining equation for the absorption coef-
ficient in decibels per kilometer (db/km) is given by

(13)

where and refer to power levels of the light at two fiber cross sections
separated by 1 km, as illustrated in Figure 7. For example, if a particular
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5Since rays that strike the fiber wall at smaller angles of incidence travel a greater distance
through the same axial length L of the absorbing medium, is also a function of the angle of incidence.a
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fiber experiences a loss given by it means that only 32% of
the light energy launched into a 1-km-long fiber arrives at the other end.
(Negative values of indicate amplification, rather than attenuation!)
Dramatic advances have been made in reducing the absorption of fused sili-
ca so that today, fibers rated at 0.2 db/km (operating at ) are readily
available. Plastic fibers are less expensive but not nearly as transparent.
Their overall attenuation is at least an order of magnitude higher than for
glass. Glass fibers are therefore preferable in long-distance applications.
 Figure 8 illustrates spectral absorption in silica and plastic fibers.

7 DISTORTION

Light transmitted by a fiber may not only lose power by the mechanisms just
mentioned; it may also lose information through pulse broadening. When
input light is modulated to convey information, the signal waveform becomes
distorted due to several mechanisms to be discussed. The major causes of dis-
tortion include modal distortion, material dispersion, and waveguide disper-
sion, in order of decreasing severity.

Modal Distortion
Figure 9 indicates schematically the input of a square wave (a digital signal)
into a fiber. The output pulse at the other end suffers, in general, from both at-
tenuation and distortion. Modal distortion occurs because propagating rays
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(fiber modes) travel different distances in arriving at the output. Conse-
quently, these rays arrive at different times, broadening the square wave, as
shown. The shortest distance L from A to B is taken by the axial ray; the
longest distance from A to B is taken by the steepest propagating ray that
reflects repeatedly at the critical angle The distances L and are related,
as suggested by the geometry in Figure 9, by

Thus, the times of flight for the two rays taking the extreme paths between
points A and B differ by the time interval given by

where is the speed of light in the fiber core. Since this result is
conveniently expressed as a temporal pulse spread per unit length, in the form

(14)

Example 2

Suppose the fiber has a core index of 1.46 and a cladding index of 1.45.
Determine the modal distortion for this fiber.

Solution

Using Eq. (14),

The pulse broadens by 34 ns in each km of fiber.6

Clearly, this broadening effect limits the possible frequency of distinct
pulses. Modal distortion can be lessened by reducing the number of propa-
gating modes. Consequently, the best solution is to use a single-mode fiber,
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Figure 9 Symbolic representation of modal
distortion. Portions of a square wave input
pulse starting at point A arrive at the fiber
end B at different times, depending on the
path taken. Shown are the extreme paths: an
axial ray and one propagating at the critical
angle. The locations of the portions of the
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6Actual values are somewhat better than predicted by Eq. (14) due to mode coupling or mix-
ing (rays may switch modes in transit due to scattering mechanisms that, on the average, shift power
from higher and lower modes to intermediate ones) and due to preferential attenuation (higher
modes taking longer paths suffer greater attenuation and so contribute less to overall pulse spread-
ing). For longer distances, this leads to a modified dependence of the form, dt r 2L .
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with only one propagating mode. The next-best solution is to use a graded
index (GRIN) fiber, which is described next.

The Graded Index (GRIN) Fiber
A GRIN fiber is produced with a refractive index that decreases gradually
from the core axis as a function of radius. Figure 10 shows the GRIN fiber
profile, together with the profile of the ordinary step-index fiber for compari-
son. In the GRIN fiber, a process of continuous refraction bends rays of light,
as shown. Notice that at every point of the path, Snell’s law is obeyed on a mi-
croscopic scale. Ray containment now occurs by a process of continuous re-
fraction, rather than by total reflection. Refraction may not suffice to contain
rays making steeper angles with the axis, so GRIN fibers are also character-
ized by an acceptance cone. When the index profile is suitably adjusted, the
rays shown in Figure 10c form isochronous loops, an aspect of graded-index
fiber that is responsible for reducing modal distortion. Like ordinary fibers,
GRIN fibers are also cladded for protection.
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Figure 10 (a) Profile of a graded-index
(GRIN) fiber, showing a parabolic varia-
tion of the refractive index within the core.
(b) Profile of a step-index fiber, in which
the core index is constant and slightly
greater than that of the cladding. (c) Sever-
al ray paths within a GRIN fiber, showing
their self-confinement due to continuous
refraction.
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The variation of refractive index with fiber radius is given,7 in general, by

(15)

where and The parameter is chosen to
minimize modal distortion. For the profile has a triangular shape; for

it is parabolic; for higher values of the profile gradually approaches
its limiting case, the step-index profile, as Minimizing for all modes
requires a value of Thus, the parabolic profile shown in Figure 10 is
 optimum. It can be shown8 that for this case, pulse broadening is given approxi-
mately by

(16)

Comparing with modal distortion in the step-index fiber, Eq. (14), we can
write

The factor thus represents the improvement offered by a GRIN fiber. For
the example used previously, where and we have

The GRIN fiber reduces the pulse-broadening effect of modal
distortion in this case by a factor of 292.

Material Dispersion
Even if modal distortion is absent, some pulse broadening still occurs be-
cause the refractive index is a function of wavelength. Dispersion for a sili-
ca fiber is shown in Figure 11. Since no light source can be precisely
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7D. Gloge, and E. A. J. Marcatili, “Multimode Theory of Graded-Core Fibers,” Bell Syst. Tech.
J., Vol. 52 (Nov. 1973), 1563.

8Stewart E. Miller, Enrique A. J. Marcatili, and Li Tingye, “Research toward Optical-Fiber
Transmission Systems,” Proc. IEEE, Vol. 61, No. 12 (Dec. 1973): 1703.
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monochromatic, the light propagating in the fiber is characterized by a spread
of wavelengths determined by the light source. Each wavelength component
has a different refractive index and therefore a different speed through the
fiber. Pulse broadening occurs, in this case, because each wavelength compo-
nent arrives at a slightly different time. Light that is more monochromatic
suffers less distortion due to material dispersion. To be detected as a single
pulse, the output pulse must not spread to the extent of significant overlap
with neighboring pulses. Again, this requirement places a limitation on the
frequency of input pulses or the rate at which bits of information may be sent.

Figure 12 illustrates material dispersion by showing the progress of two
square pulses (initially coincident) in a fiber at wavelengths and If the
corresponding refractive indices are and the figure implies that

These wavelengths are but two in a continuum described by the
spectral width, of the source, usually chosen as the width of the source’s
spectral output at half-maximum, as shown.

¢l,
n1 7 n2 .

n1 n2 ,
l1 l2 .

I0
I0/2

l1

l

l

�l

�l

l2

Light
source

Figure 12 Symbolic representation of
 material dispersion. A square wave input
arrives at the fiber end at different times,
depending on wavelength. The spectral
 output of the light source is characterized
both by a central wavelength and a spec-
tral width ¢l.

l

Because the optical fiber is dispersive, we describe the speed of propa-
gation of a pulse by its group velocity, . The time required for a signal
of angular frequency to travel a distance L along the fiber is therefore
given by

If the signal bandwidth is the spread in arrival times per unit distance is
expressed by

Now the first derivative can be calculated from 
where n is a function of This gives

(17)

where we have used the proportion in the last step. Progress-
ing to the second derivative, we write

and substitute Eq. (17), giving
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or simply,

(18)

where M is a property of the core material defined by the prefactor,
involving the second derivative of the dispersion. From

Eq. (18), we see that M has the significance of a temporal pulse spread per
unit of spectral width per unit of fiber length. Values of M (in units of ps/nm-km)
for pure silica are given in Figure 13.

1l>c21d2n>dl22,

material dispersion: da
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Figure 13 Material dispersion in pure sili-
ca. The quantity M, representing the pulse
broadening (ps) per unit of spectral width
(nm) per unit of fiber length (km), is plotted
against the wavelength. Pulse broadening
becomes zero at and is negative as
wavelength increases further.

1.27 mm

Example 3

Using Figure 13, calculate the pulse spread due to material dispersion in
pure silica for both a LED and a LD light source. Consider the source wave-
length to be with a spectral width of 20 nm for the LED and 1 nm
for the more monochromatic LD.

Solution

At Figure 13 gives a value of near 100 ps/nm-km. Calculation then
gives

At the LD is 20 times better than the LED, as a direct result of its
superior monochromaticity.

Notice also that pulse broadening due to material dispersion is much
smaller than that due to modal distortion. Material dispersion therefore be-
comes significant only when modal distortion is greatly reduced, in both
single-mode and GRIN fibers. Consequently, in the presence of modal distor-
tion, the advantage of superior monochromaticity of a LD over a LED is lost.
In applications where fiber lengths are short enough, plastic fibers and LED

0.82 mm,

LD: d1t>L2 = 1100 ps>nm-km211 nm2 = 0.1 ns>km

LED: d1t>L2 = 1100 ps>nm-km2120 nm2 = 2 ns>km

0.82 mm,

0.82 mm,
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sources may well represent the best compromise between performance and
cost. Finally, notice from Figure 13 that M actually passes through zero at
around so that material dispersion can also be reduced by finding
light sources that operate in this spectral region.

We shall extend the previous numerical example to determine the band-
width limitation due to pulse spreading. Pulse distortion limits transmission
frequency and information rate in a way that we can roughly estimate. Let us
use as a reasonable criterion for successful discrimination between neighbor-
ing pulses that their separation be no less than half their period T:

where v is the frequency. It follows that the maximum frequency9

(19)

For the preceding numerical examples, we calculate an approximate band-
width, as follows:

Waveguide Dispersion
The last pulse-broadening effect to be discussed is called waveguide disper-
sion, a geometrical effect that depends on waveguide parameters. Compared
with modal distortion and material dispersion, waveguide dispersion is a small
effect that becomes important only when the other pulse-broadening effects
have been essentially eliminated. However, its presence is important in deter-
mining the wavelength at which net fiber dispersion is zero, as we shall see.

The variation of the refractive index with wavelength leads to material dis-
persion, as previously discussed. An effective refractive index for the guided
wave is defined by where is the group velocity. Waveguide dis-
persion leads to a variation of with for a fixed-diameter fiber, even in the
absence of material dispersion. It can be shown10 that Since
varies between 90° and and it follows that varies be-
tween (at ) and (at ). Thus, for an axial ray depends
only on the core index; for a ray at the critical angle, it depends only on the
cladding index. The variation of is quite small because is, in practice,
quite small. Figure 14 suggests waveguide dispersion, in the ray representation.
For a given mode, the angle between the ray and the fiber axis varies with
Thus, the ray paths and times for two different wavelengths also vary with
leading to pulse broadening.

The variation of with simulates material dispersion and can be
handled quantitatively by Eq. (18) by simply replacing n by 

(20)
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1.27 mm,

9This value corresponds approximately to the so-called 3-db bandwidth, the modulation fre-
quency at which the signal power is reduced by one-half due to signal distortion.

10Joseph C. Palais, Fiber Optic Communications (Englewood Cliffs, N.J.: Prentice-Hall, 1988).
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We can appreciate the relative contribution of material and waveguide dis-
persion by comparing values of M and In Figure 13, M ranges from about
165 to over the spectral range of 0.7 to Values of
for fused quartz over the same range are only about 1 to 4.5 ps/nm-km.11 For
example, the calculation carried out for material dispersion, using a LED
source at with gave a temporal pulse broaden-
ing of 2000 ps/km. For the same wavelength, giving a
pulse broadening of 2/100 times as great, or only 40 ps/km.

Figure 13 shows that M for material dispersion becomes zero at around
and then becomes negative for longer wavelengths. Waveguide dis-

persion, on the other hand, is always positive. Combination of the two thus
shifts the wavelength of zero net dispersion toward a longer wavelength of
about in a typical fiber. Sources operating at or near this wavelength
are thus ideal in reducing pulse broadening and increasing transmission rates.
In discussing attenuation earlier, we pointed out that minimum absorption in
silica fibers occurs at around The closeness of the wavelengths for
minimum absorption and minimum dispersion has motivated attempts to sat-
isfy both conditions by shifting the dispersion curve towards longer wave-
lengths, so that it passes through zero at instead of Means
of modifying the dispersion curve include the use of multiple cladding layers,
control of the core/cladding index difference, and variation of the profile
 parameter in GRIN fibers.

By way of summary, we have discussed three principal ways of reducing
pulse broadening in fibers: (1) use a single-mode fiber to eliminate modal dis-
tortion, (2) use a light source of small spectral width to reduce material
dispersion, and (3) use a light source operating in a spectral region where
both attenuation and dispersion are as small as possible. Clearly, the required
length of fiber and the cost of components play major roles in determining
the selection of the best system for a specific application.

8 HIGH-BIT-RATE OPTICAL-
FIBER COMMUNICATIONS

In previous sections we have discussed some of the limitations to high-bit-rate
transmission through optical fibers. We concluded that in order to transfer in-
formation at a high rate over long distances, a combination of source wave-
length and single-mode fiber that minimizes attenuation and distortion should
be used. Most fiber-optic communications systems in use today use semicon-
ductor sources that emit near 1550 nm in order to minimize the attenuation of
the optical signal. In this section, we discuss some of the components used in
high-bit-rate fiber-optic communication systems.

Wavelength-Division-Multiplexing
The information-carrying capacity of fiber-optic cables has been greatly in-
creased by the combination of time-division multiplexing (TDM) and

¢l

ap

M¿ = 2 ps>nm-km,
M = 100 ps>nm-km,0.82 mm,

M¿1.7 mm.-30 ps>nm-km
M¿.

1.31 mm.1.55 mm

1.55 mm.

1.31 mm

1.27 mm

�1

�2

Figure 14 Symbolic representation of
waveguide dispersion. A square wave input
arrives at the fiber end at different times,
depending on wavelength, even in a disper-
sionless medium. For any one mode, the
angle of propagation is a function of the
wavelength.

11Joseph C. Palais, Fiber Optic Communications (Englewood Cliffs, N.J.: Prentice-Hall, 1988).
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wavelength-division multiplexing (WDM). Time-division multiplexing is an
information encoding scheme that ensures that all time slots in a stream of
bits of information are used to full capacity. For example, a normal tele-
phone conversation includes many pauses in which no information is being
transmitted. Portions of other conversations can be carried in these pauses
in order to increase the carrying capacity of the system. A more dramatic
increase in carrying capacity results from wavelength-division multiplex-
ing, in which information is simultaneously carried in different wavelength
channels through the same fiber. A schematic of an optical communica-
tions system employing WDM is shown in Figure 15. As indicated in the
figure, carrier signals of different wavelengths originating from different
transmitters are combined by a multiplexer into a single optical fiber.
These signals are then separated back into the different wavelength chan-
nels by a demultiplexer before reaching separate receivers. Four different
wavelength channels are shown in Figure 15. Today, fibers carrying 40 dif-
ferent wavelength channels are common, and a combination of TDM and
WDM results in optical fibers systems with carrying capacities of more
than bits/s.1012

�1

�1, �2, �3, �4
�2

�3

�4

�1

�2

�3

�4

Multiplexer Demultiplexer

Fiber

Signal
transmitters

Signal
receivers

Figure 15 Fiber-optic communications
system using wavelength-division multi-
plexing.

12See, for example, Milorad Cvijetic, Optical Transmission Systems Engineering (Norwood, MA:
Artech House, Inc., 2004, Ch. 2).

Systems that utilize such a large number of wavelength channels are
sometimes said to employ dense wavelength-division multiplexing (DWDM).
A standard DWDM system might use 40 wavelength channels near 1550 nm.
The difference in wavelength between “adjacent” channels is typically about
0.8 nm. Such a system must meet several stringent design considerations. First,
sources with a stable wavelength output at each of the wavelengths used in
the different channels must be available. Indium gallium arsenide phosphide
 (InGaAsP) laser diodes can be engineered to emit near 1550 nm. Tuning these
lasers to emit in specific stable wavelengths that correspond to each of
the 40 channels is an engineering challenge that has been accomplished by a
variety of means.12 A second key breakthrough enabling the use of DWDM in
long-haul fibers was the discovery and development of erbium-doped fiber am-
plifiers (EDFA’s). Erbium atoms can be “doped” into sections of silica fiber.
When the erbium-doped fiber section is optically pumped, it serves as an am-
plifer for light near 1550 nm and so can be used to restore attenuated signal
strength. The gain bandwidth of an EDFA is about 35 nm, which is enough to
amplify some wavelength channels separated by 0.8 nm. Short sec-
tions of pumped erbium-doped fiber can be placed at widely spaced (100 km)
sections of a long-haul fiber-optic communications system. A third DWDM
 design challenge that has been met is the limiting of dispersion so that separat-
ing the wavelength channels by 0.8 nm provides isolation sufficient to prevent
cross talk between channels over long hauls. Finally, in order to use DWDM,

35>0.8 = 45
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efficient multiplexers and demultiplexers that can discriminate between and
combine or separate the different wavelength channels must be used. A variety
of multiplexing schemes exist: Here we discuss one based on the Mach-Zehnder
interferometer.

Mach-Zehnder Fiber Interferometers
We will show here that a Mach-Zehnder fiber interferometer can be used to
demultiplex (and multiplex) an optical signal containing a number of differ-
ent wavelength channels. Before doing so, we will briefly review the opera-
tion of a standard (mirror and beam splitter) Mach-Zehnder interferometer
emphasizing characteristics of importance to the present discussion. Such a
standard interferometer is depicted in Figure 16a. The interferometer consists
of two 50-50 beam splitters, BS1 and BS2, and two mirrors, M1 and M2. Con-
sider light entering the interferometer through the Input 1 “port” of BS1. This
light is split into two beams that travel the different paths, labeled Path 1 and
Path 2, respectively, before encountering BS2. To understand the operation of
the Mach-Zehnder interferometer, it is helpful to note that beam splitters
with real transmission coefficients must have the property that the reflection
coefficients from opposite sides of the beam splitter differ by a factor of

That is, the phase shifts upon reflection from opposite sides of the
beam splitter differ by In Figure 16a, reflection from the lower surface of
BS2 is taken to be , and that from the upper surface of BS2 is
taken to be The extra phase shift upon reflection
from the upper beam splitter surface ensures that when constructive interference
occurs in output port 1, destructive interference will occur in output port 2. This
behavior is required in order that the total energy exiting the interferometer
be the same as that entering the interferometer. Indeed, requiring energy
conservation in a Mach-Zehnder interferometer is one way to prove that
beam splitters with real transmission coefficients have reflection coefficients
from opposite surfaces that differ by a factor of (See problem 26.)

The Mach-Zehnder fiber interferometer shown in Figure 16b
operates by the same set of principles as the standard interferometer shown
in  Figure 16a. Light entering Input 1 of the fiber interferometer is split at a
four-port fiber coupler, FC1. The separate portions of the beams then travel
different paths before being recombined and directed into two different
output ports by the second fiber coupler, FC2. The fiber couplers FC1 and
FC2 function as beam splitters. If the light from Paths 1 and 2, of Figure 16b,
happens to constructively interfere upon combination into Output 1, it will
destructively interfere upon combination into Output 2. The difference in
path lengths can be controlled by a delay line (or a variety of phase shift
mechanisms) in one of the “arms” of the fiber interferometer. Figure 16b
shows a Mach-Zehnder fiber interferometer acting as a demultiplexer. Light
composed of two different (free-space) wavelength components andl1 l2

r2 = 1>12
r2

œ

= -1>12 = e ip>12.

-1.
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p.
-1 = eip.

(a) (b)
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BS2

Output 1
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r1 � 1
2

r2 � 1
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r�2 �� 1
2Figure 16 Standard and fiber Mach-Zehn-

der interferometers. (a) Standard Mach-
Zehnder interferometer with two mirrors, M1
and M2, and two 50-50 beam splitters. Reflec-
tion coefficients of the beam splitter surfaces
are indicated. (b) Mach-Zehnder fiber inter-
ferometer used as a wavelength demultiplex-
er. The four-port fiber couplers FC1 and FC2
act as beam splitters.
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enters the  interferometer through the port marked Input 1. To operate as a
demultiplexer, the difference in path lengths of the arms of the  Mach-Zehnder
fiber interferometer must be chosen so that light of wavelength construc-
tively interferes upon recombination into Output 1 while light of wavelength

constructively interferes upon recombination into Output 2. Let us assume
that light from Path 1 suffers no phase shift upon reflection into Output 1
while light from Path 2 suffers a phase shift upon reflection into Output 2.
Further, let us take the index of refraction of the fiber to be n so that the
wavelength of the two components in the fiber are and respective-
ly. In that case, light of free-space wavelength will constructively interfere
in the direction of Output 1 if the difference in path lengths of Path 1 and
Path 2, is given by

(21)

Under this condition, light of wavelength will not be present in Output 2.
Due to the extra phase shift upon reflection into Output 2, light of free-
space wavelength will constructively interfere in the direction of Output 2
if the path length difference differs by an odd multiple of the half-wave-
length of this component in the fiber. That is, for constructive interference of
light of free-space wavelength in Output 2,

(22)

Both Eqs. (21) and (22) must be satisfied for efficient demultiplexing.
These demultiplexing relations are explored in Example 4 and problem 28.

Example 4

Consider a Mach-Zehnder interferometer of the type just described and
illustrated in Figure 16b. Assume that the interferometer is designed to
 demultiplex two light signals of free-space wavelengths and

Assume that when a signal containing these two wavelength
components enters the interferometer through Input 1, the light compo-
nent exits the interferometer through Output 2 and the light component
exits the interferometer through Output 1.

a. Calculate the path length difference required to perform this task.
Assume that the index of refraction of the fiber is 

b. Through which output port would light of wavelength
exit?

c. Through which output port would light of wavelength
exit?

Solution

a. Solving Eq. (21) for the mode number m gives Using this

relation in Eq. (22) yields

Solving this expression for gives
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One might be tempted to accept this answer with no further analysis.
However, in fact, one must check to see if the mode number m associ-
ated with this answer is an integer. For the fortuitous case at hand, this
turns out to be the case since Eq. (21) gives

In general, the procedure used here to solve for only ensures that
Eqs. (21) and (22) are both satisfied for some value of m, not neces-
sarily an integer. This complication is explored in problem 28.

b. Light of wavelength satisfies the constructive interfer-
ence condition (Eq. (21)) for Output 1 since

is an integer. Thus, this wavelength, like would pre-
dominately exit Output 1.

c. Light of wavelength very nearly satisfies the construc-
tive interference condition (Eq. (22)) for Output 2 since

is very nearly an integer Thus, this wavelength, like
would predominately exit Output 2.

The results of Example 4 indicate that a large number of equally spaced
wavelength channels could be demultiplexed by a system of Mach-Zehnder
interferometers. Figure 17a shows three Mach-Zehnder fiber interferometers
(MZ1, MZ2, and MZ3) arranged to demultiplex a signal containing four dif-
ferent wavelength channels. Adding more Mach-Zehnder interferometers to
the chain would allow the system to demultiplex a signal containing a larger
number of wavelength channels. The system displayed in Figure 17b, in which
the directions of all the light fields in Figure 17a are simply  reversed, shows
clearly that an array of Mach-Zehnder interferometers can also serve a mul-
tiplexing function.

In this section, we have discussed but a few of the many and varied optical
engineering challenges encountered when developing a high-bit-rate fiber-
optic communications system. In later chapters, we will have occasion to
further discuss optical communications systems and the use of fiber-optic
components as optical switches and modulators. Optical fibers play an in-
creasingly important role in a wide array of optical systems.
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Figure 17 Array of Mach-Zehnder fiber
interferometers used to (a) demultiplex a
signal into four wavelength channels and
(b) multiplex four wavelength channels. The
arrays consist of three Mach-Zehnder inter-
ferometers, MZ1, MZ2, and MZ3.

PROBLEMS

1 The bandwidth of a single telephone channel is 4 kHz. In a par-
ticular telephone system, the transmission rate is 44.7 Mbps.
In an actual system, some channels are devoted to house-
keeping functions such as synchronization. In this system,
26 channels are so devoted. How many independent tele-
phone channels can the system accommodate?

2 Determine the limit to the number of TV station channels
that could transmit on a single optical beam of 
wavelength if
a. The entire bandwidth of the signal was used.
b. A bandwidth of is used. (This corresponds

to a typical DWDM system.)
4 * 1012 Hz

1¢n = n2

1.55 mm

264 Chapter 10



Fiber Optics

3 a. Referring to Figure 3, show that, for a guided ray travel-
ing at the steepest angle relative to the fiber axis, the skip
distance can be expressed by

b. How many reflections occur per meter for such a ray
in a step-index fiber with and

4 Refractive indices for a step-index fiber are 1.52 for the
core and 1.41 for the cladding. Determine (a) the critical
angle; (b) the numerical aperture; (c) the maximum inci-
dence angle for light that is totally internally reflected.

5 A step-index fiber 0.0025 in. in diameter has a core of index
1.53 and a cladding of index 1.39. Determine (a) the numer-
ical aperture of the fiber; (b) the acceptance angle (or maxi-
mum entrance cone angle); (c) the number of reflections in
3 ft of fiber for a ray at the maximum entrance angle, and
for one at half this angle.

6 a. Show that the actual distance a ray travels during one
skip distance is given by

where is the entrance angle and the fiber is used in air.

b. Show that the actual total distance a ray with en-
trance angle travels over a total length L of fiber is
given by

c. Determine and for a 10-m-long fiber of diame-
ter core index of 1.50, and a ray entrance angle of

7 How many modes can propagate in a step-index fiber with
and at 850 nm? The core radius is

8 Determine the maximum core radius of a glass fiber so that
it supports only one mode at wavelength, for which

and 

9 Consider a slab waveguide of AlGaAs for which
and How many independent modes can propagate
in this waveguide if and (See Figure 4.)

10 A signal of power exists just inside the entrance of a
fiber 100 m long. The power just inside the fiber exit is only

What is the absorption coefficient of the fiber in
db/km?

11 An optic-fiber cable 3 km long is made up of three 1-km
lengths, spliced together. Each length has a 5-db loss and each
splice contributes a 1-db loss. If the input power is 4 mW,
what is the output power?

12 The attenuation of a 1-km length of RG-19/U coaxial cable
is about 12 db at 50 MHz. Suppose the input power to the
cable is 10 mW and the receiver sensitivity is How
long can the coaxial cable be under these conditions? If op-
tical fiber is used instead, with a loss rated at 4 db/km, how
long can the transmission line be?

1 mW.

1 mW.

5 mW

d = 50l?d = 5l

n1 = 3.60
n2 = 3.55.

um

d = 50 mm?
n1 = 1.460, n2 = 1.457,
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2n1
2
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2
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n1L

1n1
2

- sin2 u21>2

u

xt

u
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n1d

sin u

xs

n1 = 1.460 n2 = 1.457.
1.25 mm

20 mm.
n1 = 1.461 n2 = 1.456

u = 10°.
50 mm,

xs , Ls , xt

13 A Ge-doped silica fiber has an attenuation loss of 1.2 db/km
due to Rayleigh scattering alone when light of wavelength

is used. Determine the attenuation loss at 

14 a. Show that the attenuation db/km is given by

where f is the overall fractional power loss from input to
output over a 1-km-long fiber.

b. Determine the attenuation in db/km for fibers having an
overall fractional power loss of 25%, 75%, 90%, and 99%.

15 Determine (a) the length and (b) transit time for the longest
and shortest trajectories in a step-index fiber of length 1 km
having a core index of 1.46 and a cladding index of 1.45.
(See Figure 9.)

16 Evaluate modal distortion in a fiber by calculating the differ-
ence in transit time through a 1-km fiber required by an axial
ray and a ray entering at the maximum entrance angle of 35°.
Assume a fused silica core index of 1.446. What is the maxi-
mum frequency of input pulses that produce nonoverlapping
pulses on output due to this case of modal dispersion?

17 Calculate the time delay between an axial ray and one that
enters a 1-km-long fiber at an angle of 15°. The core index
is 1.48.

18 Calculate the group delay between the fastest and slowest
modes in a 1-km-long step-index fiber with and a
relative index difference using a
light source at wavelength 

19 Plot the refractive index profile for a GRIN fiber of radius
and with and Do this for the pro-

file parameter and repeat for 

20 Calculate the delay due to modal dispersion in a 1-km
GRIN fiber with The maximum core index is 1.46
and the cladding index is 1.44. By what factor is this fiber an
improvement over a step-index fiber with and

21 Equation (19) allows calculation of bandwidth for distances
less than the equilibrium length of fiber (see footnote 10).
Assume an equilibrium length of 1 km and determine for
this fiber length the 3-db bandwidth of a step-index multi-
mode fiber whose pulse broadening is given by 20 ns/km.

22 Determine the material dispersion in a 1-km length of fused
silica fiber when the light source is (a) a LED centered at
820 nm with a spectral width of 40 nm and (b) a LD cen-
tered at 820 nm with a spectral width of 4 nm.

23 The total delay time due to both modal distortion and ma-
terial dispersion is given by

Determine the total delay time in a 1-km fiber for which
and 

24 Waveguide dispersion is measured in a silica fiber at various
wavelengths using laser diode sources with a spectral width
of 2 nm. The results are

n1 = 1.46, ¢ = 1%, l = 820 nm, ¢l = 40 nm.

1dt22 = 1dtmod2
2

+ 1dtmat2
2

dt

n2 = 1.44?
n1 = 1.46

ap = 2.

ap = 2 ap = 10.
50 mm n1 = 1.5 ¢ = 0.01.

0.9 mm.
¢ = 1n1 - n22>n2 = 0.003,

n1 = 1.46

adb = 110 db>km2 log1011 - f2

1.55 mm.0.90 mm
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0.70 1.88
0.90 5.02
1.10 7.08
1.40 8.40
1.70 8.80

d1t>L21ps>km2l1mm2

a. Plot the waveguide parameter versus in the range
0.70 to 

b. Determine the waveguide dispersion in ps/km at
and for a source with a spectral width

of 1 nm.

25 Compare pulse broadening for a silica fiber due to the three
principal causes—modal distortion, material dispersion,
and waveguide dispersion—in a step-index fiber. The core
index is 1.470 and the cladding index is 1.455 at 
Assume a LED source with a spectral width of 25 nm. The
values of the parameters M and are 43 ps/nm-km and
3 ps/nm-km, respectively.

a. Determine each separately by calculating for a 1-km
length of fiber.

b. Determine an overall broadening for a 1-km length of
fiber, using

26 Consider the Mach-Zehnder interferometer depicted in Fig-
ure 16a. Take the transmission coefficients of the beam split-

1dt22 = 1dtmod2
2

+ 1dtmat2
2

+ 1dtwg2
2

dt

dt

M¿

l = 1 mm.

1.55 mml = 1.27

1.70 mm.
lM¿

ters to be real. Find the irradiance of the light exiting each
of the output ports of the interferometer and show that the
sum of these output irradiances is equal to the input irradi-
ance.

27 a. Find the difference in frequency between two wave-
length channels near 1550 nm that differ in wavelength
by 0.8 nm.

b. Find the frequency bandwidth of a DWDM system
utilizing 40 wavelength channels near 1550 nm if the
channels are separated by 0.8 nm.

28 Consider a Mach-Zehnder fiber demultiplexer depicted in
Figure 16b. Assume that 

a. Find a difference in path length between the two arms of
the fiber interferometer that will efficiently demul -
tiplex a signal containing wavelength components 

and Assume that the com-
ponent exits through Output 1. (Take care to ensure that
your solution nearly satisfies both Eqs. (21) and (22) with
integer m.)

b. If the path length difference is as found from part (a),
through which output port would light of wavelength

exit the interferometer?
c. If the path length difference is as found from part (a),

find the ratio of the irradiances exiting through the two
output ports if the input signal has a wavelength of
1550.4 nm.

l3 = 1551.6 nm

l1l2 = 1550.0 nm.1550.8 nm
l1 =

¢L

n = 1.5000.

¢n
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INTRODUCTION

The wave character of light has been invoked to explain a number of phe-
nomena, classified as “interference effects”. In each case, two or more indi-
vidual coherent beams of light, originating from a single source and
separated by amplitude or wavefront division, were brought together again
to interfere. Fundamentally, the same effect is involved in the diffraction of
light. In its simplest description, diffraction is any deviation from geometrical
optics that results from the obstruction of a wavefront of light. For example,
an opaque screen with a round hole represents such an obstruction. On a
viewing screen placed beyond the hole, the circle of light may show complex
edge effects. This type of obstruction is typical in many optical instruments
that utilize only the portion of a wavefront passing through a round lens. Any
obstruction, however, shows detailed structure in its own shadow that is quite
unexpected on the basis of geometrical optics.

Diffraction effects are a consequence of the wave character of light. Even
if the obstacle is not opaque but causes local variations in the amplitude or
phase of the wavefront of the transmitted light, such effects are observed. Tiny
bubbles or imperfections in a glass lens, for example, produce undesirable
diffraction patterns when transmitting laser light. Because the edges of optical
images are blurred by diffraction, the phenomenon leads to a fundamental lim-
itation in instrument resolution. More often, though, the sharpness of optical
images is more seriously degraded by optical aberrations due to the imaging
components themselves. Diffraction-limited optics is good optics indeed.

The double slit studied previously constitutes an obstruction to a wave-
front in which light is blocked everywhere except at the two apertures. Recall
that the irradiance of the resulting fringe pattern was calculated by treating

Fraunhofer Diffraction

u u
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S2
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the two openings as point sources, or long slits whose widths could be treated
as points. A more complete analysis of this experiment must take into ac-
count the finite size of the slits. When this is done, the problem is treated as a
diffraction problem. The results show that the interference pattern deter-
mined earlier is modified in a way that accounts for the actual details of the
observed fringes.

Adequate agreement with experimental observations is possible through
an application of the Huygens-Fresnel principle. According to Huygens, every
point of a given wavefront of light can be considered a source of secondary
spherical wavelets. To this, Fresnel added the assumption that the actual field
at any point beyond the wavefront is a superposition of all these wavelets, tak-
ing into account both their amplitudes and phases. Thus, in calculating the dif-
fraction pattern of the double slit at some point on a screen, one considers
every point of the wavefront emerging from each slit as a source of wavelets
whose superposition produces the resultant field. This procedure then takes
into account a continuous array of sources across both slits, rather than two
isolated point sources, as in the interference calculation. Diffraction is often
distinguished from interference on this basis: In diffraction phenomena, the
interfering beams originate from a continuous distribution of sources; in inter-
ference phenomena, the interfering beams originate from a discrete number
of sources. This is not, however, a fundamental physical distinction.

A further classification of diffraction effects arises from the mathemati-
cal approximations possible when calculating the resultant fields. If both the
source of light and observation screen are effectively far enough from the dif-
fraction aperture so that wavefronts arriving at the aperture and observation
screen may be considered plane, we speak of Fraunhofer, or far-field, diffrac-
tion, the type treated in this chapter. When this is not the case and the curva-
ture of the wavefront must be taken into account, we speak of Fresnel, or
near-field, diffraction. In the far-field approximation, as the viewing screen is
moved relative to the aperture, the size of the diffraction pattern scales uni-
formly, but the shape of the diffraction pattern does not change. In the near-
field approximation, the situation is more complicated. Both the shape and
size of the diffraction pattern depend on the distance between the aperture
and the screen. As the screen is moved away from the aperture, the image of
the aperture passes through the forms predicted in turn by geometrical op-
tics, near-field diffraction, and far-field diffraction.

It should be stated at the outset that the Huygens-Fresnel principle we
shall employ to calculate diffraction patterns is itself an approximation. When
no light penetrates an opaque screen, it means that the interaction of the inci-
dent radiation with the electronic oscillators, set into motion within the screen,
is such as to produce zero net field beyond the screen. This balance is not
maintained at the edge of an aperture in the screen, where the distribution of
oscillators is interrupted. The Huygens-Fresnel principle does not include the
contribution to the diffraction field of the electronic oscillators in the screen
material at the edge of the aperture. Such edge effects are important, however,
only when the observation point is very near the aperture itself.

1 DIFFRACTION FROM 
A SINGLE SLIT

We first calculate the Fraunhofer diffraction pattern from a single slit, a rec-
tangular aperture characterized by a length much larger than its width. For
Fraunhofer diffraction, the wavefronts of light reaching the slit must be es-
sentially plane. In practice, this is easily accomplished by placing a source in
the focal plane of a positive lens or by simply using a laser beam with a small
divergence angle as the source. Similarly, we consider the observation screen
to be effectively at infinity by using a lens on the exit side of the slit, as shown
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P

f Figure 1 Construction for determining ir-
radiance on a screen due to Fraunhofer dif-
fraction by a single slit.

in Figure 1. Then the light reaching any point such as P on the screen is due to
parallel rays of light from different portions of the wavefront at the slit
(dashed line). According to the Huygens-Fresnel principle, we can consider
spherical wavelets to be emanating from each point of the wavefront as it
reaches the plane of the slit and then calculate the resultant field at P by
adding the waves according to the principle of superposition. As shown in
Figure 1, the waves do not arrive at P in phase. A ray from the center of the
slit, for example, has an optical-path length that is an amount shorter than
one leaving from a point a vertical distance s above the optical axis.

The plane portion of the wavefront in the slit opening represents a con-
tinuous array of Huygens’ wavelet sources. We consider each interval of
length ds as a source and calculate the result of all such sources by integrating
over the entire slit width b. Each interval contributes a spherical wavelet at P
whose magnitude is directly proportional to the infinitesimal length ds. Thus,

(1)

where r is the optical-path length from the interval ds to the point P. The am-
plitude has a 1/r dependence because spherical waves decrease in
irradiance with distance, in accordance with the inverse square law. That is,
for spherical waves the irradiance (which is proportional to the square of the
electric field amplitude) is proportional to and so the electric field am-
plitude of a spherical wave is proportional to 1/r. The proportionality con-
stant here taken to be constant, determines the strength of the electric
field contribution coming from each slit interval ds. Let us set for the
wave from the center of the slit (at ). Then, for any other wave originat-
ing at height s, taking the difference in phase into account, the differential
field at P is

(2)

Note that the quantity appears both in the amplitude factor and in the
phase factor. The path difference is much smaller than and so (to lowest
order) can be ignored in the amplitude factor. However, this path difference

¢ r0

r0 + ¢

dEp = a
EL ds

r0 + ¢

bei[k1r0 + ¢2-vt]
= a

EL ds

r0 + ¢

bei1kr0 -vt2eik¢

s = 0
r = r0

EL ,

1>r2

1EL ds>r2

dEp = a
EL ds

r
bei1kr -vt2

¢
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cannot be ignored in the phase factor. To understand why this is so, note
that So as varies by one wavelength, the phase varies
over an entire cycle of range Figure 1 shows that With these
modifications, Eq. 2 can be rewritten as

(3)

The total electric field at the point P is found by integrating over the width of
the slit. That is,

(4)

Integration gives

(5)

Inserting the limits of integration into Eq. (5),

(6)

The phases of the exponential terms suggest we make a convenient substitution,

(7)

Then,

(8)

where we have applied Euler’s equation to obtain the last equality. Simplify-
ing, we find

(9)

Thus, the amplitude of the resultant field at P, given by Eq. (9), includes the
sinc function where varies with and thus with the observation
point P on the screen. We may give physical significance to by interpreting
it as a phase difference. Since a phase difference is given in general by
Eq. (7) indicates a path difference associated with of
shown in Figure 1. Thus represents the magnitude of the phase difference,
at point P, between waves from the center and either endpoint of the slit,
where In the analysis leading to Eq. (9), we assumed that the field
strength associated with each slit interval ds was a constant. If the field
strength is not uniform across the slit, then the Fraunhofer diffraction pattern
is the Fourier transform of the function that describes the field strength at var-
ious points within the aperture.

The irradiance I at P is proportional to the square of the resultant field
amplitude there. The amplitude of the electric field given in Eq. (9) is
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Thus, we find the irradiance I to be

or

(10)

where includes all constant factors. Equations (9) and (10) now permit us
to plot the variation of irradiance with vertical displacement y from the sym-
metry axis at the screen. The sinc function has the property that it approach-
es 1 as its argument approaches 0:

(11)

Otherwise, the zeros of occur when that is, when

Equation (11) shows that the value should not be included in this con-
dition. The irradiance is plotted as a function of in Figure 2. Setting

the condition for zeros of the sinc function (and so of the irradi-
ance) is

(12)

Referring to Figure 1, note that the distance y from the center of the screen to
a point on the screen P located by the angle is given approximately by

where we have made the small angle approximation
On the screen, therefore, in accordance with Eqs. (11) and (12),

the irradiance is a maximum at and drops to zero at values
such that

(13)

The irradiance pattern is symmetrical about 
The secondary maxima of the single-slit diffraction pattern do not quite

fall at the midpoints between zeros, even though this condition is more nearly

y = 0.

ym �
mlf

b

lim
b:0

sinc1b2 = lim
b:0
a

sin b
b
b = 1

I0

I = I0a
sin2 b

b2 b K I0 sinc21b2

I = a
e0c

2
bE0

2
=
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2
a

ELb
r0
b

2 sin2 b

b2

ymu = 0 1y = 02
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u
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2 Figure 2 Sinc function (solid line) plotted

as a function of The normalized irradiance
function (dashed line) for single-slit
Fraunhofer diffraction is the square of
sinc1b2.
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b.
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approached as increases. The maxima coincide with maxima of the sinc
function, which occur at points satisfying

or An angle equals its tangent at intersections of the curves
and both plotted in Figure 3. Intersections, excluding
occur at (rather than ), (rather than ),

(rather than ), and so on. The plot clearly shows that intersection points
approach the vertical lines defining midpoints more closely as increases.
Thus, in the irradiance plot of Figure 2, secondary maxima are skewed slight-
ly away from the midpoints toward the central peak. Most of the energy of
the diffraction pattern falls under the central maximum, which is much larger
than the adjoining maximum on either side.

Example 1

What is the ratio of irradiances at the central peak maximum to the first of
the secondary maxima?

Solution

The ratio to be calculated is

Thus the maximum irradiance of the nearest secondary peak is only 4.7%
that of the central peak.

b

= a
b2

sin2 b
b

1.43p
=

20.18
0.952

= 21.2

Ib= 0

Ib= 1.43p
=

1sin2 b>b22b= 0

1sin2 b>b22b= 1.43p
=

1

1sin2 b>b22b= 1.43p

b
3.5p

3.47p2.5p2.46p1.5p1.43pb = 0,
y = tan b,y = b

b = tan b.

d

db
a

sin b
b
b =

b cos b - sin b

b2 = 0

p 2p 3p
b

y

b � 3.47 p

b � 2.46 p

b � 1.43 p

y � b

y � tan b

Figure 3 Intersections of the curves
and determine the angles

at which the sinc function is a maximum.b

y = tan by = b
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The central maximum represents essentially the image of the slit on a
distant screen. We observe that the edges of the image are not sharp but re-
veal a series of maxima and minima that tail off into the shadow surrounding
the image. These effects are typical of the blurring of images due to diffrac-
tion and will be seen again in other cases of diffraction to be considered. The
angular width of the central maximum is defined as the angle between the
first minima on either side. Using Eq. (12) with and approximating

by we get

(14)

From Eq. (14), it follows that the central maximum will spread as the slit
width is narrowed. Since the length of the slit is very large compared to its
width, the diffraction pattern due to points of the wavefront along the length
of the slit has a very small angular width and is not prominent on the screen.
Of course, the dimensions of the diffraction pattern also depend on the wave-
length, as indicated in Eq. (14).

2 BEAM SPREADING

According to Eq. (14), the angular spread of the central maximum in the
far field is independent of distance between aperture and screen. The linear
dimensions of the diffraction pattern thus increase uniformly with distance L,
as shown in Figure 4, such that the width W of the central maximum is given by

(15)

We may describe the content of Eq. (15) as a linear spread of a beam of light,
originally constricted to a width b. Indeed, the means by which the beam is
originally narrowed is not relevant to the nature of the diffraction pattern
that occurs. If one dispenses with the slit in Figure 4 and merely assumes an
original beam of constant irradiance across a finite width b, all our results fol-
low in the same way. After collimation, a “parallel” beam of light spreads just
as if it emerged from a single opening.

¢u =

2l
b

u,sin u
m = ;1

¢u

W = L ¢u =

2Ll

b

¢u

b

l

�u �

W1
W2

2l
b

W � 2Ll
b

�u

L1

L2

Figure 4 Spread of the central maximum
in the far-field diffraction pattern of a sin-
gle slit.
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1A laser beam usually does not have constant irradiance across its diameter. In its funda-
mental mode, the transverse profile is a Gaussian function. Still, its spread formula is essentially that of
Eq. (14) with the beam diameter replacing b and the constant factor of 2 replaced by In
comparing formulas for divergence angles, care must be taken to distinguish between the full angu-
lar spread illustrated in Figure 4 and the half-angle spread.

2Many practitioners in the field of high-energy lasers use the far-field criterion, (area
of aperture)>l.

L 7 100

4>p � 1.27.

Example 2

Imagine a parallel beam of 546-nm light of width propagating
a distance of 10 m across the laboratory. Estimate the final width W of the
beam due to diffraction spreading.

Solution

Using Eq. (15),

Even highly collimated laser beams are subject to beam spreading as
they propagate, due to diffraction. It is a fundamental consequence of the
wave nature of light that beams of finite transverse extent must spread as
they propagate.

The beam spreading described by Eq. (14) is valid for a rectangular
aperture of width much less than its length. As we show in the next section,
the spreading due to diffraction from a circular aperture follows a form simi-
lar to Eq. (14) but with the replacement of the width b of the slit by the di-
ameter D of the circular aperture and with the replacement of the
wavelength by the factor Furthermore, one must keep in mind that
this treatment assumes a plane wavefront of uniform irradiance.1 The spread-
ing described by Eq. (15) has been deduced on the basis of Fraunhofer, or far-
field, diffraction, which means here that L must remain reasonably large. If L
is taken small enough, for example, the equation predicts a beam width less
than b, contrary to assumption. Evidently L must be larger than some mini-
mum value, which gives a beam width that is,

We may conclude that we are in the far field when

A more general approach leads to the commonly stated criterion for far-field
diffraction in the form2

(16)

3 RECTANGULAR AND 
CIRCULAR APERTURES

We have been describing diffraction from a slit having a width b much
 smaller than its length a, as illustrated in Figure 5a. When both dimensions of

b = 0.5 mm

L �
area of aperture

l

W =

2Ll

b
=

2110 m21546 * 10-9 m2

0.5 * 10-3 m
= 0.0218 m = 21.8 mm

L �
b2

l

Lmin =

b2

2l

W = b,Lmin ,

1.22l.l
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the slit are comparable and small, each produces appreciable spreading, as il-
lustrated in Figure 5b. For the aperture dimension a, we write analogously, for
the irradiance, as in Eq. (10),

(17)

The two-dimensional pattern now gives zero irradiance for points x, y satis-
fied by either

where both m and n represent nonzero integral values. The irradiance over
the screen turns out to be just a product of the irradiance functions in each di-
mension, or

(18)I = I01sinc2 b21sinc2 a2

ym =

mlf

b
or xn =

nlf
a

I = I0a
sin a
a
b

2

where a K a
k

2
ba sin u

a

y

x

b

ScreenSlit aperture

(a)

yb

a

x

ScreenRectangular
aperture

(b)

(c) (d)

Figure 5 (a) Single-slit diffraction. Only the small dimension b of a long, narrow
slit causes appreciable spreading of the light along the x-direction on the screen.
(b) Rectangular aperture diffraction. Both dimensions of the rectangular aperture
are small and a two-dimensional diffraction pattern is discernible on the screen.
(c) Photograph of the diffraction image of a rectangular aperture with as in
the representation of Figure 5a. (d) Photograph of the diffraction image of a rectan-
gular aperture with as in the representation of Figure 5b. (Both photos are
from M. Cagnet, M. Francon, and J. C. Thrierr, Atlas of Optical Phenomenon, 
Plate 17, Berlin: Springer-Verlag, 1962.)

b = a,

b 6 a,
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In calculating this result, the single integration over one dimension of the slit is
replaced by a double integration over both dimensions of the aperture. Pho-
tographs of single-aperture diffraction patterns for rectangular and square
apertures are shown in Figure 5c and d.

When the aperture is circular, the integration is over the entire area of
the aperture since both vertical and horizontal dimensions of the aperture
are comparable. Equation (4), which describes the total electric field at point
P of Figure 1 due to single-slit diffraction, can be modified to describe dif-
fraction from a circular aperture. The required modification involves the 
replacement of the incremental electric field amplitude by
and the conversion of the integral over the slit width to an integral over the
aperture area. Here, is a constant factor (with “units” of electric field per
unit length) that determines the strength of the electric field in the aperture
and dA is the elemental area of the aperture. The electric field at P (as in 
Figure 1) due to diffraction through a circular aperture can then be written as

We take a rectangular strip of area as the elemental area of inte-
gration, shown in Figure 6. Using the equation of a circle, we calculate the
length x at height s to be given by

where R is the aperture radius. The preceding integral can then be rewritten,
leading to

The integral takes the form of a standard definite integral upon making the
substitutions and 

The integral has the value

where is the first-order Bessel function of the first kind, expressible by
the infinite series

As can be verified from this series expansion, the ratio has the limit
as Thus, the circular aperture requires, instead of the sine function for
the single slit, the Bessel function which oscillates somewhat like the sine
function, as shown in the plot of Figure 7. One important difference is that
the amplitude of the oscillation of the Bessel function decreases as its argu-
ment departs from zero.
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276 Chapter 11



Fraunhofer Diffraction

J1 (g)

5 10
g

Figure 7 A plot of the Bessel function
vs. The first few zeroes of the

Bessel function occur at 
and g = 7.016,
g = 0, g = 3.832,

g = 10.173, g = 13.324.

g.J11g2

The irradiance for a circular aperture of diameter D can now be written as

(19)

where is the irradiance at or at The equations should be com-
pared with those of Eq. (17) to appreciate the analogous role played by the
Bessel function. Like (sin x)/x, the function approaches a maximum
as x approaches zero, so that the irradiance is greatest at the center of the pat-
tern (In fact, tends to as x tends to zero, so the irradiance
tends to as tends to zero.) The pattern is symmetrical about the optical
axis through the center of the circular aperture and has its first zero when

as indicated in Figure 8a and b. Thus, the irradiance first falls to
zero when

(20)

The irradiance pattern of Eq. (19) is plotted in Figure 8a. The first few ze-
roes, and maxima of the normalized irradiance are list-
ed in Figure 8b. The pattern is similar to that of Figure 2 for a slit, except
that the pattern for a circular aperture has rotational symmetry about the
optical axis. A photograph is shown in Figure 8c. The central maximum is a
circle of light, the diffracted “image” of the circular aperture, and is called
the Airy disc. Equation (20) should be compared with the analogous equa-
tion for the narrow rectangular slit, We see that for
the first minimum in the slit pattern is replaced by the number 1.22 in the
case of the circular aperture. Successive minima are determined in a simi-
lar way from other zeros of the Bessel function, as indicated in the table in
Figure 8b.

Note that the far-field angular radius (i.e., the angular half-width) of the
Airy disc, according to Eq. (20), is very nearly

(21)

In Example 3, the beam spread from a circular aperture is compared with
that from a single slit.

I = I0a
2J11g2

g
b

2

, where g K
1
2 kD sin u

¢u1>2 =

1.22l
D

ml = b sin u. m = 1

I>I0 = 12J11g2>g2
2

g = a
k

2
bD sin u = 3.832 or when D sin u = 1.22l

g = 3.832,

I0 g
1u = 02. J11x2>x

1�2

I0 g: 0 u = 0.

J11x2>x
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Example 3

Find the diameter of the Airy disc at the center of the diffraction pattern
formed on a wall at a distance from a uniformly illuminated cir-
cular aperture of diameter Assume that the illuminating light
has wavelength of Compare the beam spread to that from the
slit of width of Example 2.

Solution

The angular radius of the Airy disc is found using Eq. 21,

The radius of the Airy disc is then found using an argument similar to
that used in Figure 4 for single-slit diffraction,

rd = L ¢u1>2 = 110 m211.33 * 10-32 = 0.013 m = 13 mm

L = 10 m

b = 0.5 mm
l = 546 nm.

D = 0.5 mm.

rd

¢u1>2 =

1.22l
D

=

1.221546 * 10-9 m2

5 * 10-4 m
= 1.33 * 10-3 rad

I

I0

�5 5

g � D sin uk
2

(a) (c)

(b)

1st Maximum

1st Zero

2nd Maximum

2nd Zero

3rd Maximum

3rd Zero

4th Zero

4th Maximum

0 1

0

0

0

0

0.0175

0.00416

0.00160

� I/I0 � (2J1 (g)/g)2

3.832

5.136

7.016

8.417

10.173

11.620

13.324

Figure 8 Circular aperture diffraction pattern. (a) Irradiance of
the diffraction pattern of a circular aperture. By far the largest amount of light ener-
gy is diffracted into the central maximum. (b) The first few zeroes and maxima of
the normalized irradiance (c) Diffraction image of a circular
aperture. The circle of light at the center corresponds to the zeroth order of diffrac-
tion and is known as the Airy disc. (From M. Cagnet, M. Francon, and J. C. Thrierr,
Atlas of Optical Phenomenon, Plate 16, Berlin: Springer-Verlag, 1962.)

I>I0 = 12J11g2>g2
2.

I = I012J11g2>g2
2
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The diameter of the Airy disc is, then,

The beam spread is comparable to, but slightly more than, that from the sin-
gle slit of Example 2, where W was found to be near 22 mm.

4 RESOLUTION

In forming the Fraunhofer diffraction pattern of a single slit, as in Figure 1,
we notice that the distance between slit and lens is not crucial to the details of
the pattern. The lens merely intercepts a larger solid angle of light when the
distance is small. If this distance is allowed to go to zero, aperture and lens co-
incide, as in the objective of a telescope. Thus, the image formed by a tele-
scope with a round objective is subject to the diffraction effects  described by
Eq. (19) for a circular aperture. The sharpness of the image of a distant point
object—a star, for example—is, then, limited by diffraction. The image occu-
pies essentially the region of the Airy disc. An eyepiece viewing the primary
image and providing further magnification merely  enlarges the details of the
diffraction pattern formed by the lens. The limit of resolution is already set in
the primary image. The inevitable blur that diffraction produces in the image
restricts the resolution of the instrument, that is, its ability to provide distinct
images for distinct object points, either physically close together (as in a
 microscope) or separated by a small angle at the lens (as in a telescope).
Figure 9a illustrates the diffraction of two point objects and formed S2S1

Dd

Dd = 2rd = 26 mm

u u

S1

S2

(a)

(b) (c)

Figure 9 (a) Diffraction-limited images of
two point objects formed by a lens. As long as
the Airy discs are well separated, the images are
well resolved. (b) Separated images of two inco-
herent point sources. In this diffraction pattern,
the two images are well resolved. (c) Image of a
pair of incoherent point sources at the limit of
resolution. (Reproduced by permission from
“Atlas of Optical Phenomena”, 1962, Michael
Cagnet, Maurice Franco and Jean Claude Thri-
err; Plate 12. Copyright © Springer-Verlag
GmbH & Co KG. With Kind Permission of
Springer Science and Business Media.)
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u

�umin

Figure 10 Rayleigh’s criterion for just-re-
solvable diffraction patterns. The dashed
curve is the observed sum of independent
diffraction peaks.

by a single lens. The point objects and the centers of their Airy discs are both
separated by the angle If the angle is large enough, two distinct images will
be clearly seen, as shown in the photograph of Figure 9b. Imagine now that
the objects and are brought closer together. When their image patterns
begin to overlap substantially, it becomes more difficult to discern the
 patterns as distinct, that is, to resolve them as belonging to distinct object
points. A photograph of the two images at the limit of resolution is shown in 
Figure 9c.

Rayleigh’s criterion for just-resolvable images—a somewhat arbitrary
but useful criterion—requires that the angular separation of the centers of
the image patterns be no less than the angular radius of the Airy disc, as in
Figure 10. In this condition, the maximum of one pattern falls directly over
the first minimum of the other. Thus, for the limit of resolution, we have, using
Eq. (21),

(22)

where D is now the diameter of the lens. In accordance with this result, the
minimum resolvable angular separation of two object points may be reduced
(the resolution improved) by increasing the lens diameter and decreasing the
wavelength.

We consider several applications of Eq. (22), beginning with the follow-
ing example.

Example 4

Suppose that each lens on a pair of binoculars has a diameter of 35 mm. How
far apart must two stars be before they are theoretically resolvable by either
of the lenses in the binoculars?

Solution

According to Eq. (22),

or about of arc, using an average wavelength for visible light. If the stars
are near the center of our galaxy, a distance, d, of around 30,000 light-years,
then their actual separation s is approximately

To get some appreciation for this distance, consider that the planet Pluto at
the edge of our solar system is only about 5.5 light-hours distant. If the
stars are being detected by their long-wavelength radio waves—the lenses
being replaced by dish antennas—the resolution must, by Eq. (22), be
much less.

If the lens is the objective of a microscope, as indicated in Figure 11, the
problem of resolving nearby objects is basically the same. Making only
rough estimates, we shall ignore the fact that the wavefronts striking the
lens from nearby object points A and B are not plane, as required in far-field

s = d ¢umin = 130,000211.92 * 10-52 = 0.58 light-years

4–

1¢u2min =

1.221550 * 10-92

35 * 10-3 = 1.92 * 10-5 rad

1¢u2min =

1.22l
D

S1 S2

u.
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diffraction equations. The minimum separation, of two just-resolved
objects near the focal plane of the lens of diameter D is then given by

The ratio D/f is the numerical aperture, with a typical value of 1.2 for a
good oil-immersion objective. Thus,

The resolution of a microscope is roughly equal to the wavelength of light
used, a fact that explains the advantage of ultraviolet, X-ray, and electron mi-
croscopes in high-resolution applications. Know that some techniques used in
near-field microscopy allow one to surpass the diffraction-limited resolution
just discussed.

The limits of resolution due to diffraction also affect the human eye,
which may be approximated by a circular aperture (pupil), a lens, and a
screen (retina), as in Figure 12. Night vision, which takes place with large,
adapted pupils of around 8 mm, is capable of higher resolution than daylight
vision. Unfortunately, there is not enough light to take advantage of the situ-
ation! On a bright day the pupil diameter may be 2 mm. Under these condi-
tions, Eq. (22) gives for an average wavelength of
550 nm. Experimentally, one finds that a separation of 1 mm at a distance of
about 2 m is just barely resolvable, giving about 1.5
times the theoretical limit. One’s own resolution (visual acuity) can easily be
tested by viewing two lines drawn 1 mm apart at increasing distances until
they can no longer be seen as distinct. It is interesting to note that the theoret-
ical resolution just determined for a 2-mm-diameter pupil is consistent with
the value of of arc used by Snellen to characterize normal
visual acuity.

5 DOUBLE-SLIT DIFFRACTION

The diffraction pattern of a plane wavefront that is obstructed everywhere
except at two narrow slits is calculated in the same manner as for the single
slit. The mathematical argument departs from that for the single slit with Eq.
(4). Here, the limits of integration covering the apertures of the two slits be-
come those indicated in Figure 13.

xmin ,

xmin = f ¢umin = fa
1.22l

D
b

1¿ 129 * 10-5 rad2

1¢u2min = 50 * 10-5 rad,

1¢u2min = 33.6 * 10-5 rad,

xmin � l

xmin

A

B

f

�umin
Radius of
Airy disk

Figure 11 Minimum angular resolution of
a microscope.

Pupil
Retina

I2

I1

�umin

Figure 12 Diffraction by the eye with
pupil as aperture limits the resolution of
objects subtending angle ¢umin .

a � b
2 a � b

2

b

b

a

Figure 13 Specification of slit width and
separation for double-slit diffraction.
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We find

(23)

Integration and substitution of the limits leads to

Reintroducing the substitution of Eq. (7), involving the slit width b,

(24)

and a similar one involving the slit separation a,

(25)

our equation is written more compactly as

Employing Euler’s equation,

Finally,

(26)

The amplitude of this electric field is

so that the irradiance at point P in the double-slit diffraction pattern is

or

(27)

where

I0 = a
e0c

2
b a

ELb
r0
b

2

EP =

EL

r0
ei1kr0 -vt2

L

-11>221a - b2

-11>221a + b2
eisk sin u ds +

EL

r0
ei1kr0 -vt2

L

11>221a + b2

11>221a - b2
eisk sin u ds

I = 4I0a
sin b
b
b

2

cos2 a

I = a
e0c

2
bE0

2
= a
e0c

2
b a

2ELb
r0
b

2

a
sin b
b
b

2

cos2 a

E0 =

EL

r0

2b sin b
b

cos a

EP =

EL

r0
ei1kr0 -vt2 2b sin b

b
cos a

EP =

EL

r0
ei1kr0 -vt2 b

2ib
12i sin b212 cos a2

EP =

EL

r0
ei1kr0 -vt2 b

2ib
[eia1eib

-e-ib2+e-ia1eib
-e-ib2]

a K
1
2 ka sin u

b K
1
2 kb sin u

+e11>22ik1a + b2 sin u
-e11>22ik1a - b2 sin u]

EP =

EL

r0
ei1kr0 -vt2 1

ik sin u
[e11>22ik1-a + b2 sin u

-e11>22ik1-a - b2 sin u
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as defined in Eq. (10) for the single slit. Since the maximum value of 
Eq. (27) is we see that the double slit provides four times the maxi-
mum  irradiance in the pattern center as compared with the single slit. This
is  exactly what should be expected where the two beams are in phase and
amplitudes add.

On closer inspection of Eq. (27), we find that the irradiance is just a
product of the irradiances found for double-slit interference and single-slit
diffraction. The factor is that of Eq. (10) for single-slit diffrac-
tion. The factor, when is written out as in Eq. (25), is

The sinc and cosine factors of Eq. (27) are plotted in Figure 14a for the case
or Because the factor varies more rapidly than

the factor. The product of the sine and cosine factors may be con-
sidered a modulation of the interference fringe pattern by a single-slit diffrac-
tion envelope, as shown in Figure 14b. The diffraction envelope has a minimum

4I0 ,

1sin2 b2>b2
a = 6b. a 7 b, cos2 a

[1sin b2>b]2

cos2 a a

cos2 a = cos2 c
ka1sin u2

2
d = cos2 c

pa1sin u2

l
d

a = 6b

4I0

(b)

6p 12p
a

2p0 0

(a)

4p 6p
p

8p 10p12p a
b2p

b2

sin2 b
cos2 a

(c) (d)

Figure 14 (a) Interference (solid line) and diffraction (dashed line) functions plot-
ted for double-slit Fraunhofer diffraction when the slit separation is six times the slit
width (b) Irradiance for the double slit of (a). The curve represents the
product of the interference and diffraction factors. (c) Diffraction pattern due to a
single slit. (d) Diffraction pattern due to a double-slit aperture, with each slit of
width b like the one that produced (c), but with a/b unspecified. (Both photos are
from M. Cagnet, M. Francon, and J. C. Thrierr, Atlas of Optical Phenomenon, Plate
18, Berlin: Springer-Verlag, 1962.)

1a = 6b2.
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when with as shown. In terms of the spatial angle
this condition is

(28)

as in Eq. (12). When these minima happen to coincide with interference
fringe maxima, the fringe is missing from the pattern. Interference maxima
occur for with or when

(29)

When the conditions expressed by Eqs. (28) and (29) are satisfied at the same
point in the pattern (same ), dividing one equation by the other gives the
condition for missing orders.

(30)

or

Thus, when the slit separation is an integral multiple of the slit width, the con-
dition for missing order is met exactly. For example, when then

gives the missing orders of interference. For the
case plotted in Figure 14a and b, and the missing orders are those for
which and so on. Figure 14c and d contains photographs of a
single-slit pattern and a double-slit pattern with the same slit width. (What is
the ratio of a/b in this case? Would a ratio of fit the pattern shown?)
Evidently, when and N is large, the first missing order at is
far from the center of the pattern. To produce a simple Young’s interference
pattern for two slits, one accordingly makes so that N is large. A large
number of fringes then fall under the central maximum of the diffraction
 envelope. As a trivial but satisfying case, observe that when Eq. (30)
requires that all orders (except ) are missing. These dimensions cannot
be satisfied, however, unless the two slits have merged into one and are un-
able to produce interference fringes. When the resulting pattern is, of
course, that of a single slit.

6 DIFFRACTION FROM MANY SLITS

For an aperture of multiple slits (a grating), the integrals of Eq. (23), together
with Figure 13, are extended by integrating over N slits. The individual slits are
identified by the index j in the following expression for the resultant amplitude:

(31)

As j increases, pairs of slits symmetrically placed below (first integral) and
above (second integral) the origin are included in the integration. When

for example, Eq. (31) reduces to the double-slit case, Eq. (23). When
the next two slits are included, whose edges are located at

b = mp, m = ;1, ;2, Á , u,

j = 2,
j = 1,

a = b,

p = 0
a = b,

a � b

p = ;Na = Nb
a>b = 9

p = ;6, ;12,
a = 6b,

p = 2m = ;2, ;4, ;6, Á

a = 2b,

diffraction minima: ml = b sin u

a = pp, p = 0, ;1, ;2, Á ,

interference maxima: pl = a sin u

EP =

EL

r0
ei1kr0 -vt2

a
N>2

j = 1
e
L

[-12j - 12a + b]>2

[-12j - 12a - b]>2
eisk sin u ds +

L

[12j - 12a + b]>2

[12j - 12a - b]>2
eisk sin u ds f

a = a
p
m
bb

condition for missing orders: a = a
p
m
bb

u
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3This expression is adapted to N even. For N large, one need not be concerned about the par-
ity of N. For N small, however, N odd can be handled by taking the origin at the center of the central
slit. This approach is left to the problems.

and below the origin and and 
above the origin.3 When all slits are accounted for.

Let us first concentrate on the integrals contained within the curly
brackets, which we shall refer to as K, temporarily. After integration and sub-
stitution of limits, we get

Using Eqs. (24) and (25) again for and 

With the help of Euler’s equation, this can be written as

or

where we have expressed the cosine as the real part of the corresponding
exponential. Returning to Eq. (31), we need next the sum S:

Expanding the sum, we find

The series in brackets is a geometric series whose first term a and ratio r can
be used to find its sum, given by

Using Euler’s equation, this can be recast into the form

whose real part is Then,

1
21-3a - b2 1

21-3a + b2 1
213a - b2 1

213a + b2

j = N>2,

S = b
sin b
b

sin Na

sin a

K =

1
ik sin u

5e-ik sin u[12j - 12a - b]>2
-e-ik sin u[12j - 12a + b]>26

1sin Na2>12 sin a2.

1cos Na - 12 + i sin Na

2i sin a
=

i1cos Na - 12 - sin Na

-2 sin a

aa
rn

- 1
r - 1

b = eia c
1e2ia2N>2 - 1

e2ia
- 1

d =

eiNa
- 1

eia
- e-ia

S = 2b
sin b
b

Re [eia
+ei3a

+ei5a
+

Á
+ei1N - 12a]

S = 2b
sin b
b

Re a
N>2

j = 1
ei12j - 12a

K = 2b
sin b
b

Re [ei12j - 12a]

+

1
ik sin u

5eik sin u[12j - 12a + b]>2
-eik sin u[12j - 12a - b]>26

a b,

K =

b

2ib
[e-i12j - 12a1eib

-e-ib2 + ei12j - 12a1eib
-e-ib2]

K =

b

2ib
12i sin b252 cos[12j - 12a]6
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and

As before, the irradiance is proportional to the square of the field amplitude,

(32)

where includes all the constants, the first set of brackets encloses the dif-
fraction factor, and the second set of brackets encloses the interference
factor.

Although derived here for an even number N of slits, the result ex-
pressed by Eq. (32) is valid also for N odd (see problem 21). When and

Eq. (32) reduces to the results obtained previously for single- and
double-slit diffraction, respectively. By now we are familiar with the factor in

representing the diffraction envelope of the resultant irradiance. Let us
 examine the factor which evidently describes interference
between slits. When or some multiple of the expression reduces to
an indeterminate form. We can show, in fact, that for such values, the expres-
sion is a maximum. Employing L’Hôpital’s rule for any 

Thus, the interference factor in Eq. (32) describes a series of sharp irradi-
ance peaks (principal maxima). The irradiance at a principal maximum is
proportional to and the principal maxima are centered at values for
which and so on. For the case four such
peaks, at and are shown in Figure 15a. In between suc-
cessive peaks there are shown secondary peaks. The diffraction
factor in Eq. (32) is plotted as the dotted line in Figure 15a, and the full ir-
radiance which is proportional to the product of the diffraction and inter-
ference factors is plotted in Figure 15b. Note that the resulting irradiance
in Figure 15b reflects the presence of the limiting diffraction envelope.

Let us now develop a more explicit understanding of the formation of
the secondary peaks. The interference factor goes to zero
when the function in its numerator goes to zero but the function in
its denominator does not. The numerator is identically zero under the
condition where p takes on integer values. For the 8-slit case

and p from 0 to the numerator goes to zero for the sequence
of values and Note
that when and when These values,
and correspond to the first two principal maxima in Figure 15. For

the function in the numerator of the interference factor goes
to zero for each of the seven intermediate terms in the sequence ( to

), but the function in the denominator does not go to zero for
the these seven intermediate values. Thus, for the case at hand, there are

zeroes, and as a consequence secondary maxima,
 between the principal maxima. For the case of arbitrary N, there will be

zeroes and secondary peaks between principal maxima. We
have looked in detail at the behavior as p ranges from 0 to N. This pattern
simply repeats for p from N to 2N and so on, thereby accounting for all of the
principal and secondary peaks. The situation described by Eq. (32) and 

EP =

EL

r0
ei1kr0 -vt2e

b sin b
b

sin Na

sin a
f

N - 1 N - 2

N - 1 = 7 N - 2 = 6

a = p>8
a = 7p>8 sin a

N = 8, sin1Na2
a = p,
a = 0 p = 0 a = p p = N = 8. a = 0

a = 0, p>8, 2p>8, 3p>8, 4p>8, 5p>8, 6p>8, 7p>8, 8p>8.
1N = 82 N = 8,

a = pp>N,
1sin a2

1sin1Na22
1sin1Na2>sin a22

N - 2 = 6
a = 0, p, 2p, 3p

a = 0, ;p, ;2p, ;3p, N = 8,
N2

lim
a:mp

sin Na

sin a
= lim
a:mp

N cos Na
cos a

= ;N

m = 0, ;1, ;2, Á ,

p,a = 0
1sin Na>sin a22,

b

N = 1
N = 2,

I = I0 a
sin b
b
b

2

5

a
sin Na

sin a
b

2

5

diffraction interference

I0
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I

pa:
b:

sin u:

2p

2l

(a)
a

3p
p

N2I0

N2 � 64

a
3ll

a

pa:
b:

sin u:

2p

2l

(b)
a

3p
p

a
3ll

a

Figure 15 (a) Interference factor
(solid line) and diffraction

factor (dashed line) plotted for
multiple-slit Fraunhofer diffraction when

and The interference factor
peaks at The diffraction fac-
tor has a maximum value of 1 for 

(b) Irradiance function 

for the multiple slit of (a). The irradiance at
the peak of the central principal maximum
(at ) is Subsequent princi-
pal maxima are less bright since they are lim-
ited by the diffraction envelope, 
(dashed line).

sin21a2sin21Na2>

sin2 b>b2

I = N2I0 .a = 0

I = I0
sin2 b

b2

sin21Na2

sin2 a

b = 0.
N2

= 82
= 64.

a = 3b.N = 8

sin2 b>b2

presented graphically in Figure 15 is precisely described by the following set
of equations and conditions:

(33)

A practical device that makes use of multiple-slit diffraction is the diffraction
grating. For large N, its principal maxima are bright, distinct, and spatially
well separated. According to Eq. (33) the principal maxima occur for

Thus the condition for the principal maxima is
simply

Recall from Eq. (25) that so that the condi-
tion for the existence of a principal maximum can be recast as

(34)

principal maxima occur for p = 0, ;N, ;2N, Á

for a =

pp

N
, p = 0, ;1, ;2, Á ;N Á ;2N Á

ml = a sin u

a = 11>22ka sin u = pa sin u>l,

a = mp m = 0, ;1, ;2 Á

p>N = m = 0, ;1, ;2, Á .

secondary minima occur for p = all other integer values
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l

A

a

2l

l
B

u

u

Figure 16 Representative grating slits illu-
minated by collimated monochromatic
light. Formation of the first-order diffrac-
tion maximum is shown.

Equation (34) is sometimes called the diffraction grating equation and m is
identified as the order of the diffraction.

Now as the number N of slits increases, the brightness of the princi-
pal maxima increase as This increase in irradiance at the peaks of the
principal maxima must be accompanied by an overall decrease in irradi-
ance between the peaks of the principal maxima. Thus gratings with more
slits direct a greater fraction of the energy emerging from the slits towards
the positions of the peaks of the principal maxima than do gratings with
fewer slits. Gratings with more slits produce brighter and narrower princi-
pal maxima.

Returning to Eq. (34), some insight is gained by examining Figure 16, which
shows representative slits of a grating illuminated by plane wavefronts of
monochromatic light. Wavelets emerging from each slit arrive in phase at
 angular deviation from the axis if every path difference like 
equals an integral number m of wavelengths. When the grating
Eq. (34) follows immediately. When all waves arrive in phase, the resulting
phasor diagram is formed by adding N phasors all in the same “direction,”
giving a maximum resultant. At such points, the principal maxima of Figure
15 are produced. Secondary maxima result because a uniform phase differ-
ence between waves from adjoining slits causes the phase diagram to curl up,
with a smaller resultant. At each of the minima, the phasor diagram forms a
closed figure, so that cancellation is complete. The phase difference between
waves from adjoining slits and in the direction of can be found from Figure
15a by recalling that the angle represents half the phase difference
 between successive slits. Thus, the first principal maximum from the center,
at occurs when the phase difference between successive waves is pre-
cisely 

Photographs of diffraction fringes produced by 2, 3, 4, and 5 slits are
shown in Figure 17. An examination of the four photographs shows that the
principal maxima become narrower and secondary maxima begin to appear
as the number of slits increases. For example, notice that the sec-
ondary maxima appear between the principal maxima for the case 
The diffraction grating—for N very large—is discussed further in some detail
in the next chapter.

N2.

N = 5.
N - 2 = 3

2p.
a = p,

a
u

AB 1= a sin u2
AB = ml,

u
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PROBLEMS

1 A collimated beam of mercury green light at 546.1 nm is nor-
mally incident on a slit 0.015 cm wide. A lens of focal length
60 cm is placed behind the slit. A diffraction pattern is
formed on a screen placed in the focal plane of the lens. De-
termine the distance between (a) the central maximum and
first minimum and (b) the first and second minima.

2 Call the irradiance at the center of the central Fraunhofer
diffraction maximum of a single slit and the irradiance at
some other point in the pattern I. Obtain the ratio for a
point on the screen that is 3/4 of a wavelength farther from
one edge of the slit than the other.

3 The width of a rectangular slit is measured in the laboratory
by means of its diffraction pattern at a distance of 2 m from
the slit. When illuminated normally with a parallel beam of
laser light (632.8 nm), the distance between the third mini-
ma on either side of the principal maximum is measured.
An average of several tries gives 5.625 cm.

a. Assuming Fraunhofer diffraction, what is the slit width?
b. Is the assumption of far-field diffraction justified in this

case? What is the ratio L>Lmin?

I>I0

I0

(a) N � 2

(b) N � 3

(c) N � 4

(d) N � 5

Figure 17 Diffraction fringes produced in
turn by two, three, four, and five slits. (From
M. Cagnet, M. Francon, and J. C. Thrierr,
Atlas of Optical Phenomenon, Plate 19,
Berlin: Springer-Verlag, 1962.)

Collimated
beam

60 cm

Slit Lens

0.015 cm

S
c
r
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e
n

f � 60 cm

Figure 18 Problem 1.
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Fraunhofer Diffraction

4 In viewing the far-field diffraction pattern of a single slit il-
luminated by a discrete-spectrum source with the help of
absorption filters, one finds that the fifth minimum of one
wavelength component coincides exactly with the fourth
minimum of the pattern due to a wavelength of 620 nm.
What is the other wavelength?

5 Calculate the rectangular slit width that will produce a cen-
tral maximum in its far-field diffraction pattern having an
angular breadth of 30°, 45°, 90°, and 180°. Assume a wave-
length of 550 nm.

6 Consider the far-field diffraction pattern of a single slit of
width when illuminated normally by a collimated
beam of 550-nm light. Determine (a) the angular radius of
its central peak and (b) the ratio at points making an
angle of 10°, 15°, and 22.5° with the axis.

7 a. Find the values of for which the fourth and fifth sec-
ondary maxima of the single-slit diffraction pattern occur.
(See the discussion surrounding Figure 3.)

b. Find the ratio of the irradiance of the maxima of part (a)
to the irradiance at the central maximum of the single-
slit diffraction pattern.

8 Compare the relative irradiances of the first two secondary
maxima of a circular diffraction pattern to those of a single-
slit diffraction pattern.

9 The Lick Observatory has one of the largest refracting
telescopes, with an aperture diameter of 36 in. and a focal
length of 56 ft. Determine the radii of the first and sec-
ond bright rings surrounding the Airy disc in the diffrac-
tion pattern formed by a star on the focal plane of the
objective. See Figure 8b. 

10 A telescope objective is 12 cm in diameter and has a focal
length of 150 cm. Light of mean wavelength 550 nm from a
distant star enters the scope as a nearly collimated beam.
Compute the radius of the central disk of light forming the
image of the star on the focal plane of the lens.

b

u = 5°,
I>I0

2.125 mm

11 Suppose that a gas laser emits a diffraction-limited
beam at wavelength power 2 kW, and diameter 1
mm. Assume that, by multimoding, the laser beam has an es-
sentially uniform irradiance over its cross section. Approxi-
mately how large a spot would be produced on the surface
of the moon, a distance of 376,000 km away from such a de-
vice, neglecting any scattering by the earth’s atmosphere?
What will be the irradiance at the lunar surface?

12 Assume that  a 2-mm-diameter laser beam (632.8 nm) is dif-
fraction limited and has a constant irradiance over its cross
section. On the basis of spreading due to diffraction alone,
how far must it travel to double its diameter?

13 Two headlights on an automobile are 45 in. apart. How far
away will the lights appear to be if they are just resolvable
to a person whose nocturnal pupils are just 5 mm in diame-
ter? Assume an average wavelength of 550 nm.

14 Assume that the pupil diameter of a normal eye typically can
vary from 2 to 7 mm in response to ambient light variations.

a. What is the corresponding range of distances over which
such an eye can detect the separation of objects 1 mm
apart?

b. Experiment to find the range of distances over which
you can detect the separation of lines placed 1 mm.
apart. Use the results of your experiment to estimate the
diameter range of your own pupils.

15 A double-slit diffraction pattern is formed using mercury
green light at 546.1 nm. Each slit has a width of 0.100 mm.
The pattern reveals that the fourth-order interference max-
ima are missing from the pattern.

a. What is the slit separation?
b. What is the irradiance of the first three orders of inter-

ference fringes, relative to the zeroth-order maximum?

16 a. Show that the number of bright fringes seen under the
central diffraction peak in a Fraunhofer double-slit pat-
tern is given by where a/b is the ratio of slit
separation to slit width.

b. If 13 bright fringes are seen in the central diffraction
peak when the slit width is 0.30 mm, determine the slit
separation.

17 a. Show that in a double-slit Fraunhofer diffraction pat-
tern, the ratio of widths of the central diffraction peak to
the central interference fringe is 2(a/b), where a/b is the
ratio of slit separation to slit width. Notice that the result
is independent of wavelength.

b. Determine the peak-to-fringe ratio, in particular when

CO2
10.6 mm,

a = 10b.

21a>b2 - 1,

f � 56 ft
Objective

lens

Star
light

36 in.

56 ft

Focal
plane

Diffraction
pattern

Figure 20 Problem 9.

Collimated
beam

2 m

Slit
b

5.625 cm

Figure 19 Problem 3.
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18 Calculate by integration the irradiance of the diffraction
pattern produced by a three-slit aperture, where the slit
separation a is three times the slit width b. Make a careful
sketch of I versus and describe properties of the pat-
tern. Also show that your results are consistent with the
general result for N slits, given by Eq. (32).

19 Make a rough sketch for the irradiance pattern from seven
equally spaced slits having a separation-to-width ratio of 4.
Label points on the x-axis with corresponding values of 
and 

20 A 10-slit aperture, with slit spacing five times the slit width
of is used to produce a Fraunhofer diffraction
pattern with light of 435.8 nm. Determine the irradiance of
the principal interference maxima of orders 1, 2, 3, 4, and 5
relative to the central fringe of zeroth order.

21 Show that one can arrive at Eq. (32) by taking the origin of
coordinates at the midpoint of the central slit in an array
where N is odd.

22 A rectangular aperture of dimensions 0.100 mm along
the x-axis and 0.200 mm along the y-axis is illuminated by
coherent light of wavelength 546 nm. A 1-m focal length
lens intercepts the light diffracted by the aperture and pro-
jects the diffraction pattern on a screen in its focal plane.
See Figure 21.

a. What is the distribution of irradiance on the screen near
the pattern center as a function of x and y (in mm) and

the irradiance at the pattern center?
b. How far from the pattern center are the first minima

along the x and y directions?
c. What fraction of the irradiance occurs at 1 mm from

the pattern center along the x- and y-directions?
d. What is the irradiance at the point mm?

23 What is the angular half-width (from central maximum to
first minimum) of a diffracted beam for a slit width of (a)
(b) (c) 5l; 10l?

l;

1x = 2, y = 32

I0

I0 ,

b.
a

sin u

1 * 10-4 cm,

24 A property of the Bessel function is that, for large x, a
closed form exists, given by

Find the angular separation of diffraction minima far from
the axis of a circular aperture.

25 We have shown that the secondary maxima in a single-slit
diffraction pattern do not fall exactly halfway between min-
ima, but are quite close. Assuming they are halfway:

a. Show that the irradiance of the mth secondary peak is
given approximately by

b. Calculate the percent error involved in this approxima-
tion for the first three secondary maxima.

26 Three antennas broadcast in phase at a wavelength of 1 km.
The antennas are separated by a distance of and each
antenna radiates equally in all horizontal directions. Be-
cause of interference, a broadcast “beam” is limited by in-
terference minima. How many well-defined beams are
broadcast and what are their angular half-widths?

27 A collimated light beam is incident normally on three very
narrow, identical slits. At the center of the pattern projected
on a screen, the irradiance is 

a. If the irradiance at some point P on the screen is zero,
what is the phase difference between light arriving at P
from neighboring slits?

b. If the phase difference between light waves arriving at P
from neighboring slits is determine the ratio 

c. What is at the first principal maximum?
d. If the average irradiance on the entire screen is what

is the ratio at the central maximum?

28 Draw phasor diagrams illustrating the principal maxima and
zero irradiance points for a four-slit aperture.

J11x2

J11x2 =

sin x - cos x

1px

IP>Iav

Iav ,
IP>Imax

p, IP>Imax .

IP

Imax .

2
3 km

Im � I0
1

C Am +
1
2 Bp D

2

Collimated
beam

l � 546 nm

x

y

0.2 mm

Aperture

0.1 mm

 1 m

Screen
Lens

f � 1 m

Figure 21 Problem 22.
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The Diffraction Grating

INTRODUCTION

In this chapter we give a formal treatment of diffraction due to a large num-
ber of slits or apertures. The diffraction grating equation is first generalized to
handle light beams incident on the grating at an arbitrary angle. Performance
parameters of practical interest are then developed in discussions of the spec-
tral range, dispersion, resolution, and blaze of a grating. A brief discussion of
interference gratings and several conventional types of grating spectrographs
ends the chapter.

1 THE GRATING EQUATION

A periodic, multiple-slit device designed to take advantage of the sensitivity
of its diffraction pattern to the wavelength of the incident light is called a
diffraction grating. A grating equation may be generalized for the case when
the incident plane wavefronts of light make an angle with the plane of the
grating, as in Figure 1. The net path difference for waves from successive slits
is then

(1)

The two sine terms in the path difference may add or subtract, depending on
the direction of the diffracted light. To make Eq. (1) correct for all angles
of diffraction, we need to adopt a sign convention for the angles. When the
 incident and diffracted rays are on the same side of the grating normal, as
they are in Figure 1, is considered positive. When the diffracted rays are on
the side of the grating normal opposite to that of the incident rays, isum

um

um

¢ = ¢1 + ¢2 = a sin ui + a sin um

ui

N�

N

ui
ub

ub

u

a
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The Diffraction Grating

 considered negative. In the latter case, the net path difference for waves from
successive slits is the difference as would be evident in a modified
sketch of Figure 1. In either case, when all diffracted waves are in
phase and the grating equation becomes

(2)

When it is not necessary to distinguish between angles, the subscript on the angle
of diffraction, is often dropped. For each value of m, monochromatic radia-
tion of wavelength is enhanced by the diffractive properties of the grating. By
Eq. (2), the zeroth order of interference, occurs at the direc-
tion of the incident light, for all Thus, light of all wavelengths appears in the
central or zeroth-order peak of the diffraction pattern. Higher orders—both
plus and minus—produce spectral lines appearing on either side of the zeroth
order. For a fixed direction of incidence given by the direction of each
principal maximum varies with wavelength. For orders therefore, the
grating separates different wavelengths of light present in the incident beam, a
feature that accounts for its usefulness in wavelength measurement and spectral
analysis. As a dispersing element, the grating is superior to a prism in several
ways. Figure 2a illustrates the formation of the spectral orders of diffraction for
monochromatic light. Figure 2b shows the angular spread of the continuous
spectrum of visible light for a particular grating. Note that second and third
 orders in this case partially overlap. Before wavelengths of spectral lines appear-
ing in a region of overlap can be assigned, the actual order of the line must first
be ascertained so that the appropriate value of m can be used in Eq. (2). Unlike
the prism, a grating produces greater deviation from the zeroth-order point for
longer wavelengths. Thus, when the spectrum is not a simple one, the overlap
ambiguity is often resolved experimentally by using a filter that removes, say, the
shorter wavelengths from the incident light. In this way, the spectral range of the
incident light is limited by filtering until overlap is removed and each line can be
correctly identified. At other times it may be advisable to limit the wavelength
range accepted by the grating by first using an instrument of lower dispersion.

2 FREE SPECTRAL RANGE 
OF A GRATING

For diffraction gratings, the nonoverlapping wavelength range in a particular
order is called the free spectral range, Overlapping occurs because in the
grating equation, the product may be equal to several possible combina-
tions of for the light actually incident and processed by the optical system.

a sin u
ml

lfsr .

m Z 0,
ui , um

l.
um = -ui ,m = 0,

l
um ,

a1sin ui + sin um2 = ml, m = 0, ;1, ;2, Á

¢ = ml,
¢1 - ¢2 ,

a

ui

ui

ui um

um

um
� 2�

1

Figure 1 Neighboring grating slits illumi-

nated by light incident at angle with the

grating normal. For light diffracted in the di-

rection the net path difference from the

two slits is ¢1 + ¢2 .

um ,

ui
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The Diffraction Grating

Thus at the position corresponding to in the first order, we may also find a
spectral line corresponding to in the second order, in the third order,
and so on. The free spectral range in order m may be determined by the follow-
ing argument. If is the shortest detectable wavelength in the incident light, then
the longest nonoverlapping wavelength, in order m is coincident with the be-
ginning of the spectrum again in the next higher order or

The free spectral range for order m is then given by

(3)

The free spectral range is the maximum wavelength separation, that
can be unambiguously resolved in a given order. Notice that this nonoverlap-
ping spectral region is smaller for higher orders.

Example 1

The shortest wavelength of light present in a given source is 400 nm. Deter-

mine the free spectral range in the first three orders of grating diffraction.

Solution

l

lfsr
m

=

l1

m

¢lmax ,

lfsr = l2 - l1 =

l1

m

ml2 = 1m + 12l1

m + 1,
l2 ,

l1

l>2 l>3

(b)

Lens

Visible spectrum:  400 –700 nm
m � 1:  9.2�–16.3�
m � 2:  18.7�–34.1�
m � 3:  28.7�–57.1�

m � �3m � �3

m � �2

m � �1

m � �2

m � �1

(a)

f

l

G
m � �2

m � �1

m � 0

m � 1

m � 2

Figure 2 (a) Formation of the orders of

principal maxima for monochromatic light in-

cident normally on grating G. The grating can

replace the prism in a spectroscope. Focused

images have the shape of the collimator slit

(not shown). (b) Angular spread of the first

three orders of the visible spectrum for a dif-

fraction grating with 400 grooves/mm. Orders

are shown at different distances from the lens

for clarity. In each order, the red end of the

spectrum is deviated most. Normal incidence

is assumed.
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The Diffraction Grating

Thus,

3 DISPERSION OF A GRATING

Higher diffraction orders grow less intense as they fall more and more under
the constraining diffraction envelope. On the other hand, Figure 2b shows
clearly that wavelengths within an order are better separated as their order
increases. This property is  precisely described by the angular dispersion, 

defined by

(4)

which gives the angular separation per unit range of wavelength. The variation
of with is described by the grating Eq. (2), from which we may conclude

(5)

If a photographic plate is used in the focal plane of the lens to record the
spectrum as in Figure 2a, it is convenient to describe the spread of wave-
lengths on the plate in terms of a linear dispersion, where y is mea-
sured along the plate. Since the linear dispersion is given by

(6)

The reciprocal of the linear dispersion is known as the plate factor.

Example 2

Light of wavelength 500 nm is incident normally on a grating with 5000
grooves/cm. Determine its angular and linear dispersion in first order when
used with a lens of focal length 0.5 m.

Solution

The grating constant or groove separation a is

Clearly, for zeroth order, there is no dispersion. For first order, Eq. (5)
 requires knowledge of the the diffraction angle This can be obtained
from the grating equation (2), so that

Thus, and u1 = 14.5° cos u1 = 0.968.

sin u1 =

112l
a

=

500 * 10-7

2 * 10-4 = 0.25

a sin u = ml,
u1 .

a =

1

5000 cm-1 = 2 * 10-4 cm

linear dispersion K

dy

dl
= f

dum

dl
= f�

dy = fdu,
dy>dl,

� =

m

a cos um

um l

� K

dum

dl

�,

lfsr
3

=

400
3

= 133 nm 1from 400 to 533 nm in third order2

lfsr
2

=

400
2

= 200 nm 1from 400 to 600 nm in second order2

lfsr
1

=

400
1

= 400 nm 1from 400 to 800 nm in first order2
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The Diffraction Grating

The angular dispersion in the wavelength region around 500 nm can now be
calculated:

or

The linear dispersion is then found from

and the plate factor is One mm of film then spans
a range of almost 4 nm, or 40 Å.

At normal incidence, the grating equation can be incorporated with the angu-
lar dispersion relation to give

or

(7)

Thus, the dispersion is actually independent of the grating constant a at a
given angle of diffraction and increases rapidly with Since is inde-
pendent of the grating constant, at a given angle of diffraction, the effect of
increasing the grating constant is to increase the order m of the diffraction
there, as Eq. (5) clearly shows.

4 RESOLUTION OF A GRATING

Increased dispersion or spread of wavelengths does not by itself make neigh-
boring wavelengths appear more distinctly, unless the peaks are themselves
sharp enough. The latter property describes the resolution of the recorded
spectrum. By the resolution of a grating, we mean its ability to produce dis-
tinct peaks for closely spaced wavelengths in a particular order. Recall that
the resolving power is defined in general by

(8)

In the present context, is the minimum wavelength interval of two spec-
tral components that are just resolvable by Rayleigh’s criterion. For normally
incident light of wavelength and principal maximum of order m, we
have by the grating equation (2),

(9)a sin um = m1l + dl2

l + dl,

1¢l2min

� K

l

1¢l2min

�

um um . �
�

� =

tan um

l

� =

m

a cos um
= a

a sin um

l
b a

1
a cos um

b

1>0.258 = 3.88 nm>mm.

f� = 1500 mm215.165 * 10-4 rad>nm2 = 0.258 mm>nm

� = 5.165 * 10-4 rad
nm

*

180°
p rad

= 0.0296°>nm

� =

m

a cos um
=

1

12 * 10-4 cm210.9682
= 5165 rad>cm
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The Diffraction Grating

To satisfy Rayleigh’s criterion, this peak must coincide (same ) with the first
minimum of the neighboring wavelength’s peak in the same order, or

(10)

Equating the right members of Eqs. (9) and (10), we obtain
Since here is the minimum resolvable wavelength difference, the resolving
power of the grating is, by Eq. (8),

(11)

For a grating of N grooves, the resolving power is simply proportional to
the order of the diffraction. In a given order of diffraction, the resolving power
increases with the total number of illuminated grooves. It must be remembered
that if N is to be increased within a given width W of grating, the grooves must
be proportionately closer together. To take advantage of the maximum resolu-
tion, the light must cover the entire ruled width of the grating. If the grating in
our previous example, with 5000 grooves/cm, has a width of 8 cm, then

and the resolving power in the first order is 40,000. This means, by
Eq. (8), that in the region of spectral components as close togeth-
er as 0.0125 nm can be resolved. In the second order, this figure improves to
0.0063 nm, and so on. The best values for the grating resolving power are in
the range of to which is one or two orders of magnitude less than the
resolving powers of Fabry-Perot interferometers. (When describing theoretical
resolution, it must be remembered that the Rayleigh criterion is somewhat
 arbitrary and that spectral line widths also enter into the actual resolution.) 
A grating with 10,000 grooves/cm and 20 cm width provides a resolving power
of 1 million in fifth order. For normally incident light, however, the grating
equation limits the maximum wavelength (at ) under these conditions
to 200 nm. As indicated by Eq. (2), if the light is not incident along the normal,
the maximum diffractable wavelength can be increased; when nears 90°, it is
twice as much, or 400 nm. Operation in high orders further severely restricts
available light because of the diffraction envelope constraint, unless means are
taken to redirect the central diffraction peak into the desired order. This is
achieved through blazing, to be discussed presently. Notice that the resolving
power, like the dispersion, is independent of groove spacing for a given diffrac-
tion angle. If we write for a ruled grating width W and incorporate
the grating equation for normal incidence, Eq. (11) becomes

or

(12)

According to Eq. (12), the resolution of a grating at diffracting angle
 depends on the width of the grating rather than on the number of its grooves.
For a fixed ratio of however, the grating equation also fixes the
ratio m/a. Thus using a grating with fewer grooves and a larger grating con-
stant requires that we work at a higher order m, where there is increased
complication due to overlapping orders. Such confusion in high orders is
sometimes alleviated by using a second dispersing instrument that spreads
the first spectrum again but in a direction orthogonal to the first. One such in-
strument is described later in this chapter.

1sin um2>l,

um

� =

W sin um

l

� = mN = a
a sin um

l
b

W
a

N = W>a

ui

u = 90°!

105 106,
�
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� = mN
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TABLE 1 FABRY-PEROT INTERFEROMETER AND DIFFRACTION GRATING FIGURES OF MERIT

Fabry-Perot Interferometer Diffraction Grating

Resolving power, mN

Minimum resolvable wavelength

separation, 

Free spectral range, 

Meaning of parameters m: Number of half–wavelengths m: Diffraction order 

in the Fabry-Perot length. N: Number of grooves in grating

Cavity finesse� :

l1

m

l1

m
lfsr

l

mN

l

m�¢lmin = l>�

m��

Three useful figures of merit that describe scanning Fabry-Perot inter-
ferometers as well as diffraction gratings are the resolving power the min-
imum wavelength separation that can be resolved, and the
maximum wavelength separation that can be unambiguously resolved.
As discussed in Section 2, the maximum wavelength separation that can be
resolved is the free spectral range of the device, so that In
Table 1, these figures of merit are tabulated. Notice that the two types of de-
vices have figures of merit of similar form. The number of grooves N in a dif-
fraction grating plays the role of the finesse of a Fabry-Perot
interferometer. The order number m for a Fabry-Perot interferometer is the
number of half-wavelengths that fit into the Fabry-Perot length and so is typ-
ically in the range The order number m for a diffraction grating is, of
course, much less. Since the free spectral range of both devices is dif-
fraction gratings typically have a much larger free spectral range than do
Fabry-Perot interferometers. (Here, is the wavelength of the “short” wave-
length end of the free spectral range.) Although the large order number of a
typical Fabry-Perot interferometer is a disadvantage in that it leads to a small
free spectral range, it is an advantage, as Table 1 indicates, in that it allows for
higher resolving powers and smaller minimum resolvable wavelength separa-
tions. As mentioned, a good Fabry-Perot interferometer may have, overall, a
resolving power in the range whereas the resolving power of a good
diffraction grating is in the range an order of magnitude smaller.

5 TYPES OF GRATINGS

Up to this point we have considered the diffraction grating to be an opaque
aperture in which closely spaced slits have been introduced. Fraunhofer’s
original gratings were, in fact, fine wires wound between closely spaced
threads of two parallel screws or parallel lines ruled on smoked glass. Later,
Strong used ruled metal coatings on glass blanks. Today the typical grating
master is made by diamond-point ruling of grooves into a low-expansion
glass base or into a film of aluminum or gold that has been vacuum-evaporated
onto the glass base. The base, or blank, itself must first be polished to closer
than for green light. The development of ruling machines capable of ruling
up to 3600 sculptured grooves per millimeter over a width of 10 in. or more,
with suitably uniform depth, shape, and spacing, has been an impressive and
far-reaching technological achievement. Techniques involving interferometric
and electronic servo-control have been used to enhance the precision of the
most modern ruling engines. High-quality grating masters ruled over widths
as large as 46 cm or more have become feasible.

A grating may be designed to operate either as a transmission grating or
a reflection grating. In a transmission grating, light is periodically transmitted
by the clear sections of a glass blank, into which grooves serving as scattering
centers have been ruled. Or the light is transmitted by the entire ruled area

l>10

105–106,
106–107,

l1

l1>m,
105–106.

�

¢lmax = lfsr .

¢lmax

¢lmin = l>�
�,
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The Diffraction Grating

but periodically retarded in phase due to the varying optical thickness of the
grooves. In the first case, the grating is a transmission amplitude grating, func-
tioning like the slotted, opaque aperture. In the second case, the grating is
called a transmission phase grating. In the reflection grating, the groove faces
are made highly reflecting, and the periodic reflection of the incident light be-
haves like the periodic transmission of waves from a transmission grating.
Research-quality gratings are usually of the reflection type. A section of a
plane reflection grating is shown in Figure 3.

The path difference between equivalent reflected rays of light from suc-
cessive groove reflections is just the difference

where both rays are assumed to have the direction after diffraction specified
by the angle When an interference principal maximum results,
so that the reflection-grating equation is the same as that for a transmission
grating:

The same sign convention also applies to the angles and When is on
the opposite side of the grating normal relative to as in Figure 3, it is
 considered negative. The zeroth order of interference occurs when or

that is, in the direction of specular reflection from the grating, act-
ing as a mirror for all wavelengths. The metallic coating of the reflection
grating should be as highly reflective as possible. In the ultraviolet range of
110 to 160 nm, coatings of magnesium fluoride or lithium fluoride over alu-
minum are generally used to enhance reflectivity. Below 100 nm, gold and
platinum are often used. In the infrared regions, silver and gold coatings are
both effective. The light diffracted from a plane grating must be focused by
means of a lens or concave mirror. When the absorption of radiation by the
focusing elements is severe, as in the vacuum ultraviolet (about 1 to 200 nm),
the focusing and diffraction may both be accomplished by using a concave
grating, that is, a concave mirror that has been ruled to form grooves onto its
reflecting surface.

6 BLAZED GRATINGS

The absolute efficiency of a grating in a given wavelength region and order is
the ratio of the diffracted light energy to the incident light energy in the same
wavelength region. Increasing the number of rulings on a grating, for exam-
ple, increases the light energy throughput. The zeroth-order diffraction princi-
pal maximum, for which there is no dispersion, represents a waste of light
energy, reducing grating efficiency. The zeroth order, it will be recalled, con-
tains the most intense interference maximum because it coincides with the
maximum of the single-slit diffraction envelope. The technique of shaping in-
dividual grooves so that the diffraction envelope maximum shifts into anoth-
er order is called blazing the grating.

To understand the effect of blazing, consider Figure 4 for a transmis-
sion grating and Figure 5 for a reflection grating. For simplicity, light is
shown transmitted or reflected from a single groove, even though diffrac-
tion involves the cooperative contribution from many grooves. In each fig-
ure, (a) illustrates the situation for an unblazed grating and (b) shows the
result of shaping the grooves to shift the diffraction envelope maximum

away from the zeroth-order interference or principal
maximum. Recall that the diffraction envelope maximum occurs where

that is, where the far-field path difference for light rays from theb = 0,

1b = 02 1m = 02

um = -ui ,
m = 0

ui ,
um ui: um

ml = a 1sin ui + sin um2

um . ¢ = ml,

¢ = ¢1 - ¢2 = a sin ui - a sin um

a

um

um

ui

ui
� 2

�
1

Figure 3 Neighboring reflection grating

grooves illuminated by light incident at angle

with the grating normal. For light diffracted

in the direction the net path difference of

the two waves is ¢1 - ¢2 .

um ,

ui

(a) Unblazed

(b) Blazed

ui

m � �1

m � �1
m � 0

b � 0

m � �1

m � �1
m � 0, b � 0

ui

Figure 4 In an unblazed transmission grat-

ing (a), the diffraction envelope maximum

at coincides with the zeroth-order 

interference at In the blazed grating

(b), they are separated.

m = 0.

b = 0
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center and the edge of any groove is zero. A zero path difference for these
rays implies the condition of geometrical optics: For transmitted light,
Figure 4, the diffraction peak is in the direction of the incident beam; for 
reflected light, Figure 5, it is in the direction of the specularly reflected
beam. By introducing prismatic grooves in Figure 4 or inclined mirror faces
in  Figure 5, the corresponding zero path difference is shifted into the direc-
tions of the refracted beam and the new reflected beam, respectively, which
now correspond to the case While the diffraction envelope is thus
shifted by the shaping of the individual grooves, the interference maxima
remain fixed in position. Their positions are determined by the grating
equation, in which angles are measured relative to the plane of the grating.
Neither this plane nor the groove separation has been altered in going from
(a) to (b) in either Figure 4 or 5. The result is that the diffraction maximum
now favors a principal maximum of a higher order and the grat-
ing redirects the bulk of the light energy where it is most useful.

It remains to determine the proper blaze angle of a grating. Consider
the reflection grating of Figure 6, where a beam is incident on a groove face at
angle and is diffracted at arbitrary angle both measured relative to the
grating normal N. The normal to the groove face makes an angle rela-
tive to N. This angle is the blaze angle of the grating.

Now let us require that the diffracted beam satisfy both the condition of
specular reflection from the groove face and the condition for a principal
maximum in the mth order, that is, The first condition is satisfied by
making the angle of incidence relative to equal to the angle of reflection
relative to or

(13)

The second condition requires that the angle satisfy the grating equation,

(14)

Equation (13) shows that the blaze angle depends on the angle of incidence,
so that various geometries requiring different blaze angles are possible. In

the general case, the equation that must be satisfied by the blaze angle is
found by combining Eqs. (13) and (14). Taking into account the associated
sign convention, the grating equation becomes

(15)

We consider two special cases of Eq. (15). In the Littrow mount, incident light
is brought in along or close to the groove face normal so that and

as is clear from Figure 6 and Eq. (13). For this special case, Eq. (15)
gives

(16)

Since the quantity corresponds to the steep-face height h of the
groove (Figure 6), we see that a grating correctly blazed for wavelength and
order m in a Littrow mount must have a groove step h of an integral number
m of half-wavelengths. Commercial gratings are usually specified by their
blaze angles and the corresponding first-order Littrow wavelengths. In

l
a sin ub

Littrow: ml = 2a sin ub or ub = sin-1a
ml

2a
b

um = -ui ,
N¿, ub = ui

ml = a[sin ui + sin12ub - ui2]

ui

ml = a 1sin ui + sin um2

um

ub =

ui - um

2

N¿: ui - ub = um + ub ,
N¿

u = um.

N¿ ub

ui u,

1 ƒ m ƒ 7 02,

b = 0.

Figure 5 In an unblazed reflection grating

(a), the diffraction envelope maximum at

coincides with the zeroth-order in-

terference at In the blazed grating

(b), they are separated.

m = 0.

b = 0

m � �1

m � �1
m � 0

b � 0

ui

ui

m � �1

m � �1

m � 0, b � 0

(a) Unblazed

(b) Blazed
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N

ui
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u

a
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Figure 6 Relation of the blaze angle to

the incident and diffracted beams for a 

reflection grating.

ub
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 another configuration, the light is introduced instead along the normal N to
the grating itself. Then and, from Eq. (13), Equation (15)
now gives

(17)

Example 3

a. Consider a 1200-groove/mm grating to be blazed for a wavelength of

600 nm in first order. Determine the proper blaze angle.

b. An echelle grating is a coarsely pitched grating designed to achieve high

resolution by operating in high orders. Consider the operation in order

of a commercially available echelle grating with 79 grooves/mm,

blazed at an angle of and ruled over an area of

Determine its resolution when used in a Littrow mount.

Solution

a. In a Littrow mount, using Eq. (16), the blaze angle must be

On the other hand, if the grating is used in a mount with light incident

normal to the plane of the grating, then from Eq. (17),

b. In a Littrow mount, the grating returns, along the incidence direction,

light of wavelength

The total number of lines on the grating is so

that the resolving power is at the

blaze wavelength of 755 nm. The minimum resolvable wavelength in-

terval in this region is, then, or 0.0005 nm. Actual reso-

lutions may be somewhat less than the theoretical value due to grating

imperfections. The high resolution is gained at the expense of a con-

tracted spectral range of only 

7 GRATING REPLICAS

The expense and difficulty of manufacturing gratings prohibit the routine use
of grating masters in spectroscopic instruments. Until the technique of mak-
ing replicas—relatively inexpensive copies of the masters—was developed,
few research scientists owned a good grating. To make a replica grating, the
master is first coated with a layer of nonadherent material, which can be lift-
ed off the master at a later stage. This is followed by a vacuum-evaporated
overcoat of aluminum. A layer of resin is then spread over the combination,
and a substrate for the future replica is placed on top. After the resin has
hardened, the replica grating can be separated from the master. The first
good replica grating usually serves as a submaster for the routine production
of other replicas. Thin replicas made from a submaster are mounted on a glass

l>m = 755>30 = 25 nm.

¢lmin = l>�,

� = mN = 1302148,1902 = 1,445,700

N = 179216102 = 48,190

l =

2a sin ub

m
=

211>792sin163.432

30
mm = 755 nm

ub =
1
2

sin-1 c
1121600 * 10-62

11>12002
d = 23.03° = 23°02¿

ub = sin-1 c
1121600 * 10-62

211>12002
d = 21.1° = 21°06¿

63°26¿ 406 * 610 mm.

m = 30

normal incidence: ub =
1
2

sin-1a
ml
a
b

ui = 0 ub = -um>2.

301



The Diffraction Grating

or fused silica blank and a highly reflective overcoat of aluminum is added.
This is the usual form in which the gratings are made commercially available.
Replica gratings can be purchased that are as good as or better than the mas-
ters, both in performance and useful life. The efficiency of deep-groove repli-
cas may be better than that of the master because the replication process
transfers the smooth parts of the groove faces from bottom to top, improving
performance.

8 INTERFERENCE GRATINGS

The availability of intense and highly coherent beams of light has made pos-
sible the production of gratings apart from the rulings produced by grating
engines. As early as 1927, Michelson suggested the possibility of photograph-
ing straight interference fringes using an optical system such as that shown in
Figure 7a. Two coherent, monochromatic beams are made to interfere, produc-
ing standing waves in the region between the collimating lens C and a plane
mirror M. The resulting straight-line interference maxima are intercepted by a
light-sensitive film, inclined at an angle. When the film is developed, straight-
line fringes appear.

C P M

(a)

(b)

BS

C

M

M

M

P

(c)

d2u

l

l

Figure 7 (a) Michelson system for produc-

ing interference gratings, including collimator

C, mirror M, and photographic plate P. (b)

Holographic system for producing interfer-

ence fringes including collimator C, beam-

splitter BS, mirrors M, and light-sensitive

plate P. (c) Production of interference fringes

in the region of superposition of two colli-

mated and coherent beams intersecting at

angle 2u.
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Interference gratings produced by such optical techniques are also called
holographic gratings, since a grating of uniformly spaced, parallel grooves can
be considered as a hologram of a point source at infinity. Other interferomet-
ric systems, such as that shown in Figure 7b, are essentially those used to pro-
duce holograms. The interfering wavefronts are photographed on a grainless
film of photoresist whose solubility to the etchant is proportional to the irra-
diance of exposure. The photoresist is spread evenly over the surface of the
glass blank to a thickness of or less by rapidly spinning the blank. When
etched, the interference pattern is preserved in the form of transmission grat-
ing grooves whose transmittance varies gradually across the groove in a sine-
squared profile. A reflective metallic coating is usually added to the grating
by vacuum evaporation. The fringe spacing d, as shown in Figure 7c, is deter-
mined by the wavelength of the light and by the angle between the two
 interfering beams, according to the relation 

In addition to freedom from the expensive and laborious process of ma-
chine ruling, the predominant advantage of the interference grating is the ab-
sence of periodic or random errors in groove positions that produce ghosts
and grass, respectively. Thus, interference gratings possess impressive spectral
purity and provide a high signal-to-noise advantage. On the other hand, con-
trol over groove profile, which affects the blazing and thus the efficiency of
the grating, is not easily achieved. The groove profiles of normal interference
gratings are sine-squared in form and so symmetrical, rather than sawtooth-
shaped, as are the usual blazed gratings. Under normal incidence, a symmetri-
cal groove profile results in an equal distribution of light in the positive and
negative orders of diffraction. When used under nonnormal incidence, how-
ever, it is possible to disperse light into only one diffracted order (other than
the zeroth order), and it has been shown that in this case the distribution of
light does not depend to a great extent on groove shape. Efficiencies in this
configuration can be comparable to those of blazed gratings. Nevertheless,
various efforts are in progress to produce groove shapes more like those of
ordinary blazed gratings by exposing the photoresist to two wavelengths of
radiation whose Fourier synthesis is more saw-toothed in shape, for example,
or by subsequent modification of the symmetrical grooves by argon-ion etch-
ing or in a variety of other ways. Interference techniques are not practical in
the production of coarse, echellelike gratings.

9 GRATING INSTRUMENTS

An instrument that uses a grating as a spectral dispersing element is designed
around the type of grating selected for a particular application. An inexpen-
sive transmission grating may be mounted in place of the prism in a spectro-
scope, where the spectrum is viewed with the eye by means of a telescope
focused for infinity. The light incident on the grating is rendered parallel by a
primary slit and collimating lens. Research-grade instruments, however, make
use of reflection gratings. These may be spectrographs, which record a portion
of the spectrum on a photographic plate, photodiode array, or other image
detector, or spectrometers, where a narrow portion of the spectrum is allowed
to pass through an exit slit onto a photomultiplier or other light detector. In
the latter case, the spectrum may be scanned by rotating the grating. There
are a number of designs possible; we describe briefly a few of the more com-
mon ones.

Figure 8 shows the basic Littrow mount, where a single focusing element
is used both to collimate the light incident on the plane grating and, in the
 reverse direction, to focus the light onto the photographic plate placed near
the slit. Recall that in the Littrow configuration, light is incident along the
normal to the groove faces. The Littrow condition is also used in the echelle
spectrograph (Figure 9), which is designed to take advantage of the high

d = l>12 sin u2.
2u

1 mm

Slit

Grating
Lens

Plate

Figure 8 Littrow-mounted plane grating.

Photographic plate and entrance slit are

separated along a direction transverse to

the plane of the drawing.
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 dispersion and resolution attainable with large angles of incidence on a
blazed plane grating. As discussed previously, the useful order of diffraction is
large and the spectral free range is small, so that a second concave grating is
used to disperse the overlapping orders in a direction perpendicular to the
dispersion of the echelle grating. In Figure 9, a concave mirror collimates the
light incident on the echelle, located near the slit and oriented with grooves
horizontal. The light diffracted by the echelle is dispersed again by the con-
cave grating, oriented with grooves vertical. The second grating also focuses the
two-dimensional spectrum onto the photographic plate. Figure 10 shows a 
Czerny-Turner system in a grating spectrometer. Light from an entrance slit is
directed by a plane mirror to a first concave mirror, which collimates the light
incident on the grating. The diffracted light is incident on a second concave
mirror, which then focuses the spectrum at the exit slit. As the grating is
 rotated, the dispersed spectrum moves across the slit. When the instrument is
used specifically to select individual wavelengths from a discrete spectral
source or to allow a narrow wavelength range of spectrum through the exit
slit, it is called a monochromator.

Other instruments dispense with secondary focusing lenses or mirrors
and rely on concave gratings both to focus and to disperse the light. The
grooves ruled on a concave grating are equally spaced relative to a plane pro-
jection of the surface, not relative to the concave surface itself. In this way,
spherical aberration and coma are eliminated. Concave-grating instruments
are used for wavelengths in the soft X-ray (1 to 25 nm) and ultraviolet re-
gions, extending into the visible. The Paschen-Runge design, Figure 11, makes
use of the Rowland circle. This design is used for large concave gratings,
 whereby the slit, grating, and plate holder all lie on a circle called the
 Rowland circle that has the following property. If the curved grating surface
is tangent at its center to the Rowland circle, which has a diameter equal to
the radius of curvature of the concave grating, then a slit source placed any-
where on the circle gives well-focused spectral lines that also fall on the circle.
If the light source and slit, grating, and plate holder are placed in a dark room
at three stable positions determined by the Rowland circle and the grating
equation, the basic requirements of the Paschen-Runge spectrograph are
met. Since typical radii of curvature for the grating may be around 6 m, the

Plate

Echelle
grating

Slit

Mirror

Concave
grating

Figure 9 Side view of the echelle spectro-

graph. The echelle is positioned directly

over the slit-to-mirror path, but the plate is

offset in a horizontal direction.

Entrance
slit

Exit
slit

Grating

Mirror

Mirror

Figure 10 Czerny-Turner spectrometer.

�22�

Grating

Slit

56�

R um

ui

Rowland circle

Figure 11 Paschen-Runge mounting for a

concave grating. Diffracted slit images are

formed at the Rowland circle. For a grating

of 1200 grooves/mm and the first-

order spectrum for wavelengths between

200 and 1200 nm falls between the angles

and 56°, respectively.-22°

ui = 38°,
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space occupied by this spectrograph can be quite large. The first three orders
of diffraction are most commonly used. Typical angles of incidence may vary
within the range 30° to 45°, and angles of diffraction may vary between 25° on
the opposite side of the grating normal to 85° on the same side of the normal
as the slit. Thus, much of the Rowland circle is useful for recording various
portions of the spectrum. In Figure 11, the first-order spectrum spread (200 to
1200 nm) around the Rowland circle is shown for and a grating of
1200 grooves/mm. Spectral lines formed in this way may suffer rather severely
from astigmatism. The Wadsworth spectrograph (Figure 12) uses a concave
mirror, a concave grating, and a plate holder. The plate is mounted normal to
the grating. The primary mirror collimates the light incident on the grating.
This arrangement eliminates astigmatism and spherical aberration and dis-
penses with the need for the Rowland circle. Spectra are observed over a
range making small angles to the grating normal, perhaps 10° to either side.
To record different regions of the spectrum, the grating can be rotated and
higher orders can be used. This version of a grating spectrograph allows more
compact construction than does the Paschen-Runge design.

The ability of diffraction gratings to direct light of different wavelengths
in different directions finds use in several other applications. For example, a
Littrow grating can be used as a wavelength-selective mirror to ensure that
only one of several laser lines experiences low loss in a laser cavity. Diffrac-
tion gratings are also sometimes used in wavelength-division multiplexing
and demultiplexing systems in order to combine different-wavelength signals
prior to launching them into an optical fiber and then to separate these sig-
nals once they have exited the fiber.

ui = 38°

Slit

Mirror

Plate

Grating
Figure 12 Wadsworth mount for a concave

grating.

PROBLEMS

1 What is the angular separation in second order between

light of wavelengths 400 nm and 600 nm when diffracted by

a grating of 5000 grooves/cm?

2 a. Describe the dispersion in the red wavelength region

around 650 nm (both in °/nm and in nm/mm) for a trans-

mission grating 6 cm wide, containing 3500 grooves/cm,

when it is focused in the third-order spectrum on a screen

by a lens of focal length 150 cm.

b. Find the resolving power of the grating under these

conditions.

3 a. What is the angular separation between the second-

order principal maximum and the neighboring minimum

on either side for the Fraunhofer pattern of a 24-groove

�blue

�red

� � 650 nm

6 cm
Lens

Grating m � 3

Figure 13 Problem 2.

grating having a groove separation of and illumi-

nated by light of 600 nm?

b. What slightly longer (or slightly shorter) wavelength

would have its second-order maximum on top of the

10-3 cm
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over a 10-cm grating width, determine (a) the minimum

number of grooves/cm required; (b) the optimum blaze

angle for work in this region; (c) the angle of diffraction

where irradiance is maximum (show both blaze angle

and diffraction angle on a sketch); (d) the dispersion in

nanometers per degree.

10 A transmission grating is expected to provide an ultimate

first-order resolution of at least 1 Å anywhere in the visible

spectrum (400 to 700 nm). The ruled width of the grating is

to be 2 cm.

a. Determine the minimum number of grooves required.

b. If the diffraction pattern is focused by a 50-cm lens,

what is the linear separation of a 1-Å interval in the

vicinity of 500 nm?

11 A concave reflection grating of 2-m radius is ruled with

1000 grooves/mm. Light is incident at an angle of 30° to the

central grating normal. Determine, for first-order opera-

tion, the (a) angular spread about the grating normal of the

visible range of wavelengths (400 to 700 nm); (b) theoretical

resolving power if the grating is ruled over a width of 10 cm;

(c) plate factor in the vicinity of 550 nm; (d) radius of the

Rowland circle in a Paschen-Runge mounting of the grating.

minimum adjacent to the second-order maximum of

600-nm light?

c. From your results in parts (a) and (b), calculate the

resolving power in second order. Compare this with the re-

solving power obtained from the theoretical grating resolv-

ing power formula, Eq. (11).

4 How many lines must be ruled on a transmission grating so

that it is just capable of resolving the sodium doublet

(589.592 nm and 588.995 nm) in the first- and second-order

spectra?

5 a. A grating spectrograph is to be used in first order. If

crown glass optics is used in bringing the light to the

entrance slit, what is the first wavelength in the spec-

trum that may contain second-order lines? If the optics

is quartz, how does this change? Assume that the ab-

sorption cutoff is 350 nm for crown glass and 180 nm for

quartz.

b. At what angle of diffraction does the beginning of over-

lap occur in each case for a grating of 1200 grooves/mm?

c. What is the free spectral range for first and second or-

ders in each case?

6 A transmission grating having 16,000 lines/in. is 2.5 in.

wide. Operating in the green at about 550 nm, what is the

resolving power in the third order? Calculate the minimum

resolvable wavelength difference in the second order.

7 The two sodium D lines at 5893 Å are 6 Å apart. If a grat-

ing with only 400 grooves is available, (a) what is the lowest

order possible in which the D lines are resolved and (b)

how wide does the grating have to be?

8 A multiple-slit aperture has (1) (2) and

(3) slits. The aperture is placed directly in front

of a lens of focal length 2 m. The distance between slits is

0.005 mm and the slit width is 0.001 mm for each case. The

incident plane wavefronts of light are of wavelength 546

nm. Find, for each case, (a) the separation on the screen

between the zeroth- and first-order maxima; (b) the num-

ber of bright fringes (principal maxima) that fall under the

central diffraction envelope; (c) the width on the screen of

the central interference fringe.

9 A reflection grating is required that can resolve wave-

lengths as close as 0.02 Å in second order for the spectral

region around 350 nm. The grating is to be installed in an

instrument where light from the entrance slit is incident

normally on the grating. If the manufacturer provides rulings

N = 15,000

N = 2, N = 10,

f
Grating

N � 40,000

2.5 in.
S

l � 550 nm

Lens
m � 1

m � �1

m � 0

Figure 15 Problem 11.

Figure 14 Problem 6.

Grating
normal

Grating

W � 10 cm

L

R � 2 m
 a � 10�6 m
N � 100,000

30�

12 How many grooves per centimeter are required for a 2-m

radius, concave grating that is to have a plate factor of

around 2 nm/mm in first order?

13 A plane reflection grating with 300 grooves/mm is blazed

at 10°.

a. At what wavelength in first order does the grating di-

rect the maximum energy when used with the incident

light normal to the groove faces?

b. What is the plate factor in first order when the grating

is used in a Czerny-Turner mounting with mirrors of

3.4-m radius of curvature?
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14 A reflection grating, ruled over a 15-cm width, is to be

blazed for use at 2000 Å in the vacuum ultraviolet. If its

theoretical resolving power in first order is to be 300,000,

determine the proper blaze angle for use (a) in a Littrow

mount and (b) with normal incidence.

15 Show that the spacing d of the fringes in the formation of a

holographic grating, as shown in Figure 7c, is given by

where is the angle between the coherent

beams. If the beams are argon-ion laser beams of wave-

length 488 nm and the angle between beams is 120°, how

many grooves per millimeter are formed in a plane emul-

sion oriented perpendicular to the fringes? What

is the effect on the fringe separation d of an emulsion with

a high refractive index?

16 A grating is needed that is able, working in first order, to

resolve the red doublet produced by an electrical discharge

in a mixture of hydrogen and deuterium: 1.8 Å at 6563 Å.

The grating can be produced with a standard blaze at 6300

Å for use in a Littrow mount. Find (a) the total number of

grooves required; (b) the number of grooves per millimeter

on the grating with a blaze angle of (c) the mini-

mum width of the grating.

17 An echelle grating is ruled over 12 cm of width with 8

grooves/mm and is blazed at 63°. Determine for a Littrow

configuration (a) the range of orders in which the visible

spectrum (400 to 700 nm) appears; (b) the total number of

grooves; (c) the resolving power and minimum resolvable

wavelength interval at 550 nm; (d) the dispersion at 550

nm; (e) the free spectral range, assuming the shortest wave-

length present is 350 nm.

1n = 12

l>12 sin u2, 2u

22°12¿;

Figure 16 Problem 14.

N�

N

ui
uB

um

W � 15 cm

Blazed
grating

l � 2000 Å
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Fresnel Diffraction

INTRODUCTION

You should be familiar with Fraunhofer diffraction, situations in which the
wavefront at the diffracting aperture may be considered planar without appre-
ciable error. We turn now to cases where this constitutes an unwarranted approx-
imation, cases in which either or both source and observation screen are close
enough to the aperture that wavefront curvature must be taken into account.
Collimating lenses are not required, therefore, for the observation of Fresnel, or
near-field, diffraction patterns, and in this experimental sense, their study is sim-
pler. The mathematical treatment, however, is more complex and is almost
 always handled by approximation techniques, as we will see.

Fresnel diffraction patterns form a continuity between the patterns
characterizing geometrical optics at one extreme and Fraunhofer diffraction
at the other. In geometrical optics, where light waves can be treated as rays
propagating along straight lines, we expect to see a sharp image of the aper-
ture. In practice, such images are formed when the observation screen is quite
close to the aperture. In cases of Fraunhofer diffraction, where the screen is
actually or, through the use of a lens, effectively far from the aperture, the dif-
fraction pattern is a fringed image that bears little resemblance to the aperture.
Recall the Fraunhofer double-slit pattern, for example. In the intermediate
case of Fresnel diffraction, the diffraction pattern is essentially an image of
the aperture, but the edges are fringed.

1 FRESNEL-KIRCHHOFF DIFFRACTION 
INTEGRAL

A typical arrangement is shown in Figure 1. Spherical wavefronts emerge
from a point source and encounter an aperture. At the aperture, the wavefront
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Fresnel Diffraction

is still substantially spherical, because the aperture is not far from the source.
Diffraction effects in the near field on the exit side of the aperture are then of
the Fresnel type. The distance from the source S to a representative point O
on the wavefront at the aperture is and the distance from the point O to a
representative point P in the field is r. Compared to Fraunhofer diffraction,
this case requires special treatment in several ways. Since the approaching
waves are not plane, the distance enters into the calculations. Also, the dis-
tances r and are no longer so much greater than the size of the aperture
that Fraunhofer diffraction applies. As a result, the variation of r and with
different aperture points O and field points P must be taken into account. Fi-
nally, because the direction from various aperture points O to a given field
point P may no longer be considered approximately constant, the depen-
dence of amplitude on direction of the Huygens wavelets originating at the
aperture must be considered. This correction is handled by the obliquity factor
to be discussed presently.

The electric field at point O in the aperture takes on the usual spherical
waveform,

(1)

Here, represents the complex amplitude of the electric field at point O.

Employing the Huygens-Fresnel principle, as in Fraunhofer diffraction, we
seek to find the resultant amplitude of the electric field at P due to a super-
position of all the Huygens wavelets from the wavefront at the aperture, each
emanating from an infinitesimal region on the wavefront of elemental area
dA. The contribution to the resultant field at P due to such an elemental area
can be represented by the spherical wave

(2)

The wave amplitude at the aperture is proportional to the elemental
area, so we can write

(3)

Here, characterizes the field amplitude per unit area of the Huygens
wavelet emanating from the infinitesimal region surrounding point O. As

EO =

ES

r¿

ei1kr¿ -vt2

dEP = a
dEO

r
bei1kr -vt2

dEO>r

dEO

r
=

EA

r
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EA
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r¿

eikr¿

r¿

r¿
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S

P

O
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Figure 1 Schematic defining the parame-
ters for a typical Fresnel diffraction.
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1This derivation requires mathematical ability that is beyond the stated level of this textbook
but can be found in many places, for example, Max Born, and Emil Wolf. Principles of Optics, 5th ed.
(New York: Pergamon Press, 1975, Ch. 8) and Robert Guenther. Modern Optics (New York: John Wiley
and Sons, 1990, Ch. 9).

such, should be proportional to the complex amplitude of the electric
field originating with the real point source at S. Thus we can write,

(4)

where is a proportionality constant with dimensions of inverse length.
Combining Eqs. (1) through (3), we have

(5)

The field at P due to the secondary wavelets from the entire aperture is the
surface integral of Eq. (5),

(6)

Equation (6) is incomplete in two ways. First, it does not take into
account the obliquity factor, which attenuates the diffracted waves
 according to their direction, as described earlier. For the present, we call
this factor a function of the angle between the directions of the
radiation incident and diffracted at the aperture point O. Second, it does
not take into account a curious requirement, a phase shift of the dif-
fracted waves relative to the primary incident wave. We will return to each
of these points in the following discussion. A corrected integral formula
was developed by Fresnel and placed on a more rigorous theoretical basis
by Kirchhoff. The ad hoc assumptions by Fresnel were shown by Kirchhoff
to follow naturally by arguing from Green’s integral theorem, whose
functions are scalar function solutions to the electromagnetic wave equa-
tion.1 The corrected integral is the Fresnel-Kirchhoff diffraction formula,
given by

(7)

In Eq. (7), the factor represents the required phase shift, and the
obliquity factor

limits the amplitude, The result expressed by Eq. (7), however, still in-
volves approximations, requiring that the source and screen distances remain
large relative to the aperture dimensions and that the aperture dimensions
themselves remain large relative to the wavelength of the optical disturbance.
The integration specified by Eq. (7) is over a closed surface including the
aperture but is assumed to make a contribution only over the aperture itself.
In arriving at this result, Kirchhoff assumed as boundary conditions that the
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wave function and its gradient are zero directly behind the opaque parts of
the aperture, and that within the opening itself, they have the same value as
they would in the absence of the aperture. These assumptions make the de-
rivation of Eq. (7) possible but are not entirely justified. Furthermore, in the
theory described here, the wave function is a scalar function whose
absolute square yields the irradiance. We know that, near the aperture, more
rigorous methods must be used that take into account the vector properties
of the electromagnetic field, including polarization effects. Nevertheless, the
Kirchhoff theory suffices to yield accurate results for most practical diffrac-
tion situations.

In the limiting case of Fraunhofer diffraction, Eq. (7) is simplified by
 assuming that (1) the obliquity factor is roughly constant over the aperture
due to the small spread in the diffracted light and (2) the variation of dis-
tances r and remains small relative to that of the exponential function.
When all constant (or approximately constant) terms are taken out of the
integral and included in an overall constant Eq. (7) is simply

which is a statement of the Huygens-Fresnel principle.
For situations in which the assumptions of Fraunhofer diffraction fail,

we are left with Eq. (7). This integration is, in general, not easy to carry out for
a given aperture. Fresnel offered satisfactory methods for simplifying this
task, or avoiding it altogether. We apply these methods in the simpler cases to
be considered here.

2 CRITERION FOR FRESNEL 
DIFFRACTION

Before dealing with these cases, we wish to establish a practical criterion that
determines when we should use Fresnel techniques rather than the simpler
Fraunhofer treatment already presented. It will suffice to consider the simple
case when both S and P are located on the central axis through the aperture,
as in Figure 2. Notice that the dimension indicated by is zero when the
wavefront is plane. The methods of Fraunhofer diffraction suffice, however,
as long as is small, less than the wavelength of the light. From Figure 2a we
may express this quantity as

(8)

or, equivalently,

where we have approximated the quantity in parentheses using the first two
terms of the binomial expansion, Since
the condition for significant curvature (near-field case) is
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Figure 2 Edge view of Figure 1. The curva-
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fronts is small when is small.¢

311



Fresnel Diffraction

and similarly, for the diffracted wave curvature in Figure 2b,

(10)

Combining Eqs. (9) and (10), the regime of Fresnel, or near-field, diffraction
may be expressed by

(11)

Of course, this condition also applies to the other dimension (transverse to h)
of the aperture, not shown in Figure 2. When h is taken as the maximum
 extent of the aperture in either direction or as the radius of a circular aper-
ture, Eq. (9) or Eq. (10) may also be expressed approximately by the
 condition

(12)

where d represents either p or q and A is the area of the aperture. Note that
this condition gives the complementary condition under which one can con-
sider the diffraction pattern to be in the far field.

3 THE OBLIQUITY FACTOR

The effect of the obliquity factor on the secondary wavelets originating at
points on the wavefront was introduced by Fresnel. Recall that according to
Huygens, a point source of secondary wavelets could radiate with equal ef-
fectiveness without regard to direction. This peculiarity would produce new
wavefronts in both forward and reverse directions of a propagating wave-
front, although the reverse wave does not exist. If point O in Figure 3 is the
origin of secondary wavelets that arrive at an arbitrary point P in the field,
then the correct modification of amplitude a as a function of the angle is
given by

(13)

where is evidently the amplitude in the forward direction, Notice
that in the reverse direction. The theoretical justification for this rela-
tion can also be found in Kirchhoff’s derivation.

4 FRESNEL DIFFRACTION FROM
CIRCULAR APERTURES

Suppose the aperture in Figure 1 is circular. Fresnel offered a clever tech-
nique for analyzing this special case without having to do the explicit integra-
tion of Eq. (7). He devised a method for dealing with the contribution 
from various parts of the wavefront by dividing the aperture into zones with
circular symmetry about the axis SOP. The configuration is sketched in 
Figure 4a, which shows an emerging spherical wavefront centered at S. 
The zones are defined by circles on the wavefront, spaced in such a way that
each zone of area Sn is, on the average, farther from the field point P thanl>2
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the preceding zone. In Figure 4a, then,
This means that each successive zone’s con-

tribution is exactly out of phase with that of the preceding one. Of course,
each of these half-period, or Fresnel, zones could be subdivided further into
smaller parts–subzones– for which the phase varies from one end of the zone
to the other by One can show that the resultant contribution from these
subzones has an effective phase intermediate between the phases at the zone
beginning and end, such that effective phases from successive half-period
zones are or 180°, apart. This is also clear from Figure 4b, a phasor diagram
in which each zone is subdivided into 15 subzones. Each of the small phasors
represents the contribution from one subzone. The first half-period zone is
completed after a number of such phasors culminate in a subzone phasor
 opposite in direction to the first. The amplitude (vertical dashed line)
represents the resultant of the subzones in the first half-period zone. Notice that
the composite phasor makes an angle of 90° relative to the reference direc-
tion, so that has a phase of relative to the first subzone phasor. For a large
number of subzones, the phasor diagram becomes circular and the magnitude of

is the diameter of the circle. The obliquity factor is taken into account in 
Figure 4b by making each succeeding phasor slightly shorter than the preceding
one. Thus the circles do not close but spiral inward.

The composite wave amplitudes at P (see Figure 4a) from n half-
 period zones can be expressed as

or

(14)

The successive zonal amplitudes are affected by three different considera-
tions: (1) a gradual increase with n due to slightly increasing zonal areas, (2) a
gradual decrease with n due to the inverse-square law effect as distances
from P increase, and (3) a gradual decrease with n due to the obliquity factor.
With regard to the first of these, it can be shown that the surface area of
the nth Fresnel zone is given by

(15)
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Figure 4 (a) Fresnel circular half-period
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The quantity is very small in most cases of interest. If the second term
in the square brackets is accordingly neglected compared to the first, Eq. (15)
describes zones with equal areas (independent of n), given by

(16)

The existence of the second term in Eq. (15), however small, indicates in-
creases in zonal areas with n and corresponding small increases in the succes-
sive terms of Eq. (14). Now one can show that these increases are canceled by
the decreases that arise from the second consideration, the effect of the
 inverse-square law. This leaves only the obliquity factor, which is responsible
for systematic decreases in the amplitudes as n increases.

A phasor diagram for the amplitude terms of Eq. (14) is shown in 
Figure 5a, as each Fresnel zone contribution is added. The corresponding
composite phasors are shown in Figure 5b. The individual phasors in
Figure 5a are separated vertically for clarity. Each phasor is out of phase with
its predecessor by 180° and is also shorter, due to the obliquity factor. The
composite phasors in Figure 5b begin at the start of the phasor and termi-
nate at the end of the phasor for any number n of contributing Fresnel
zones. Notice the large changes in the composite phasor for small n, as
the contribution from each new Fresnel zone is added. For N large, the dia-
gram shows clearly that the resultant amplitude approaches a value of

or half of that of the first contributing zone. The resultant amplitude
is seen to oscillate between magnitudes that are larger and smaller than the
limiting value of depending on whether it represents an even or an odd
number N of contributing zones.

A careful study of Figure 5 shows that for N zones, where N is even, the
resultant amplitude may be expressed approximately by

(17)

and where N is odd by

(18)
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We may use either Figure 5 or Eqs. (17) and (18) to make the following
conclusions:

1. If N is small so that then for N odd the resultant amplitude is
essentially that of the first zone alone; for N even, the resultant am-
plitude is near zero.

2. If N is large, as in the case of unlimited aperture, approaches zero, and
for either N even or odd, the resultant amplitude is half that of the first
contributing zone, or 

These conclusions produce some curious results, which can be verified
experimentally. For example, suppose an amplitude is measured at
P when a circular aperture coincides with the first Fresnel zone. Then by
opening the aperture wider to admit the second zone as well, the additional
light produces almost zero amplitude at P! Now remove the opaque shield al-
together, so that all zones of an unobstructed wavefront contribute. The am-
plitude at P becomes or half that due to the tiny first-zone aperture
alone. Since irradiance is proportional to the square of the amplitude, the un-
obstructed irradiance at P is only that due to the first-zone aperture alone.
Such results are surprising because they are not apparent in ordinary experi-
ence; yet they necessarily follow once Figure 5 is understood.

Another conclusion that is of some historic interest follows from a consid-
eration of the effect at P when a round obstacle or disc just covering the first zone
is substituted for the aperture. The light reaching P is now due to all zones except
the first. The first contributing zone is therefore the second zone, and by the same
arguments as those just used, we conclude that light of amplitude occurs at
P. Thus the irradiance at the center of the shadow of the obstacle should be al-
most the same as with no disc present! When Fresnel’s paper on diffraction was
presented to the French Academy, Poisson argued that this prediction was
patently absurd and so undermined its theoretical basis. However, Fresnel and
Arago showed experimentally that the spot, now known somewhat ironically as
Poisson’s spot, did occur as predicted. The diffraction pattern of an opaque circu-
lar disc, including the celebrated Poisson spot, is shown in Figure 6. As often
happens in such cases, conclusive experimental evidence was already on hand,
observed nearly a century before the argument. This sequence of events re-
minds us of the need to fit experimental results into a successful conceptual
framework if they are to make an impact on the scientific world.

a2>2

a1>2,

AP = a1

a1>2.

aN

a1 ,
a1 � aN ,

1
4

Figure 6 Diffraction pattern due to an
opaque, circular disc, showing the Poisson
spot at the center. (From M. Cagnet, 
M. Francon, and J. C. Thrierr, Atlas of Opti-
cal Phenomenon, Plate 33, Berlin: Springer-
Verlag, 1962.)

315



Fresnel Diffraction

5 PHASE SHIFT OF THE DIFFRACTED
LIGHT

The first phasor in Figure 5 is drawn, rather arbitrarily, in a horizontal
 direction, and the other phasors are then related to it. As we have seen,
however, the phasor due to the first Fresnel zone, has an effective phase of

behind that of the light reaching P along the axis. The directly propagat-
ed light could therefore be represented by a phasor in the vertical direction,
making an angle of with The resultant phasor of N zones is also in the
direction of We are forced by these observations to conclude that the
phase of the light at P, deduced from the Fresnel zone scheme, is at variance
by relative to the phase of the light reaching P directly along the axis. To
remove this discrepancy and to make the results agree with the phase of the
wave without diffraction, Fresnel was forced to assume that the secondary
wavelets on diffraction leave with a gain in phase of relative to the inci-
dent wavefront. The factor of i introduced in Eq. (7) for this purpose appears
naturally in the Kirchhoff derivation of the same equation.

6 THE FRESNEL ZONE PLATE

Examination of Eq. (14) suggests that if either the negative or the positive
terms are eliminated from the sum, the resultant amplitude and irradiance
could be quite large. Practically, this means that every other Fresnel zone in
the wavefront should be blocked. Figure 7 shows a drawing of 16 Fresnel
zones in which alternate zones are shaded. If such a picture is photographed
and a transparency in reduced size is prepared, a Fresnel zone plate is pro-
duced. Let the light incident on such a zone plate consist of plane wavefronts.
Then the zone radii required to make the zones half-period zones relative to
a fixed field point P can be calculated. From Figure 8, the radius of the nth
zone must satisfy

(19)

which can be written as

We restrict our discussion to cases where so that the second
term in square brackets is negligible compared with the first. For example,
taking and one finds and

justifying the neglect of the second term in the square

brackets. The zone plate radii are thus given approximately by

(20)

Evidently, the radii of successive zones in Figure 7 increase in propor-
tion to The radius of the first zone determines the magnitude
of or the point P on the axis for which the configuration functions as a
zone plate. If the first zone has radius then successive zones have radii of
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Example 1

If light of wavelength 632.8 nm illuminates a zone plate, what is the first zone
radius relative to a point 30 cm from the zone plate on the central axis? How
many half-period zones are contained in an aperture with a radius 100 times
larger?

Solution

Using Eq. (20),

Since n increases by a factor of when increases by a factor
of Thus a radius of 4.36 cm encompasses Fresnel zones.

If the first, third, fifth, etc., of the 16 zones shown in Figure 7 are trans-
mitting, then Eq. (14) becomes

with 8 zones contributing. When these few zones are reproduced on a smaller
scale, the obliquity factor is not very important, and we may approximate

By comparison, this amplitude at P is 16 times the amplitude
of a wholly unobstructed wavefront. The irradiance at P is, therefore, 
or 256, times as great, even for an aperture encompassing only these

16 zones. If P is 30 cm away, as in the previous example, the radius of this
aperture, by Eq. (20), is only 1.74 mm for 632.8-nm light. This concentration
of light at an axial point shows that the zone plate operates as a lens with P as
a focal point. Rearranging Eq. (20), we identify the distance as the first
focal length given by

(21)

There are other focal points as well. As the field point P approaches the zone
plate along the axis, the same zonal area of radius encompasses more half-
period zones. In Eq. (20), when is fixed, n increases as decreases. Thus as 
P is moved toward the plate, when for the same zonal radius

At this point, each of the original zones, as in Figure 7 for example, now
contain two half-period zones. These two half-periods—for each original
zone—contribute light at the focal point out of phase by with each
other. Thus they cancel and so no light is focused by the zone plate at the focal
point Continuing, in this manner, to move the observation point P
along the axis toward the Fresnel zone plate, for the same zonal radius we
find that and Now three half-period zones are contained in
each of the original zones in Figure 7. Of the three half-period zones, each
out of phase with each other, that contribute light at the focal point
two cancel and only one remains. Suppose then we consider the contribution of
all the zones in Figure 7, alternately transparent and opaque. The contribution
of each original zone, now subdivided into three half-period zones, adds, at the
observation point P for to provide one amplitude A given by

(22)

Comparing the amplitude of Eq. (22) at with the amplitude at
we see that at the entire first zone (made up, effectively, ofr0 = f1 , r0 = f1 ,
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and ) contributes, whereas at only one of the three does
so. Thus the amplitude at zone by zone, is reduced by a factor of
1/3, so that the irradiance at this point is 1/9 that at The argument
may, of course, be extended to an observation point at when the original
zone of radius includes five half-period zones, and the irradiance is 1/25
that at and so on. Thus other maximum intensity points along the axis are
to be found at

(23)

Example 2

What are the focal lengths for the zone plate described in the preceding
example?

Solution

Using Eq. (23) together with Eq. (20),

so that and so
on.

7 FRESNEL DIFFRACTION FROM
APERTURES WITH RECTANGULAR
SYMMETRY

Diffraction by straight edges, rectangular apertures, and wires are all conve-
niently handled by another approximation to the Fresnel-Kirchhoff diffrac-
tion formula, Eq. (7). For this geometry, let the source S in Figures 1 and 2
represent a slit, so that the wavefronts emerging from S are cylindrical. Recall
that cylindrical waves can be expressed mathematically in the same form as
spherical waves, except that the amplitude decreases as so that the irra-
diance decreases as 1/r.

Before pursuing Fresnel’s quantitative treatment of such cases, con-
sider qualitatively what we might expect by using again the concept of
Fresnel half-period zones. This time the zones are rectangular strips along
the wavefront, as in Figure 9. We wish to show that the sum of all phasors
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Figure 9 Fresnel half-period strip zones on
a cylindrical wavefront in an (a) edge view
and (b) front view.

318 Chapter 13



Fresnel Diffraction

now gives the endpoints of a curve called the Cornu spiral. As before, the
average phase at P of the light from each successive zone advances by a
half-period, or In Figure 9b, the rectangular strip zones are shown both
above and below the axis SP. Unlike the Fresnel circular zones, the areas
of the Fresnel strip zones fall off markedly with n so that successive phasor
amplitudes of the zonal contributions are distinctly shorter. A phasor dia-
gram for the complex amplitudes from the Fresnel zones above the axis
might look like Figure 10. If the first zone is subdivided into smaller seg-
ments, which advance by equal phases, the corresponding subzone phasors
can be represented by as shown. When the first half-period zone
has been included, the last phasor is advanced by relative to the first and
ends at T. The sum of all these contributions is the phasor In the case
of circular zones, Figure 4b, the corresponding resultant phasor has a phase
angle of and the corresponding point, T, would fall on the vertical axis.
Because of the rapid decrease in the subzone phasor magnitudes

the phase angle of relative to the reference direction is less
than After advancing through the subzones of the second half-period
zone, the phase changes by another and the last phasor ends at B. The
 resultant phasor, which includes two full half-period zones, is By con-
tinuing this process, one sees that the phasors approach a smooth curve,
which spirals into a limit point E, the eye of the spiral. A phasor from O
to E then represents the contributions of half the unimpeded wavefront,
the half above the axis SP in Figure 9a. A similar argument for the zones
below the axis would lead to a twin spiral, represented in the third quad-
rant and connecting at the origin O. If the coordinates of all points of this
Cornu spiral are known, the amplitudes due to contributions from any
number of zones can be determined from such a drawing and the relative
irradiances compared. The quantitative treatment that allows us to make
such calculations follows.

p

p.

A1
p>2.

1b1 , b2 , Á 2

p>2

A1 .
p

b1 , b2 , Á ,

AR

A2 .

A1

A2

AR

E

T

B

O Reference direction

b1

b2

Figure 10 Phasor diagram for the first two
half-period Fresnel zone strips, each subdi-
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 increment.

319



Fresnel Diffraction

8 THE CORNU SPIRAL

If we neglect the effect of the obliquity factor and the variation of the prod-
uct in the denominator of Eq. (7), the Fresnel-Kirchhoff integral may be
approximated by

(24)

where all constants are coalesced into We assume that the surface integral
over a closed surface including the aperture is zero everywhere except over
the aperture itself, so that we need perform the integration only over the
aperture in the yz-plane of Figure 11a. A side view, which shows the curvature
of the cylindrical wavefront, is drawn in Figure 11b. The distance may
be determined approximately from this figure. For and 
a  binomial expansion approximation gives
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Thus,

and similarly,

It follows that

If we abbreviate, using

(25)

we have

(26)

Then Eq. (24) becomes

If the elemental area dA is taken to be the shaded strip in Figure 11a,
and

(27)

The exponent Making a change of variable, we let

(28)

whereby is

Here, is a complex scale factor with dimensions of electric field ampli-
tude. Using Euler’s theorem on the integrand, we may write

(29)

The two integrals in this form can be expressed in terms of the Fresnel
integrals, which we name
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(31)

Using these, Eq. (29) may be written as

(32)

Now the irradiance at P, since is given by

(33)

Here we have defined the irradiance scale factor Later
we shall show that is the irradiance at P that results for an unobstructed
wavefront—that is, for “diffraction” through an aperture of infinite extent. It
is useful to note that and are both odd functions so that

Table 1 provides numerical values of these definite integrals for vari-
ous values of As we shall see in several applications, choice of in the 
Fresnel integrals is determined by the vertical dimensions of the diffraction 
aperture.

If the values of the Fresnel integrals are plotted against the variable
as real and imaginary coordinates on the complex plane, the resulting graph
is the Cornu spiral (Figure 12). According to Eq. (33), the square of the 
length of a straight line drawn between any two points of the spiral must be
proportional to the irradiance at point P, since and are coordi-
nates in a rectangular coordinate system. For example, consider the spiral
points F and G shown in Figure 12. The phasor that connects these
points is

The electric field amplitude—see Eq. (32)—at point P of Figure 11 could
then be written as

(34)

and the irradiance at point P—see Eq. (33)—could be written as

(35)

Here the symbol is intended to represent the length of the phasor 
The origin corresponds to and therefore to the y-axis

through the aperture of Figure 11a. The top part of the spiral ( and
) represents contributions from strips of the aperture above the y-axis,

and the twin spiral below ( and ) represents similar contributions
from below the y-axis. The limit points or “eyes” of the spiral at E and E¿
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represent linear zones at Furthermore, the variable represents
the length along the Cornu spiral itself. To see this, recall that the incremental
length dl along a curve in the xy-plane is given in general by

In the case at hand, the x- and y-coordinates are the Fresnel integrals
and respectively. Thus, using Eqs. (30) and (31), gives

or simply,
(36)dl = dy

z = ; q . y

dl2
= 1dC1y222 + 1dS1y222 = ccos2a

py2

2
b + sin2a

py2

2
b d dy2

dl2
= dx2

+ dy2

C1y2
S1y2,

TABLE 1 FRESNEL INTEGRALS

0.00 0.0000 0.0000 4.50 0.5261 0.4342
0.10 0.1000 0.0005 4.60 0.5673 0.5162
0.20 0.1999 0.0042 4.70 0.4914 0.5672
0.30 0.2994 0.0141 4.80 0.4338 0.4968
0.40 0.3975 0.0334 4.90 0.5002 0.4350
0.50 0.4923 0.0647 5.00 0.5637 0.4992
0.60 0.5811 0.1105 5.05 0.5450 0.5442
0.70 0.6597 0.1721 5.10 0.4998 0.5624
0.80 0.7230 0.2493 5.15 0.4553 0.5427
0.90 0.7648 0.3398 5.20 0.4389 0.4969
1.00 0.7799 0.4383 5.25 0.4610 0.4536
1.10 0.7638 0.5365 5.30 0.5078 0.4405
1.20 0.7154 0.6234 5.35 0.5490 0.4662
1.30 0.6386 0.6863 5.40 0.5573 0.5140
1.40 0.5431 0.7135 5.45 0.5269 0.5519
1.50 0.4453 0.6975 5.50 0.4784 0.5537
1.60 0.3655 0.6389 5.55 0.4456 0.5181
1.70 0.3238 0.5492 5.60 0.4517 0.4700
1.80 0.3336 0.4508 5.65 0.4926 0.4441
1.90 0.3944 0.3734 5.70 0.5385 0.4595
2.00 0.4882 0.3434 5.75 0.5551 0.5049
2.10 0.5815 0.3743 5.80 0.5298 0.5461
2.20 0.6363 0.4557 5.85 0.4819 0.5513
2.30 0.6266 0.5531 5.90 0.4486 0.5163
2.40 0.5550 0.6197 5.95 0.4566 0.4688
2.50 0.4574 0.6192 6.00 0.4995 0.4470
2.60 0.3890 0.5500 6.05 0.5424 0.4689
2.70 0.3925 0.4529 6.10 0.5495 0.5165
2.80 0.4675 0.3915 6.15 0.5146 0.5496
2.90 0.5624 0.4101 6.20 0.4676 0.5398
3.00 0.6058 0.4963 6.25 0.4493 0.4954
3.10 0.5616 0.5818 6.30 0.4760 0.4555
3.20 0.4664 0.5933 6.35 0.5240 0.4560
3.30 0.4058 0.5192 6.40 0.5496 0.4965
3.40 0.4385 0.4296 6.45 0.5292 0.5398
3.50 0.5326 0.4152 6.50 0.4816 0.5454
3.60 0.5880 0.4923 6.55 0.4520 0.5078
3.70 0.5420 0.5750 6.60 0.4690 0.4631
3.80 0.4481 0.5656 6.65 0.5161 0.4549
3.90 0.4223 0.4752 6.70 0.5467 0.4915
4.00 0.4984 0.4204 6.75 0.5302 0.5362
4.10 0.5738 0.4758 6.80 0.4831 0.5436
4.20 0.5418 0.5633 6.85 0.4539 0.5060
4.30 0.4494 0.5540 6.90 0.4732 0.4624
4.40 0.4383 0.4622 6.95 0.5207 0.4591

S1Y2C1Y2YS1Y2C1Y2Y
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9 APPLICATIONS OF THE CORNU 
SPIRAL

Approximate evaluations of the Kirchhoff-Fresnel integral are possible with
the help of the Cornu spiral. We examine a few special cases next.

Unobstructed Wavefront
The irradiance in the Fresnel diffraction pattern associated with different
apertures are often compared to the irradiance associated with an unob-
structed wavefront. An unobstructed wavefront is modeled by passage
through an aperture with a vertical dimension 2 that ranges from to

In this case, the total irradiance at point P is proportional to the
square of the length of the phasor drawn from to E, as shown in Figure 13.
The limiting points have the coordinates and

These values follow from evaluation of the
definite integrals

and from the previously mentioned fact that and are odd functions.
Thus, using Eq. (33) gives

(37)

Other irradiances may be compared conveniently to this value of
for the unobstructed wavefront.
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Figure 12 The Cornu spiral used to con-
struct the irradiance in a Fresnel diffraction
pattern.
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Straight Edge
Fresnel diffraction by a straight edge is pictured in Figure 14a. The Fresnel
zones to which we shall refer are long, thin, rectangular regions as pictured
earlier in Figure 9, rather than annular rings, as pictured in Figure 7. Of
course, for the straight edge depicted in Figure 14a, only those zones above
the physical edge contribute light to a given field point. At the field point P
on the axis SOP, the edge of the geometric shadow for which the
upper half of the zones and Cornu spiral are effective. In this case, the irradi-
ance at point P is proportional to the square of the length of the phasor from
O to E. The resulting phasor, shown as OE in Figure 14b, has a length of

and, consequently,

(38)

The plot in Figure 14c shows the irradiance at point P as well as the irra-
diance at screen-observation points a vertical displacement y above or below
the point P. For a lower point on the screen, we must consider the zones rel-
ative to the new axis drawn from to the wavefront at the aperture.
For the point marks the center of the wavefront, just as the point O
marks the center of the wavefront relative to point P. Thus above the axis

the new “upper half of the wavefront,” some of the zones—from to
O obstructed by part of the lower half of the edge—do not contribute to the ir-
radiance at point on the screen. Of course, the remaining bottom half of the
wavefront is similarly blocked off. Thus contributing zones, relative to the axis

begin at a finite positive value of z and continue to These are rep-
resented by the amplitude BE on the Cornu spiral. The irradiance at point
is thus given by

As indicated in the preceding relation, since the irradiance at
is less than that at P. As the observation point moves from P to lower

points on the screen, the representative phasor endpoint B slides along the
Cornu spiral away from O, with its other end fixed at E. One sees that the
 amplitude, and so the irradiance, must decrease monotonically, as shown in 
Figure 14c. The edge of the shadow is clearly not sharp. On the other hand, 
for a point above P, we conclude that relative to its axis all of theP¿ SO¿P¿,
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Figure 13 The phasor representing
the unobstructed wavefront has a length on
the Cornu spiral of 22.
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upper zones (along the wavefront above ) plus some of the first lower zones
 (between O and ) contribute. Thus, in this case z varies from a certain nega-
tive value to The corresponding field amplitude at is then proportion-
al to and so As moves up the screen, D moves down
along the spiral shown in Figure 14b. In this case, as D winds around the turns
of part of the Cornu spiral, the irradiance at oscillates with various
 maxima and minima points, as shown in Figure 14c.

Example 3

For a straight edge, calculate the irradiance at the first maximum above the
edge of the shadow.
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Figure 14 (a) Straight-edge diffraction. 
(b) Use of the Cornu spiral in analyzing
straight-edge diffraction. (c) Irradiance pat-
tern due to straight-edge Fresnel diffraction.
(d) Diffraction fringes from a straight line.
(From M. Cagnet, M. Francon, and J. C. Thrierr,
Atlas of Optical Phenomenon, Plate 32,
Berlin: Springer-Verlag, 1962.)
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Solution

Consider Figure 14b. At the first maximum point, the tail of the phasor pro-
portional to the field amplitude is at the extreme point G. Here we read from
the curve the value at this point. Then from Table 1, and the fact
that and are odd functions we have

Now the tip of the phasor corresponding to the field maximum is in the pos-
itive spiral at point E, which has coordinates The ir-
radiance at such a point on the screen corresponding to this first irradiance
maximum is then given by Eq. (33) as

The irradiance at the first maximum is 1.37 times greater than the irradi-
ance for an unobstructed wavefront.

The length in Figure 14b is proportional to the irradiance of the
first minimum on the screen. A calculation similar to that carried out in
Example 3 reveals that in this case For observation points

at very large values of y in Figure 14a, the irradiance approaches the
value for the unobstructed wavefront. A photograph of the pattern is
given in Figure 14d. Notice, from Figure 14a, that it is possible to relate
points at elevation y on the screen to corresponding points at elevation z
on the wavefront, such that

The value of z determines the length on the Cornu spiral, permitting
quantitative calculations of screen irradiance to be made.

Single Slit
Consider a diffracting aperture that is a single slit of width w, as in Figure 15a. In
this case the contributing zones range from to for a field
point P along the SOP axis. Thus, for the single slit and by ¢z = w,

z = -w>2 z = w>2

I1st max = I05[0.5 -(-0.71542]2
+ [0.5 -(- 0.62342]26 = 2.74I0 = 1.37Iu

C1q2 = S1q2 = 0.5.

C1-1.22 = -0.7154 and S1-1.22 = -0.6234
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Figure 15 Fresnel diffraction from a single slit (a) and its amplitude representation
on the Cornu spiral (b).
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Eq. (28),

(39)

Once L is calculated from Eq. (25), the contributing spiral-length interval 
on the Cornu spiral can be determined. Note that plays the role of a univer-
sal, dimensionless variable, allowing one Cornu spiral to serve for various
combinations of p, q, and For example, if and

then for a slit width of 0.01 cm. To calculate the ir-
radiance at the field point P in Figure 15a, a length of symmetri-
cally placed about the origin of the Cornu spiral, as shown in Figure 15b,
determines the endpoints of the chord FG used to calculate the irradiance at
point P. For a field point like above P, the contributing zones divide them-
selves into two parts, with fewer zones above the axis (positive and
) and more zones below (negative and ). Thus the and values for
the center of the spiral length become increasingly negative. (Note that
the center values for point are and .) Consequently, as
moves further above , slides along the Cornu spiral, toward the lower
eye, as shown in Figure 15. Although the length along the spiral remains
fixed, its placement at different positions along the spiral determines a differ-
ent chord length and thus a different irradiance. When the observation point
is below the axis, is placed along the upper spiral. In this way, the irradi-
ance of the entire pattern can be calculated. From this approach, one can rea-
son that the diffraction pattern of the slit is symmetrical about its center and
that the irradiance, while oscillatory, is never zero.

Example 4

Let the wavelength of the light be 500 nm and the slit of Figure 15a be 1 mm in
width. Light emerges from a source slit S, as shown, that is from the
diffracting slit. The diffraction pattern is observed from the slit.
What is the irradiance at a height of 1 mm above the axis SOP at the screen?

Solution

Using Eq. (25) we see that the parameter
We are looking for the irradiance at a point like in

Figure 15a. Contributing zones are like those included in the chord FG of
Figure 15b, but with the spiral length FG moved somewhat toward the
lower end. Fewer zones make a contribution from the upper half of the
wavefront relative to than they do relative to P. At the screen, point
corresponds to The corresponding point z on the wavefront is

The intersection of the dashed line (Figure 15a) with the wavefront at the slit
thus occurs 0.4 mm above the center of the slit or 0.1 mm below the upper slit
edge. The contributing zones as “seen” from thus include zones from

to in the upper half of its wavefront and from to
in the lower half. Contributing zones then span a continuous

range from to relative to the axis Cor-
responding endpoints on the Cornu spiral are and For example,
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Similarly, The square of the length of chord from to on
the Cornu spiral is proportional to the irradiance at the point Coordi-
nates of these points are found by interpolation in Table 1, giving

Therefore, the irradiance at point is found from Eq. (33) to be

The irradiance at the screen point 1 mm above the axis is 0.68 times the
irradiance of an unobstructed wavefront there.

Wire
Suppose now that the narrow slit of Figure 15a is replaced by a long, but 
thin, opaque obstacle such as a wire (Figure 16). If the width w of slit and 
wire are equal, then there is an exact reversal of the transmitting and block-
ing zones of the wavefront. Now all parts of the Cornu spiral are to be used in
calculating the resulting screen irradiance at point P except that portion des-
ignated by the spiral-length interval in Figure 16b. This situation clear-
ly yields two “vectors,” and which both contribute to the total field 
amplitude at point P. In fact, the irradiance at point P is proportional to the
square of the length of the phasor sum This result can be shown
by applying the rules of graphical vector addition in order to subtract the vec-
tor associated with the zones blocked by the wire from the vector associ-
ated with the unobstructed wavefront That is,

(40)

The irradiance at point P is then found as

When different field points like are considered, the omitted spiral interval
slides along the spiral as did the contributing interval for the case of¢y ¢y
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Figure 16 Geometry for Fresnel diffraction
from a wire of diameter w (a) and its repre-
sentation on the Cornu spiral (b).
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the rectangular slit considered earlier. The composite diffraction pattern for
the wire is shown in the photograph of Figure 17. In addition, an example of a
more complicated Fresnel pattern than those considered here is given in 
Figure 18.

10 BABINET’S PRINCIPLE

Apertures like those of Figures 15 and 16, in which clear and opaque regions
are simply reversed, are called complementary apertures. If, in turn, one of the
apertures, say A, and then the other, B, are put into place and the amplitude
at some point on the screen is determined for each, the sum of these ampli-
tudes must equal the unobstructed amplitude there. This is the content of
Babinet’s principle, which we express as

(41)

with A and B representing any two complementary apertures. This result can
be demonstrated by analyzing the Cornu spiral results associated with the slit
and wire apertures of Figures 15 and 16. Let the wire be aperture A and the slit
be aperture B. By rearranging Eq. (40), we may recast Eq. (41) as

Now, is proportional to the electric field amplitude at screen
point P due to the wire, is proportional to the electric amplitude at
screen point P due to the slit, and represents the unobstructed amplitude

Thus the wire/aperture complementary pair satisfy Babinet’s principle.
It is instructive to apply Babinet’s principle at a point where

Then, by Eq. (41), and at the point. In practice, Fresnel
diffraction does not produce amplitudes without an aperture. Fraun-
hofer diffraction does, however, as in the case of the pattern formed by a
point source and a lens. For such a case, in the region outside the small Airy
disc, essentially. Complementary apertures introduced into such sys-
tems then give, outside the central image, identical diffraction patterns. Thus
positive and negative transparencies of the same pattern produce the same
diffraction pattern.
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Figure 17 Fresnel diffraction pattern of a
fine wire. (From M. Cagnet, M. Francon, and
J. C. Thrierr, Atlas of Optical Phenomenon,
Plate 32, Berlin: Springer-Verlag, 1962.)

Figure 18 Fresnel shadow of a screw.
(From M. Cagnet, M. Francon, and J. C.
Thrierr, Atlas of Optical Phenomenon, Plate
36, Berlin: Springer-Verlag, 1962.)

330 Chapter 13



Fresnel Diffraction

PROBLEMS

1 A 1-mm-diameter hole is illuminated by plane waves of
546-nm light. According to the usual criterion, which tech-
nique (near-field or far-field) may be applied to the diffrac-
tion problem when the detector is at 50 cm, 1 m, and 5 m
from the aperture?

2 A 3-mm-diameter circular hole in an opaque screen is illu-
minated normally by plane waves of wavelength 550 nm. A
small photocell is moved along the central axis, recording
the power density of the diffracted beam. Determine the
locations of the first three maxima and minima as the pho-
tocell approaches the screen.

Plane waves

Aperture
Photocell

� � 550 nm

3 mm

Figure 19 Problem 2.

3 A distant source of sodium light (589.3 nm) illuminates a
circular hole. As the hole increases in diameter, the irradi-
ance at an axial point 1.5 m from the hole passes alternate-
ly through maxima and minima. What are the diameters of
the holes that produce (a) the first two maxima and (b) the
first two minima?

4 Plane waves of monochromatic (600-nm) light are incident
on an aperture. A detector is situated on axis at a distance
of 20 cm from the aperture plane.

a. What is the value of the radius of the first Fresnel
half-period zone, relative to the detector?

b. If the aperture is a circle of radius 1 cm, centered on
axis, how many half-period zones does it contain?

c. If the aperture is a zone plate with every other zone
blocked out and with the radius of the first zone equal
to (found in (a)), determine the first three focal
lengths of the zone plate.

5 The zone plate radii given by Eq. (20) were derived for
the case of plane waves incident on the aperture. If instead
the incident waves are spherical, from an axial point
source at distance p from the aperture, show that the nec-
essary modification yields

where q is the distance from aperture to the axial point of
detection and L is defined by 1>L = 1>p + 1>q.

Rn = 2nLl

R1

R1 ,

7 A point source of monochromatic light (500 nm) is 50 cm
from an aperture plane. The detection point is located 50
cm on the other side of the aperture plane.

a. The transmitting portion of the aperture plane is an an-
nular ring of inner radius 0.500 mm and outer radius
0.935 mm. What is the irradiance at the detector rela-
tive to the irradiance there for an unobstructed wave-
front? The results of problem 5 will be helpful.

b. Answer the same question if the outer radius is 1.00 mm.
c. How many half-period zones are included in the annu-

lar ring in each case?

8 By what percentage does the area of the 25th Fresnel half-
period zone differ from that of the first, for the case when
source and detector are both 50 cm from the aperture and
the source supplies light at 500 nm?

9 A zone plate is to be produced having a focal length of 2 m
for a He-Ne laser of wavelength 632.8 nm. An ink drawing
of 20 zones is made with alternate zones shaded in, and a re-
duced photographic transparency is made of the drawing.

a. If the radius of the first zone is 11.25 cm in the drawing,
what reduction factor is required?

b. What is the radius of the last zone in the drawing?

10 A zone plate has its center half-zone opaque. Find the diam-
eters of the first three clear zones such that the plate focuses
parallel light of wavelength 550 nm at 25 cm from the plate.

S P

Aperture

Observation
point

p q

Rn

Figure 20 Problem 5.

6 Repeat parts (a) and (b) of problem 4 when the source is a
point source 10 cm from the aperture. Take into account
the results of problem 5.

r0r1

r2 r3

Collimated
light

25 cm

P
Observation

point

C
C
C
O
O
O
O

Side view of
zone plate� � 550 nm

C � clear
O � opaque

Figure 21 Problem 10.
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Fresnel Diffraction

19 Calculate the relative irradiance (compared to the unob-
structed irradiance) on the optic axis due to a double-slit
aperture that is both 10 cm from a point source of mono-
chromatic light (546 nm) and 10 cm from the observation
screen. The slits are 0.04 mm in width and separated (cen-
ter to center) by 0.25 mm.

17 For the near-field diffraction pattern of a straight edge, cal-
culate the irradiance of the second maximum and mini-
mum, using the Cornu spiral and the table of Fresnel
integral values given.

18 Fresnel diffraction is observed behind a wire 0.37 mm
thick, which is placed 2 m from the light source and 3 m
from the screen. If light of wavelength 630 nm is used, com-
pute, using the Cornu spiral, the irradiance of the diffrac-
tion pattern on the axis at the screen. Express the answer
as some number times the unobstructed irradiance there.

11 For an incident plane wavefront, show that the areas of the
Fresnel half-period zones relative to an observation point
at distance x from the wavefront are approximately con-
stant and equal to Assume that is much smaller
than 1.

12 Light of wavelength 485 nm is incident normally on a
screen. How large is a circular opening in an otherwise
opaque screen if it transmits four Fresnel zones to a point 2 m
away? What, approximately, is the irradiance at the point?

13 A single slit of width millimeter is illuminated by a colli-
mated beam of light of wavelength 540 nm. At what obser-
vation point on the axis does 

14 A source slit at one end of an optical bench is illuminat-
ed by monochromatic mercury light of 435.8 nm. The
beam diverging from the source slit encounters a second
slit 0.5 mm wide at a distance of 30 cm. The diffracted
light is observed on a screen at 15 cm farther along the
optical bench. Determine the irradiance (in terms of the
unobstructed irradiance) at the screen (a) on axis and
(b) at one edge of the geometrical shadow of the dif-
fracting slit.

plx. l>x

¢y = 2.5?

1
2

15 A slit illuminated with sodium light is placed 60 cm from a
straight edge and the diffraction pattern is observed using
a photoelectric cell, 120 cm beyond the straight edge. De-
termine the irradiance at (a) 2 mm inside and (b) 1 mm
outside the edge of the geometrical shadow.

15 cm30 cm

0.5 mm

Screen

Edge of
geometrical
shadow

S

� � 435.8 nm

Slit
aperture

Figure 22 Problem 14.

120 cm60 cm

Straight
edge

S

� 1 mm

Observation
plane

� 2 mm

� � 589.3 nm

Figure 23 Problem 15.

10 cm10 cm
0.25 mm

0.04 mm

Double
slit

Observation
screen

S

� � 546 nm

Figure 25 Problem 19.

3 m

0.37 mm

Wire

2 m

Screen

S

� � 630 nm

16 Filtered green mercury light (546.1 nm) emerges from a slit
placed 30 cm from a rod 1.5 mm thick. The diffraction pat-
tern formed by the rod is examined in a plane at 60 cm be-
yond the rod. Calculate the irradiance of the pattern at (a)
the center of the geometrical shadow of the rod and (b) the
edge of the geometrical shadow.

Figure 24 Problem 18

20 Single-slit diffraction is produced using a monochromatic light
source (435.8 nm) at 25 cm from the slit. The slit is 0.75 mm
wide. A detector is placed on the axis, 25 cm from the slit.

a. Ensure that far-field diffraction is invalid in this case.
b. Nevertheless, determine the distance above the axis at

which single-slit Fraunhofer diffraction predicts the
first zero in irradiance.

c. Then calculate the irradiance at the same point, using
Fresnel diffraction and the Cornu spiral. Express the
result in terms of the unobstructed irradiance.

21 A glass plate is sprayed with uniform opaque particles.
When a distant point source of light is observed looking
through the plate, a diffuse halo is seen whose angular
width is about 2°. Estimate the size of the particles. (Hint:
Use Babinet’s principle.)
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INTRODUCTION

The polarization of an electromagnetic wave should already be familiar to
you. The direction of the electric field vector is known as the polarization of
the electromagnetic wave. In this chapter we extend our discussion of the
properties and production of polarized light. The electric field associated with
a plane monochromatic electromagnetic wave is perpendicular to the direc-
tion of the propagation of the energy carried by the wave. The same can be
said of the magnetic field vector, which also maintains an orientation perpen-
dicular to the electric field vector such that the direction of is every-
where the direction of wave propagation. In general, plane monochromatic
waves are elliptically polarized, in the sense that, over time, the tip of the elec-
tric field vector in a given plane perpendicular to the direction of energy
propagation traces out an ellipse. Special cases of electromagnetic waves with
elliptical polarization include linearly polarized waves in which the electric
field vector always oscillates back and forth along a given direction in space
and circularly polarized waves in which, over time, the tip of the electric field
vector traces out a circle. These special cases are worth reviewing. Monochro-
matic plane waves are idealized models of the electromagnetic waves pro-
duced by, for example, laser sources or a distant single-dipole oscillator. Any
electromagnetic wave can be regarded as a superposition of plane electro-
magnetic waves with various frequencies, amplitudes, phases, and polariza-
tions. “Ordinary” light, such as that produced by a hot filament, is typically
produced by a number of independent atomic sources whose radiation is not
synchronized. The resultant vector consists of many componentsE

B

-field

E
B

* B
B

E
B

Matrix Treatment of Polarization

Ey

Ex

E0y

E0x

a
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Matrix Treatment of Polarization

1R. Clark Jones, “A New Calculus for the Treatment of Optical Systems,” Journal of the Optical
Society, Vol. 31 1941; 488.

whose amplitudes, frequencies, polarizations, and phases differ. If the polariza-
tions of the individual fields produced by the independent oscillators are ran-
domly distributed in direction, the field is said to be randomly polarized or
simply unpolarized. If an electromagnetic field consists of the superposition
of fields with many different polarizations of which one is (or several are) pre-
dominant the field is said to be partially polarized.

The possibility of polarizing light is essentially related to its transverse
character. If light were a longitudinal wave, the production of polarized light
in the ways to be described would simply not be possible. Thus, the polariza-
tion of light constitutes experimental proof of its transverse character. In this
chapter, we introduce a convenient matrix description of polarization devel-
oped by R. Clark Jones.1 First we develop two-element column matrices or
vectors to represent light in various modes of polarization. Then we examine
the physical elements that produce polarized light and discover correspond-
ing matrices that function as mathematical operators on the Jones
 vectors.

1 MATHEMATICAL REPRESENTATION
OF POLARIZED LIGHT: JONES
VECTORS

Consider an electromagnetic wave propagating along the z-direction of the
coordinate system shown is Figure 1. Let the electric field of this wave, at the
origin of the axis system, be represented, at a given time, by the vector
shown. Then, in terms of the unit vectors and 

(1)

We write the complex field components for waves traveling in the
with amplitudes and and phases and as

(2)

and

(3)

Here, and 

Using Eqs. (2) and (3) in Eq. (1) gives, for the complex field 

which may also be written

(4)

The bracketed quantity in Eq. (4), separated into x- and y-components, is
now recognized as the complex amplitude vector for the polarized wave.
Since the state of polarization of the light is completely determined by the

E
'

0

E
'

= [E0xeiwxxN + E0yeiwyyN]ei1kz -vt2
= E

'

0e
i1kz -vt2
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'
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'
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Ey = Re 1E
'

y2.Ex = Re 1E
'
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E
'
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E
'
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E
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Ex

Ey E
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direction

Figure 1 Representation of the instanta-
neous of a light wave traveling in
the +z-direction.

E
B
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Matrix Treatment of Polarization

relative amplitudes and phases of these components, we need concentrate
only on the complex amplitude, written as a two-element matrix, or Jones
vector,

(5)

Let us determine the particular forms for Jones vectors that describe
linear, circular, and elliptical polarization. In Figure 2a, vertically polarized
light travels in the out of the page with its along
the y-axis. Since has a sinusoidally varying magnitude as it progresses,
the electric field vector varies between, say, and We display this
behavior by a double-headed arrow, as shown in Figure 2a. As time
 progresses, the tip of the electric field vector traces out positions along
the extent of the double-headed arrow. The field depicted in Figure 2a is
represented by and In the absence of an
the phase may be set equal to zero for convenience. Then, by Eq. (5), the
corresponding Jones vector is

Furthermore, when only the mode of polarization is of interest, the amplitude
A may be set equal to 1. The Jones vector for vertically linearly polarized light 
is then simply This simplified form is the normalized form of the vector. 

In general, a vector is expressed in normalized form when

Similarly, Figure 2b represents horizontally polarized light, for which, letting
and 

On the other hand, Figure 2c represents linearly polarized light whose vibra-
tions occur along a line making an angle with respect to the x-axis. Both 
x- and y-components of are simultaneously present. Evidently this is a gen-
eral case of linearly polarized light that reduces to the vertically polarized
mode when and to the horizontally polarized mode when
Notice that to produce the resultant vibration shown in Figure 3a, the two
perpendicular vibrations and must be in phase. That is, they must pass
through the origin together, increase along their respective positive axes to-
gether, reach their maximum values together, and then return together to
continue the cycle. Figure 3a makes this sequence clear. Accordingly, since
we require merely a relative phase of zero, we set For a re-
sultant with amplitude A, the perpendicular component amplitudes are

and The Jones vector takes the form

(6)

For the normalized form of the vector, we set since
Notice that this general form does indeed reduce to the Jones vectors found for

A = 1, cos2 a + sin2 a = 1.
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Figure 2 Representation of of
linearly polarized light with various orien-
tations. In each case, the light is propagating
in the positive z-direction.
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Figure 3 (a) Linearly polarized electric
field vectors whose x- and y-components
are in phase lie in the first and third quad-
rants. (b) Linearly polarized electric field
vectors whose x- and y-components are 
out of phase lie in the second and fourth
quadrants.
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the case and For other orientations, for example, 

Alternatively, given a vector where a and b are real numbers, the in-
clination of the corresponding linearly polarized light is given by

(7)

Generalizing a bit, suppose were a negative angle, as in Figure 3b. In
this case, is a negative number, since the sine is an odd function, whereas

remains positive. The negative sign ensures that the two vibrations are 
out of phase, as needed to produce linearly polarized light with 

lying in the second and fourth quadrants. Referring to Figure 3b again, this
means that if the x-vibration is increasing from the origin along its positive di-
rection, the y-vibration must be increasing from the origin along its negative
direction. The resultant vibration takes place along a line with negative slope.
Summarizing, a Jones vector with both a and b real numbers, not both
zero, represents linearly polarized light at inclination angle 

By now it may be apparent that in determining the resultant vibration
due to two perpendicular components, we are in fact determining the appro-
priate Lissajous figure. If the phase difference between the vibrations is other
than 0 or the resultant traces out an ellipse rather than a straight
line. Of course, the straight line can be considered a special case of the ellipse, as
can the circle. Figure 4 summarizes the sequence of Lissajous figures as a func-
tion of relative phase for the general case Notice 
the sense of rotation of the tip of the around the ellipses shown in
Figure 4, which makes the case for example, different from the
case When the ellipses corresponding to 
or reduce to circles.3p>2
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Now suppose and leads by Then at the instant
has reached its maximum displacement— for example— is zero. A

fourth of a period later, is zero and and so on. Figure 5 shows a
few samples in the process of forming the resultant vibration. For the cases il-
lustrated there, where the x-vibration leads the y-vibration, it is necessary to
make This apparent contradiction results from our choice of
phase in the formulation of the in Eqs. (2) and (3), where the time-
 dependent term in the exponent is negative. To show this, let us observe the
wave at and choose and so that Equations (2)
and (3) then become

The negative sign before indicates a lag in the y-vibration relative to the x-
vibration. To see that these equations represent the sequence in Figure 5, we
take their real parts and set and giving

Recalling that each of the cases in Figure 5 can be easily
verified. Also, since

the tip of the resultant vector traces out a circle of radius A.
We now deduce the Jones vector for this case—where leads —taking

and Then,

(8)

To determine the normalized form of the vector, notice that
so that each element must be divided by to produce unity.

Thus the Jones vector represents circularly polarized light when 
rotates counterclockwise, viewed head-on. This mode is called left-circularly
polarized (LCP) light. Thus,

Similarly, if leads by the result will again be circularly polarized
light with clockwise rotation leading to right-circularly polarized (RCP) light.
Replacing by in Eq. (8) gives the normalized Jones vector,

Notice that one of the elements in the Jones vector for circularly polarized
light is now purely imaginary, and the magnitudes of the elements are the same.
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Given a particular mathematical form of the vector, the actual character of
the light polarization may not always be immediately apparent. For example,
the Jones vector represents right-circularly polarized light since

The prefactor of a Jones vector may affect the amplitude and, hence, the irra-
diance of the light but not the polarization mode. Prefactors such as 2 and 2i
may therefore be ignored unless information regarding energy is required.

Next suppose that the phase difference between orthogonal vibrations
and is still but In particular, let and

where A and B are positive numbers. In this case, Eq. (8) should be
modified to give

These instances of elliptical polarization are illustrated in Figure 4 for
and Notice that a lag of is equivalent to a lead of

The ellipse is oriented with its major axis along the x- or y-axis, as in
Figure 6, depending on the relative magnitudes of and In addition,
either case may produce clockwise rotation of around the ellipse (when
leads ) or counterclockwise rotation (when leads ). Based on these
observations, we conclude that a Jones vector with elements of unequal mag-
nitude, one of which is pure imaginary, represents elliptically polarized light
oriented along the x,y-axes. The normalized forms of the Jones vectors now
must include a prefactor of 

It is also possible to produce elliptically polarized light with principal
axes inclined to the x,y-axes, as evident in Figure 4. This situation occurs when
the phase difference between and is some angle other than

(linear polarization) or
(circular or elliptical polarization oriented symmetrically about

the x,y-axes). Here, For example, consider the case where
leads by some positive angle that is, Taking

and (with A and b positive), the Jones vector is

Using Euler’s theorem, we write

The Jones vector for this general case is, then,

(9)

Here the identification of this form with counterclockwise rotation requires
that A and C have the same sign. Since multiplying a Jones vector by an over-
all constant does not change the character of the polarization described by
the Jones vector, we shall adopt the convention that A is positive. With that
convention a positive imaginary part C of indicates that the Jones vectorE
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represents counterclockwise rotation. Note that one of the elements of the
Jones vector in Eq. (9) is now a complex number having both real and 
imaginary parts. The normalized form must be divided by 
The Jones vector of Eq. (9) represents an electric field vector whose tip
travels in a counterclockwise direction as it traces out an ellipse whose sym-
metry axes are inclined at a general angle relative to the x,y-coordinate sys-
tem. With the help of analytical geometry, it is possible to show that the
ellipse whose Jones vector is given by Eq. (9) is inclined at an angle with
respect to the x-axis, as shown in Figure 7. The angle of inclination is deter-
mined from

(10)

The ellipse is situated in a rectangle of sides and In terms of the
parameters A, B, and C, the derivation of Eq. (9) makes clear that

(11)

Example 1

Analyze the Jones vector given by

to show that it represents elliptically polarized light.

Solution

The light has relative phase between and of

Since and the inclina-

tion angle of the axis is given by

With this data the ellipse can be sketched as indicated in Figure 7. Moreover,
from the general equation of an ellipse, we have

(12)

For this example, the equation of the ellipse is

When lags the phase angle becomes negative and leads to the Jones
vector (with A and C positive numbers) representing a clockwise rotation in-
stead:
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This form, together with the form representing counterclockwise rotation
given in Eq. (9), are the most general forms of the Jones vector, including all
those discussed previously as special cases.

Table 1 provides a convenient summary of the most common Jones
 vectors in their normalized forms. It should be emphasized that the forms
given in Table 1 are not unique. First, any Jones vector may be multi-
plied by a real constant, changing amplitude but not polarization mode.
Vectors in Table 1 have all been multiplied by prefactors, when necessary,
to put them in normalized form. Thus, for example, the vector and
so represents linearly polarized light making an angle of 45° with the x-axis
and with  amplitude of Second, each of the vectors in Table 1 can be
multiplied by a factor of the form which has the effect of promoting theeiw,

222.
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phase of each element by that is, and Since the
phase difference is unchanged in this process, the new vector represents the
same polarization mode. Recall that the vectors in Table 1 were formulated
by choosing, somewhat arbitrarily, Thus, for example, multiplying the
vector representing left-circularly polarized light by 

produces an alternate form of the vector. Clearly, given the second form, one
could deduce the standard form in Table 1 by extracting the factor i.

The usefulness of these Jones vectors will be demonstrated after Jones
matrices representing polarizing elements are also developed. However, at
this point it is already possible to calculate the result of the superposition of
two or more polarized modes by adding their Jones vectors. The addition of
left- and right-circularly polarized light, for example, gives

or linearly polarized light of twice the amplitude. We conclude that linearly
polarized light can be regarded as being made up of left- and right-circularly
polarized light in equal proportions. As another example, consider the super-
position of vertically and horizontally linearly polarized light in phase:

The result is linearly polarized light at an inclination of 45°. Notice that the ad-
dition of orthogonal components of linearly polarized light is not unpolarized
light, even though unpolarized light is often symbolized by such components.
There is no Jones vector representing unpolarized or partially polarized light.2

2 MATHEMATICAL REPRESENTATION
OF POLARIZERS: JONES MATRICES

Various devices can serve as optical elements that transmit light but modify
the state of polarization. The physical mechanisms underlying their operation
will be discussed in the next chapter. These polarizers can be generally de-
scribed by Jones matrices,

where the matrix elements a, b, c, and d determine the manner in which the
polarizers modify the polarization of the light that they transmit. Here, we
will categorize such polarizers in terms of their effects, which are basically
three in number.

w, wx : wx + w wy : wy + w.

M = c
a b

c d
d

2 * 2

wx = 0.

c
0
1
d + c

1
0
d = c

1
1
d

c
1
i
d + c

1
- i
d = c

1 + 1
i - i

d = c
2
0
d

i c
1
i
d = c

i

-1
d

eip>2
= i,

2A matrix approach that handles partially polarized light, using Stokes vectors and 
Mueller matrices can be found in M. J. Walker, “Matrix Calculus and the Stokes Parameters of Polar-
ized Radiation,” American Journal of Physics, Vol. 22, 1954: 170 and W. A. Shurcliff, Polarized Light:
Production and Use (Cambridge, Mass.: Harvard University Press, 1962).

4 * 41 * 4
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Linear Polarizer
The linear polarizer selectively removes all or most of the in a
given direction, while allowing vibrations in the perpendicular direction to be
transmitted. In most cases, the selectivity is not 100% efficient, so that the
transmitted light is partially polarized. Figure 8 illustrates the operation
schematically. Unpolarized light traveling in the passes through
a linear polarizer, whose preferential axis of transmission, or transmission
axis (TA), is vertical. The unpolarized light is represented by two perpendicu-
lar (x and y) vibrations, since any direction of vibration present can be re-
solved into components along these directions. The light transmitted includes
components only along the TA direction and is therefore linearly polarized in
the vertical, or y, direction. The horizontal components of the original light
have been removed by absorption. In the figure, the process is assumed to be
100% efficient.

Phase Retarder
The phase retarder does not remove either of the orthogonal components of 
the but rather introduces a phase difference between them. If 
light corresponding to each orthogonal vibration travels with a different speed
through such a retardation plate, there will be a cumulative phase difference,

between the two waves as they emerge.
Symbolically, Figure 9 shows the effect of a retardation plate on unpo-

larized light in a case where the vertical component travels through the plate
faster than the horizontal component. This is suggested by the schematic sepa-
ration of the two components on the optical axis, although of course both

E
B

-vibrations

+z-direction

¢w,

E
B

-vibrations,

TA

Linear
polarizer

Unpolarized
light

z

y

x

Figure 8 Operation of a linear polarizer.

FA

SA Retardation
plate

y

x

z

Unpolarized
light

Figure 9 Operation of a phase retarder.
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waves are simultaneously present at each point along the axis. The fast axis
(FA) and slow axis (SA) directions of the plate are also indicated. When the
net phase difference the retardation plate is called a quarter-wave
plate; when it is it is called a half-wave plate.

Rotator
The rotator has the effect of rotating the direction of linearly polarized light
incident on it by some particular angle. Vertical linearly polarized light is
shown incident on a rotator in Figure 10. The effect of the rotator element is
to transmit linearly polarized light whose direction of vibration has been, in
this case, rotated counterclockwise by an angle 

We desire now to create a set of matrices corresponding to these three types
of polarizers so that just as the optical element alters the polarization mode
of the actual light beam, an element matrix operating on a Jones vector will
produce the same result mathematically. We adopt a pragmatic point of view
in formulating appropriate matrices. For example, consider a linear polarizer
with a transmission axis along the vertical, as in Figure 8. Let a matrix
representing the polarizer operate on vertically polarized light, and let the el-
ements of the matrix to be determined be represented by letters a, b, c, and d.
The resultant transmitted or product light in this case must again be vertical-
ly linearly polarized light. Symbolically,

This matrix equation—according to the rules of matrix multiplication—is
equivalent to the algebraic equations

from which we conclude and To determine elements a and c, let
the same polarizer operate on horizontally polarized light. In this case, no
light is transmitted, or

The corresponding algebraic equations are now

from which and We conclude here without further proof, then,
that the appropriate matrix is

(13)

The matrix for a linear polarizer, TA horizontal, can be obtained in a similar
manner and is included in Table 2, near the end of this chapter. Suppose
next that the linear polarizer has a TA inclined at 45° to the x-axis. To keep
matters as simple as possible we consider, in turn, the action of the polarizer
on light linearly polarized in the same direction as—and perpendicular
to—the TA of the polarizer. Light polarized along the same direction as 

the TA is represented by the Jones vector and light with a polarizationc
1
1
d ,

M = c
0 0
0 1

d linear polarizer, TA vertical

a = 0 c = 0.

c112 + d102 = 0

a112 + b102 = 0

c
a b

c d
d c

1
0
d = c

0
0
d

b = 0 d = 1.

c102 + d112 = 1

a102 + b112 = 0

c
a b

c d
d c

0
1
d = c

0
1
d

2 * 2

u.

p,
¢w = p>2,

Rotator

y

x

u

z

Figure 10 Operation of a rotator.
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direction that is perpendicular to the TA is represented by the Jones vector 

Then, following the approach used earlier,

Equivalently,

or Thus, the correct matrix is

(14)

In the same way, a general matrix representing a linear polarizer with TA at
angle can be determined. This is left as an exercise for the student. The
result is

(15)

which includes Eqs. (13) and (14) as special cases, with and
respectively.

Proceeding to the case of a phase retarder, we desire a matrix that will
transform the elements

and

where and represent the advance in phase of the and
of the incident light. Of course, and may be negative quantities. Inspection
is sufficient to show that this is accomplished by the matrix operation

Thus, the general form of a matrix representing a phase retarder is

(16)

As a special case, consider a quarter-wave plate (QWP) for which
We distinguish the case for which (SA vertical) from the

case for which (SA horizontal). In the former case, then, let
and Obviously, other choices—an infinite number of

them—are possible, so that Jones matrices, like Jones vectors, are not unique.
ex = -p>4 ey = +p>4.

ex - ey = p>2
p>2. ey - ex = p>2

ƒ ex - ey ƒ =

M = c
eiex 0
0 eiey

d phase retarder

c
eiex 0
0 eiey

d c
E0xeiwx

E0yeiwy
d = c

E0xei1wx +ex2

E0yei1wy +ey2
d

ex ey

ex ey Ex- Ey-components

E0yeiwy into E0yei1wy +ey2

E0xeiwx into E0xei1wx +ex2

u = 45°,u = 90°

M = c
cos2 u sin u cos u

sin u cos u sin2 u
d linear polarizer, TA at u

c
1

-1
d .

c
a b

c d
d c

1
1
d = c

1
1
d and c

a b

c d
d c

1
-1
d = c

0
0
d

u

M =

1
2
c
1 1
1 1

d linear polarizer, TA at 45°

a = b = c = d =
1
2 .

c - d = 0

a - b = 0

c + d = 1

a + b = 1
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This particular choice, however, leads to a common form of the matrix, due to
its symmetrical form:

(17)

In arriving at the last matrix in Eq. (17), we used the relationship
and the indentity Similarly, when 

(18)

Corresponding matrices for half-wave plates (HWP), where
are given by

(19)

(20)

The elements of the matrices are identical in this case, since advancement of
phase by is physically equivalent to retardation by The only difference
lies in the prefactors that modify the phases of all the elements of the Jones
vector in the same way and hence do not affect interpretation of the results.

The requirement for a rotator of angle is that an oscillating
linearly at angle and with normalized components and be con-
verted to one that oscillates linearly at angle That is,

Thus, the matrix elements must satisfy

From the trigonometric identities for the sine and cosine of the sum of two
angles,

it follows that

so that the desired rotator matrix is

(21)

The Jones matrices derived in this chapter are summarized in Table 2. 

M = c
cos b -sin b
sin b cos b

d rotator through angle +b

c = sin b d = cos b

a = cos b b = -sin b

sin 1u + b2 = sin u cos b + cos u sin b

cos 1u + b2 = cos u cos b - sin u sin b

c cos u + d sin u = sin1u + b2

a cos u + b sin u = cos1u + b2

M = c
eip>2 0

0 e-ip>2 d = eip>2 c
1 0
0 -1

d HWP, SA horizontal

M = c
e-ip>2 0

0 eip>2 d = e-ip>2 c
1 0
0 -1

d HWP, SA vertical

c
a b

c d
d c

cos u
sin u

d = c
cos1u + b2

sin1u + b2
d

1u + b2.
u cos u sin u,

b E
B

-vector,

p p.

= p,ƒ ex - ey ƒ

M = eip>4 c
1 0
0 - i

d QWP, SA horizontal

eip>4
= e-ip>4 eip>2 i = eip>2. ex 7 ey ,

2 * 2

M = c
e-ip>4 0

0 eip>4 d = e-ip>4 c
1 0
0 i

d QWP, SA vertical
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As an important example, consider the production of circularly polar-
ized light by combining a linear polarizer with a QWP. Let the linear polariz-
er (LP) produce light vibrating at an angle of 45°, as in Figure 11, which is
then transmitted by a QWP with SA horizontal. In this arrangement, the light
incident on the QWP is divided equally between fast and slow axes. On
emerging, a phase difference of results in circularly polarized light. With
the Jones calculus, this process is equivalent to allowing the QWP matrix to
operate on the Jones vector for the linearly polarized light,

giving right-circularly polarized light (see Table 1). If the fast and slow
axes of the QWP are interchanged, a similar calculation shows that the re-
sult is left-circularly polarized instead.

p>2

eip>4 c
1 0
0 - i

d
1

22
c
1
1
d = eip>4a

1

22
b c

1
- i
d

FA

TA

SA

QWP

LP

TA
45	

y

x

z

Unpolarized
light

Figure 11 Production of right circularly
polarized light.

TABLE 2 SUMMARY OF JONES MATRICES

I. Linear polarizers

TA horizontal TA vertical TA at 45° to horizontal

II. Phase retarders

General 

QWP,  SA vertical QWP,  SA horizontal

HWP,  SA vertical HWP,  SA horizontal

III. Rotator

Rotator c
cos b -sin b
sin b cos b

d1u: u + b2

eip>2 c
1 0
0 -1

de-ip>2 c
1 0
0 -1

d

eip>4 c
1 0
0 - i

de-ip>4 c
1 0
0 i

d

c
eiex 0
0 eiey

d

1
2
c
1 1
1 1

dc
0 0
0 1

dc
1 0
0 0

d
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Example 2

Consider the result of allowing left-circularly polarized light to pass through
an eighth-wave plate.

Solution

We first need a matrix that represents the eighth-wave plate, that is, a phase
retarder that introduces a relative phase of Thus, letting

This matrix then operates on the Jones vector representing the left-circularly
polarized light:

The resultant Jones vector indicates that the light is elliptically polarized,
and the components are out of phase by Using Euler’s equation to
expand we obtain

and using our standard notation for this case, we have

Since A and C have the same sign, the output field vector represents ellip-
tically polarized light with counterclockwise rotation. Comparing this ma-
trix with the general form in Eq. (5), we determine that 
and Making use of Eq. (10), we also determine that

Of course, the Jones calculus can handle a case where polarized light is
transmitted by a series of polarizing elements, since the product of element
matrices can represent an overall system matrix. If light represented by Jones
vector V passes sequentially through a series of polarizers represented by

so that then the system
matrix is given by Ms = Mm Á M3M2M1 .
M1 , M2 , M3 , Á , Mm , 1Mm Á M3M2M12V = MsV,

c
1 0
0 eip>4 d c

1
i
d = c

1
ieip>4 d = c

1
ei3p>4 d

M = c
eiex 0
0 eiey

d = c
1 0
0 eip>4 d

ex = 0,
2p>8 = p>4.

a = -45°.
E0y = 2B2

+ C2
= 1.

E0x = A = 1

c
E
'

0x

E
'

0y
d = c

A

B + iC
d , where A = 1, B = -

1

22
, and C =

1

22

ei3p>4
= -

1

22
+ ia

1

22
b

ei3p>4,
3p>4.

PROBLEMS

1 Derive the Jones matrix, Eq. (15), representing a linear
 polarizer whose transmission axis is at an arbitrary angle 
with respect to the horizontal.

2 Write the normalized Jones vectors for each of the follow-
ing waves, and describe completely the state of polarization
of each.

a.

b.

c.

d. E
B

= E0 cos1kz - vt2xN + E0 cosakz - vt +

p

2
byN

E
B

= E0 sin1kz - vt2xN + E0 sinakz - vt -

p

4
byN

E
B

= E0 sin 2pa
z

l
- vtbxN + E0 sin 2pa

z

l
- vtbyN

E
B

= E0 cos1kz - vt2xN - E0 cos1kz - vt2yN

u

3 Describe as completely as possible amplitude, wave direction,
and the state of polarization of each of the following waves.

a.
b.
c.

4 Two linearly polarized beams are given by

Determine the angle between their directions of polariza-
tion by (a) forming their Jones vectors and finding the vi-
bration direction of each and (b) forming the dot product of
their vector amplitudes.

E
B

2 = E02 A23xN + yN Bcos1kz - vt2

E
B

1 = E011xN - yN2cos1kz - vt2 and

E
B

= 5E01xN - iyN2ei1kz +vt2

E
B

= E013xN + 4yN2ei1kz -vt2

E
B

= 2E0xNei1kz -vt2
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11 Using the Jones calculus, show that the effect of a HWP on
light linearly polarized at inclination angle is to rotate the
polarization through an angle of The HWP may be used
in this way as a “laser-line rotator,” allowing the polariza-
tion of a laser beam to be rotated without having to rotate
the laser.

12 An important application of the QWP is its use in an “isola-
tor.” For example, to prevent feedback from interferometers
into lasers by front-surface, back reflections, the beam is first
allowed to pass through a combination of linear polarizer
and QWP, with OA of the QWP at 45° to the TA of the
polarizer. Consider what happens to such light after reflec-
tion from a plane surface and transmission back through this
optical device.

13 Light linearly polarized with a horizontal transmission axis
is sent through another linear polarizer with TA at 45° and
then through a QWP with SA horizontal. Use the Jones
matrix technique to determine and describe the product light.

2a.
a

5 Find the character of polarized light after passing in turn
through (a) a half-wave plate with slow axis at 45°; (b) a linear
polarizer with transmission axis at 45°; (c) a quarter-wave plate
with slow axis horizontal. Assume the original light to be lin-
early polarized vertically. Use the matrix approach and ana-
lyze the final Jones vector to describe the product light. (Hint:
First find the effect of the HWP alone on the incident light.)

6 Write the equations for the electric fields of the following
waves in exponential form:

a. A linearly polarized wave traveling in the x-direction. The
makes an angle of 30° relative to the y-axis.

b. A right-elliptically polarized wave traveling in the
y-direction. The major axis of the ellipse is in the z-direc-
tion and is twice the minor axis.

c. A linearly polarized wave traveling in the x,y-plane in a
direction making an angle of 45° relative to the x-axis.
The direction of polarization is the z-direction.

7 Determine the conditions on the elements A, B, and C of the
general Jones vector (Eq. 9), representing polarized light,
that lead to the following special cases: (a) linearly polarized
light; (b) elliptically polarized light with major axis aligned
along a coordinate axis; (c) circularly polarized light. In each
case, from the meanings of A, B, C, deduce the possible val-
ues of phase difference between component vibrations.

8 Write a computer program that will determine of
elliptically polarized light from the equation for the ellipse,
Eq. (12), with input constants A, B, and C and variable input
parameter Plot the ellipse for the example given in the text,

9 Specify the polarization mode for each of the following
Jones vectors:

a. b.

c. d.

e. f.

g.

10 Linearly polarized light with an electric field is inclined at
relative to the x-axis and is transmitted by a QWP

with SA horizontal. Describe the polarization mode of the
product light.

+30°
E
B

c
2

6 + 8i
d

c
2
2i
d c

2
3
d

c
4i

5
d c

5
0
d

c
3i

i
d c

i

1
d

E
'

0 = c
3

2 + i
d

Ex .

Ey-values

E
B

-vector

14 A light beam passes consecutively through (1) a linear po-
larizer with TA at 45° clockwise from vertical, (2) a QWP
with SA vertical, (3) a linear polarizer with TA horizontal,
(4) a HWP with FA horizontal, (5) a linear polarizer with
TA vertical. What is the nature of the product light?

15 Unpolarized light passes through a linear polarizer with
TA at 60° from the vertical, then through a QWP with SA
horizontal, and finally through another linear polarizer with
TA vertical. Determine, using Jones matrices, the character
of the light after passing through (a) the QWP and (b) the
final linear polarizer.

16 Determine the state of polarization of circularly polarized
light after it is passed normally through (a) a QWP; (b) an
eighth-wave plate. Use the matrix method to support your
answer.

17 Show that the matrix represents a right-circular 

polarizer, converting any incident polarized light into right
circularly-polarized light. What is the proper matrix to rep-
resent a left-circular polarizer?

18 Show that elliptical polarization can be regarded as a com-
bination of circular and linear polarizations.

c
1 i

- i 1
d

TA2 at 45� to x

QWP

SA along x

TA1 along x

FA

TA2

45�

x

y

x

y

x

y

Figure 13 Problem 13.
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QWP

SA along
x-axis

x

y

y

Linearly polarized
E-vector at 30�
with x-axis

E 3

Figure 12 Problem 10.
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19 Derive the equation of the ellipse for polarized light given
in Eq. (12). (Hint: Combine the and equations for the
general case of elliptical polarization, eliminating the space
and time dependence between them.)

20 a. Identify the state of polarization corresponding to the
Jones vector

and write it in the standard, normalized form of Table 1.

c
2

3eip>3 d

Ex Ey

b. Let this light be transmitted through an element that
rotates linearly polarized light by Find the new,
normalized form and describe the result.

21 Determine the nature of the polarization that results from
Eq. (12) when (a) (b) (c) both
(a) and (b); (d) 

22 A quarter-wave plate is placed between crossed polarizers
such that the angle between the polarizer TA of the first po-
larizer and the QWP fast axis is How does the polariza-
tion of the emergent light vary as a function of 

+30°.

u?
u.

e = 0.
e = p>2; E0x = E0y = E0 ;
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Production of Polarized Light

INTRODUCTION

Any interaction of light with matter whose optical properties are asymmetri-
cal along directions transverse to the propagation vector provides a means of
polarizing light. Indeed, if light were longitudinal rather than transverse in its
nature, transverse material asymmetries along the propagation vector could
not alter the sense of the oscillating and the physical mechanisms to
be described here would have no polarizing or spatially selective effects on
light beams. The experimental observation that light can be polarized is, there-
fore, clear evidence of its transverse nature. The most important processes that
produce polarized light are discussed in this chapter under the following gen-
eral areas: (1) dichroism, (2) reflection, (3) scattering, and (4) birefringence.
Optical activity is described as a mechanism that modifies polarized light.
Finally, photoelasticity is briefly discussed as a useful application.

1 DICHROISM: POLARIZATION 
BY SELECTIVE ABSORPTION

A dichroic polarizer selectively absorbs light with along a
unique direction characteristic of the dichroic material. The polarizer easily
transmits light with along a transverse direction orthogonal to
the direction of absorption. This preferred direction is called the transmission
axis (TA) of the polarizer. In the ideal polarizer, the transmitted light is lin-
early polarized in the same direction as the transmission axis. The state of po-
larization of the light can most easily be tested by a second dichroic polarizer,
which then functions as an analyzer, shown in Figure 1. When the TA of 

E
B

-vibrations

E
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-vibrations

E
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-vector,
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Figure 2 Illustration of Malus’ law.
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Unpolarized
light
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x

Figure 1 Crossed dichroic polarizers 
functioning as a polarizer-analyzer pair. No
light is transmitted through the analyzer.

the analyzer is oriented at 90° relative to the TA of the polarizer, the light is
effectively extinguished. As the analyzer is rotated, the light transmitted by
the pair increases, reaching a maximum when their TAs are aligned. If rep-
resents the maximum transmitted irradiance, then Malus’ law states that the
irradiance for any relative angle between the TAs is given by

(1)

Malus’ law is easily understood in conjunction with Figure 2. Notice that 
the amplitude of the light emerging from the analyzer is The irradi-
ance I (in ) is then proportional to the square of this result.

The impressive ability of dichroic materials to absorb light strongly with
along one direction and to transmit light easily with along a perpendicu-

lar direction can be understood by reference to a standard experiment with
microwaves, illustrated in Figure 3. Wavelengths of microwaves range 
roughly from 1 mm to 1 m. It is found that when a vertical wire grid, whose
spacing is much smaller than the wavelength, intercepts microwaves with verti-
cal linear polarization, little or no radiation is transmitted. Conversely, when
the grid intercepts waves polarized in a direction perpendicular to the wires,
there is efficient transmission of the waves. The explanation of this behavior
involves a consideration of the interaction of electromagnetic radiation with

E
B

E
B

W>m2
E0 cos u.

I = I0 cos2 u

u

I0

y

x

Figure 3 Action of a vertical wire grid on
microwaves. Effective absorption of the
vertical component of the radiation occurs
when spacing.l W grid
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the metal wires that operate as a dichroic polarizer. Within the metal wires, the
mobile free electrons are set in oscillatory motion by the oscillations of the
electric field of the incident radiation. We know that each electron so oscil-
lating constitutes a dipole source that radiates electromagnetic energy in
all directions, except the direction of the electron oscillation itself. Evi-
dently, the superposition of the vertical of an incident electro-
magnetic wave with the radiation of these electron oscillators leads to
cancellation in the forward direction. It turns out, in fact, that the phase of
the electromagnetic wave originating with the oscillating electrons is 180°
out of step with that of the incident radiation, so no wave can propagate 
in the forward direction. In addition, the oscillation of the free electrons is
not entirely free. The effective friction due to interaction with lattice im-
perfections, for example, constitutes some dissipation of energy, which
must attenuate the incident wave. The chief reason for the disappearance
of the forward wave, however, is destructive interference between the inci-
dent and generated waves. Horizontally linearly polarized light incident on
the vertical wire grid would suffer the same fate, except that appreciable
oscillatory motion of the electrons across the wire is inhibited. As a result,
the generated electromagnetic wave is reduced in strength and effective
cancellation does not occur. If the grid is rotated by 90°, the vertical

are transmitted and the horizontal are canceled.
The wire grid polarizes microwaves much as a dichroic absorber polarizes
optical radiation.

For optical wavelengths, the conduction paths analogous to the grid
wires must be much closer together. The most common dichroic absorber for
light is Polaroid H-sheet, invented in 1938 by Edwin H. Land. When a sheet
of clear, polyvinyl alcohol is heated and stretched along a given direction, its
long, hydrocarbon molecules tend to align in the direction of stretching.
The stretched material is then impregnated with iodine atoms, which be-
come associated with the linear molecules and provide “conduction” elec-
trons to complete the analogy to the wire grid. Some naturally occurring
materials, such as the mineral tourmaline, also possess dichroic properties
to some degree. All that is required in principle is that the electrons be
much freer to respond to an incident electromagnetic wave in one direc-
tion than in an orthogonal direction. In nonmetallic materials, such as Po-
laroid and tourmaline, the electrons acting as dipole oscillators are not
free. Thus, the wave they generate is not out of phase with respect to the in-
cident wave, and complete cancellation of the forward wave does not
occur. The energy of the driving wave, however, is gradually dissipated as
the wave advances through the absorber, so that the efficiency of the
dichroic absorber is a function of the thickness. The absorption follows the
usual expression for attenuation,

where is the incident irradiance and I is the irradiance at depth x of
absorber. The constant is the absorptivity, or absorption coefficient, charac-
teristic of the material. In a good, practical dichroic absorber, is relatively
independent of wavelength; that is, the material appears transparent and yet
behaves as a linear polarizer for all optical wavelengths. This ideal condition
is not quite achieved in Polaroid H-sheet, which is less effective at the blue
end of the spectrum. Consequently, when a Polaroid H-sheet is crossed with
another such sheet acting as an analyzer, the combination contributes a blue
tint to the almost canceled transmitted light.
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Figure 4 Specular reflection of light at 
a dielectric surface. (a) TE mode. (b) TM
mode. (c) Polarization at Brewster’s angle.

2 POLARIZATION BY REFLECTION 
FROM DIELECTRIC SURFACES

Light that is specularly reflected from dielectric surfaces is at least partially
polarized. This is most easily confirmed by looking through a piece of polar-
izing filter while rotating it about the propagation direction of the reflected
light. When the preferred of the reflected light is perpendicular
to the TA of the polarizing filter, regions from which light is specularly re-
flected into the eye appear reduced in brightness. This is precisely the work-
ing principle of Polaroid sunglasses. The in light reflected from a
horizontal surface into the eye is preferentially polarized along the horizontal
direction. The TA of the Polaroids in a pair of sunglasses is therefore fixed in
the vertical direction so as to reduce the partially polarized “glare” from re-
flection while still blocking only one-half of unpolarized light incident on the
sunglasses. To appreciate the physics that underlies this phenomenon, consid-
er Figure 4, which shows a narrow beam of light incident at an arbitrary 
angle on a smooth, flat, dielectric surface. An unpolarized incident beam is
conveniently represented by two perpendicular One, represent-
ed by a dot is perpendicular to the plane of incidence, as in Figure 4a. The
other, drawn as a double-headed arrow, lies in the plane of incidence, that is,
the plane of the page, as in Figure 4b. (Recall that the incident ray and the
normal to the reflecting surface at the point of incidence define the plane of
incidence.) It is common to refer to the two components of the unpolarized
incident beam as (perpendicular to the plane of incidence) and (in the
plane of incidence). Alternatively, the mode is called the TE (transverse
electric) mode, and the mode is called the TM (transverse magnetic) 
mode, since the of the wave is transverse to the plane of incidence
when the corresponding is parallel to the plane of incidence.

Consider first the or TE, component (Figure 4a). The action of 
on the electrons in the surface of the dielectric is to stimulate oscillations
along the same direction, that is, perpendicular to the page. The radiation from
all these electronic dipole oscillators adds to beams of light in two distinct di-
rections, the direction of the reflected beam and the refracted beam. Each of
these beams is made up of light that is linearly polarized perpendicular to the
plane of incidence, as indicated by the dots in Figure 4a. The reflected and 
refracted rays are both in a direction corresponding to maximum dipole radi-
ation, perpendicular to the dipole axis.

Consider next the action of the or TM, component (Figure 4b).
From the direction of the refracted beam (which may be calculated using
Snell’s law), we conclude that the within the isotropic dielectric ma-
terial, and thus the axis of the dipole oscillations, is oriented perpendicular
to the beam direction, as indicated by the double-headed arrows. Notice that
the dipole oscillations include a component along the direction of the re-
flected beam. Recalling that a dipole oscillator radiates only weakly along
directions making small angles with the dipole axis we con-
clude that only a fraction of the component of the original light (com-
pared with the component) appears in the reflected beam. Considering
both TE and TM modes together, it follows that the reflected light is partial-
ly polarized with a predominance of the mode present. Since the energy
of the incident beam is equally divided between and components, it
also follows that the refracted beam is partially polarized and richer in the

component.
This analysis shows that when the dipole axes are in the same direction

as the reflected ray, the component is entirely missing from the reflected
beam. Thus, in this case, the reflected ray is linearly polarized only in the
mode. In fact, if the dipoles radiated along the reflected ray, the electromag-
netic wave could only be a longitudinal wave! This unique orientation results
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when the reflected and refracted rays are perpendicular to one another 
(Figure 4c). The angle of incidence that produces a linearly polarized 
beam by reflection is the polarizing angle, or Brewster’s angle. Combin-
ing Snell’s law

with the trigonometric relation we arrive at Brewster’s law,

(2)

Polarizing angles exist for both external reflection and internal
reflection and are clearly not the same. Here, is the index of re-
fraction of the medium containing the incident beam. For external reflection
when light travels from air to glass, with and for example,

For internal reflection when light travels in the opposite direction,
so that and These angles are seen to be precisely
complementary, as required by geometry and the definition of Brewster’s angle.

Although reflection at the polarizing angle from a dielectric surface can
be used to produce linearly polarized light, the method is relatively ineffi-
cient. For reflection from air to glass, as in the example just given, only 15%
of the component is found in the reflected beam. This deficiency can be
remedied to a degree by stepwise intensification of the reflected beam as in a
pile-of-plates polarizer (Figure 5). Repeated reflections by multiple layers of
the dielectric at Brewster’s angle both increases the irradiance of the com-
ponent in the integrated, reflected beam and, necessarily, purifies the trans-
mitted beam of this component. If enough plates are assembled, the
transmitted beam approaches a linearly polarized condition. Pile-of-plates
polarizers are especially helpful in those regions of the infrared and ultravio-
let spectrum where dichroic sheet polarizers and calcite prisms are ineffec-
tive. Multilayer, thin film coatings that show little absorption in the spectral
region of interest behave in a similar manner and can be used as polarization-
sensitive reflectors and transmitters. Another interesting application of polar-
ization by reflection is the Brewster window. The window (Figure 6) 
operates in the same way as a single plate of the pile-of-plates analyzer. TM
linearly polarized light incident at Brewster’s angle is fully transmitted at the
first surface. The angle of incidence, at the second surface also satisfies
Brewster’s law for internal reflection, so that the light is again fully transmit-
ted. The plate acts as a perfect window for TM polarized light.
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Figure 5 Pile-of-plates polarizer.
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Figure 6 Brewster window. Brewster’s
law is satisfied for the TM mode at both
surfaces.
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The active medium of a gas laser is often bounded by two Brewster win-
dows, located at the ends of the gas plasma tube. The light in the cavity makes
repeated passes through the windows, on its way to and from cavity mirrors po-
sitioned beyond alternate ends of the gas tube. Upon each traversal, the TM
mode is completely transmitted, whereas the TE mode is partially reflected (re-
jected). That is, the TE mode will experience more loss per round trip through
the cavity than will the TM mode. Typically the extra loss for the TE mode will
prevent it from lasing and so the laser output will consist only of the TM mode.

3 POLARIZATION BY SCATTERING

Before discussing the polarization of light that occurs in scattering, we
make a slight detour to discuss scattering in general, pointing out some fa-
miliar consequences of scattering that are in themselves rather interesting.
By the scattering of light, we mean the removal of energy from an incident
wave by a scattering medium and the reemission of some portion of that en-
ergy in many directions. We can think of the elemental oscillator or scatter-
ing unit as an electronic charge bound to a nucleus (a dipole oscillator). The
electron is set into forced oscillation by the alternating electric field of inci-
dent light and at the same frequency. The response of the electron to this
driving force depends on the relationship between the driving frequency
and the natural or resonant frequency of the oscillator In most materi-
als, resonant frequencies lie predominantly in the ultraviolet (due to elec-
tronic oscillations) and in the infrared (due to molecular vibrations) rather
than in the visible. Because atomic masses are so much larger than the elec-
tron mass, amplitudes of induced molecular vibrations are small compared
with electronic vibrations and so can be neglected in this discussion. Calcu-
lations show that in this case, the induced dipole oscillations have an am-
plitude that is roughly independent of the frequency of the light. The
oscillating dipoles, consisting of electrons accelerating in harmonic motion,
are tiny radiators—antennas that reradiate or scatter energy in all directions
except along the dipole axis itself.

Such scattering is most effective when the scattering centers are particles
whose dimensions are small compared with the wavelength of the radiation, in
which case we speak of Rayleigh scattering. The scattering of sunlight from oxy-
gen and nitrogen molecules in the atmosphere, for example, is Rayleigh scat-
tering, whereas the scattering of light from dense scattering centers—like the
droplets of water in clouds and fog—is not. In Rayleigh scattering, the well-
separated scattering centers act independently (incoherently), so that their net
irradiance is the sum of their individual irradiances. Now, for Rayleigh scatter-
ing the radiated power can be shown to be directly proportional to the fourth
power of the frequency of the incident radiation. Without deriving this
Rayleigh scattering law, we can make the following hand-waving argument:
The electric field of a dipole with a charge e accelerating back and forth along a
line is proportional to the acceleration. If then the accelera-
tion, is proportional to the square of the frequency. Since the
power P radiated is in turn proportional to the square of the electric field, it be-
comes proportional to the fourth power of the frequency. This is the Rayleigh
scattering law, which is expressed by1

d2r
B

>dt2
= -v2r

B

,
r
B

= r0
B

cos1vt2,

P =

e2v4r0
2

12pe0c
3

v

v0 .
v

1Richard P. Feynman, Robert B. Leighton, and Matthew Sands, The Feynman Lectures on
Physics, vol. 1 (Reading, Mass.: Addison-Wesley Publishing Company, 1963), Ch. 32, 33.
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Thus the oscillating dipoles radiate more energy in the shorter-wavelength
(higher-frequency) region of the visible spectrum than in the longer-wave-
length region. The scattered power for violet light of wavelength 400 nm is
nearly 10 times as great as for red light of wavelength 700 nm. Rayleigh
scattering explains why a clean atmosphere appears blue: Higher-frequen-
cy blue light from the sun is scattered by the atmosphere down to the earth
more so than is the lower-frequency red light. On the other hand, when we
are looking at the sunlight “head-on” at sunrise or sunset, after it has
passed through a good deal of atmosphere, we see reddish or yellowish
light, that is, white light from which the blues have been preferentially re-
moved by scattering.

Scattering that occurs from larger particles2 such as those found in
clouds, fog, and powdered materials such as sugar appears as white light,
in contrast to Rayleigh scattering. Here “larger particles” refers to the size
of the scattering particle relative to the wavelength of light. In this case,
the scattering centers (particles) are arranged—more or less—in an or-
derly fashion so that oscillators that are closer together than a wavelength
of the incident light become coherent scatterers. The cooperative effect of
many oscillators tends to cancel the radiation in all directions but the for-
ward (refraction) direction and the backward (reflection) direction. In
other words, the scattering due to these larger particles can be understood
in terms of the usual laws of reflection and refraction. However, the usual
departures from perfectly ordered atomic arrangement lead to some scat-
tering in other directions as well. The net electric field amplitude of the
coherent scattered radiation is now the sum of the individual amplitudes,
or the radiated power is proportional to when there are N coherent os-
cillators. Although such scattering is much less effective, per oscillator,
than Rayleigh scattering, the density of oscillators in this case leads to
considerable scattering. It can be shown that the number N of such coher-
ent oscillators responsible for the reflected radiation is proportional to
so that the radiated power is proportional to canceling the depen-
dence of isolated Rayleigh scatterers. Thus the scattered radiation is es-
sentially wavelength independent, and fog and clouds appear white by
scattered light.

Of particular interest in the context of this chapter, however, is the
fact that scattered radiation may also be polarized. As an example, consid-
er a vessel of water to which is added one or more drops of milk. The milk
molecules quickly diffuse throughout the water and serve as effective scat-
tering centers for a beam of light transmitted across the medium. In pure
water the light does not scatter sideways but propagates only in the for-
ward direction. The light scattered in various directions from the milk mol-
ecules, when examined with a polarizing filter, is found to be polarized, as
shown in Figure 7. The unpolarized light incident from the left (along 
the x-direction) contains components oscillating along the y- and z-
directions. These perpendicular components set the electronic os-
cillators of a scattering center into forced vibrations along the y- and
z-directions. As a result, the electronic oscillators reemit radiation in all di-
rections. This scattered light can include only components polarized
along the direction of the forced motion executed by the oscillators, that is,
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2The more general theory of scattering, including larger scattering centers, is often called
Mie scattering after its creator. Mie scattering takes into account the size, shape, refractive index,
and absorptivity of the scattering particles and includes Rayleigh scattering as a special case. See
Jurgen R. Meyer-Arendt, Introduction to Classical and Modern Optics, 3d ed. (Englewood Cliffs,
N.J.: Prentice-Hall, 1989), Ch. 4.2.
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Figure 7 Polarization due to scattering.
Unpolarized light incident from the left is
scattered by a particle at the origin O.
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along the y- and the z-directions. If scattered light is viewed from a point
on the y-axis, it will be found to contain along the z-direction,
but not along the y-direction. Those along the y-direction are absent be-
cause they would represent longitudinal in an electromagnet-
ic wave. Similarly, viewed from a point on the z-axis, the z-vibrations are
missing, and light is linearly polarized along the y-direction. Viewed from
off-axis points, the light is partially polarized. The forward beam shows the
same polarization as the incident light. In the same way, when the sun is
not directly overhead so that its light crosses the atmosphere above us, the
light scattered down is found to be partially polarized. The effect is easily
seen by viewing the clear sky through a rotating polarizing filter. The po-
larization is not complete, both because we see light that is multiply scat-
tered into the eye and because not all electronic oscillators in molecules
are free to oscillate in exactly the same direction as the incident
of the light.

Ordinary polarization by scattering is generally weak and imperfect and
so is not used as a practical means of artificially producing polarized light. In
the area of nonlinear optics, however, the controlled scattering of light from
active media, exemplified by stimulated Raman, Rayleigh, and Brillouin scat-
tering, provides much vital research in modern optics. In such cases, the scat-
tered light is modified by the resonant frequencies of the medium.

4 BIREFRINGENCE: POLARIZATION 
WITH TWO REFRACTIVE INDICES

Birefringent materials are so named because they are able to cause double re-
fraction, that is, the appearance of two refracted beams due to the existence of
two different indices of refraction for a single material. We have already seen
that anisotropy in the binding forces affecting the electrons of a material can
lead to anisotropy in the amplitudes of their oscillations in response to a stim-
ulating electromagnetic wave and hence to anisotropy of absorption. Such a
material displays dichroism. For this to occur, however, the stimulating optical
frequencies must fall within the absorption band of the material. Referring to
Figure 8, we see that the slope of the dispersion curve, is negative—or
“anomalous”—over a certain frequency interval. This interval is an absorption
band in a given material. Typically, such absorption bands lie in the ultraviolet,
above optical frequencies, so that the material is transparent to visible light. In
this case, even with anisotropy of electron-binding forces, there is little or no
effect on optical absorption, and the material does not appear dichroic. Still,
the presence of anisotropic binding forces along the x- and y-directions leads
to, for light propagating along the z-direction, different dispersion curves (like
that of Figure 8) for refractive index corresponding to and
corresponding to The existence of both an and an for a
given optical frequency is to be expected, since different binding forces
along these directions produce different interactions with the electromagnetic
wave and, thus, different velocities of propagation and through the crys-
tal. The result is that such a crystal, although not appreciably dichroic, still
manifests the property of birefringence. The critical physical properties here
are the refractive index n and the extinction coefficient k (proportional to the
absorption coefficient) for a given frequency of light. Each constitutes a part
of the complex refractive index which is given by
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Figure 8 Response of refractive index as a
function of frequency near an absorption
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to be a region of anomalous dispersion.
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Figure 9 (a) Progress of light through a
calcite crystal. Three oxygen (O) atoms
form the base of a tetrahedron. The optic
axis OA is parallel to the line joining the C
and Ca atoms. (b) Rhombohedron of
calcite, showing the optic axis, which passes
symmetrically through a blunt corner where
the three face angles equal 102°.

Recapitulating, then, for an ideal dichroic material, and
whereas for an ideal birefringent material, and Both condi-
tions require anisotropic crystalline structures. The conditions are frequency
dependent. Calcite is birefringent in the visible spectrum, for example, and
strongly dichroic in certain parts of the infrared spectrum. Other common
materials, birefringent in the visible region, are quartz, ice, mica, and even
cellophane.

The relationship of crystalline asymmetry with refractive index and
the speed of light in the medium may be understood a bit more clearly by
considering the case of calcite. The basic molecular unit of calcite is

which assumes a tetrahedral or pyramidal structure in the crystal.
Figure 9a shows one of these molecules, assumed to be surrounded by
identical structures that are similarly oriented. The carbon (C) and oxygen
(O) atoms form the base of the pyramid, as shown, with carbon lying in the
center of the equilateral triangle of oxygen atoms. The calcium (Ca) atom
is positioned at some distance above the carbon atom, at the apex of the
pyramid. The figure shows unpolarized light propagating through the crys-
tal from two different directions. First consider light entering from below,
along the line joining the carbon and calcium atoms. All oscillations of this

are represented by the two transverse vectors, both of which are la-
beled in Figure 9a. Since the molecule, and so also the crystal, is 
symmetric with respect to this direction (from C to Ca), both 
interact with the electrons in the same way when traveling through the cal-
cite. This direction of symmetry through the crystal is called the optic axis
(OA) of the crystal. For the light entering from below, then, both

are perpendicular to the OA and “see” no anisotropy. Consid-
er next the light entering the crystal from the left. From this direction the two
representative and —have dissimilar effects on
the electrons in the oxygen base plane. The component which is parallel to
the OA of the crystal, causes electrons in the base plane to oscillate along a
direction perpendicular to the plane, whereas its orthogonal counterpart
causes oscillations within the plane. Oscillations within the plane—where the
electrons tend to be confined due to the chemical bonding—take place more
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easily, that is, with smaller binding forces, than oscillations that are
 perpendicular to the plane. Since in the oxygen plane

interact more strongly with the electrons, the speed of these
component waves is reduced most, that is, No interaction at all
would make Since and we conclude that
The measured values for calcite are and for

As Table 1 indicates, the inequality may be reversed in other
materials. In materials that crystallize in the trigonal (like calcite), tetrago-
nal, or hexagonal systems, there is one unique direction through the crystal
for which the atoms are arranged symmetrically. For example, the calcite
molecule of Figure 9a shows a threefold rotational symmetry about the 
optic axis. Such structures possess a single optic axis and are called uniaxial
birefringent. Further, when the crystals are said to be uniaxial
positive, and when this quantity is negative, uniaxial negative. Other crys-
talline systems—the triclinic, monoclinic, and orthorhombic—possess two
such directions of symmetry or optic axes and are called biaxial crystals.3

Mica, which crystallizes in monoclinic forms, is a good example. Such ma-
terials then possess three distinct indices of refraction. Of course, there are
also cubic crystals such as salt (NaCl) or diamond (C) that are optically
isotropic and possess one index of refraction. This is the case also for ma-
terials that have no large-scale crystalline structure, such as glass or fluids.
Naturally occurring calcite crystals are cleavable into rhombohedrons as a
result of their crystallization into the trigonal lattice structures. The rhom-
bohedron (Figure 9b) has only two corners where all three face angles
(each 102°) are obtuse. The OA of calcite is directed through these diago-
nally opposite corners in such a way that it makes equal angles with the
three faces there.

A birefringent crystal can be cut and polished to produce polarizing el-
ements in which the OA may have any desired orientation relative to the in-
cident light. Consider the cases represented in Figure 10.

n 7 - n� 7 0,
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TABLE 1 REFRACTIVE INDICES FOR SEVERAL MATERIALS MEASURED AT SODIUM
WAVELENGTH OF 589.3 nm

Isotropic (cubic) Sodium chloride 1.544
Diamond 2.417
Fluorite 1.392

Uniaxial (trigonal, Positive
tetragonal, hexagonal) Ice 1.313 1.309

Quartz 1.5534 1.5443
Zircon 1.968 1.923
Rutile 2.903 2.616
Negative
Calcite 1.4864 1.6584
Tourmaline 1.638 1.669
Sodium Nitrate 1.3369 1.5854
Beryl 1.590 1.598

Biaxial (triclinic, 
monoclinic, orthorhombic) Gypsum 1.520 1.523 1.530

Feldspar 1.522 1.526 1.530
Mica 1.552 1.582 1.588
Topaz 1.619 1.620 1.627

1CaSO412 H2O22
n3n2n1

1Be3Al21SiO3262

1CaCO32
n 7<n� :

1TiO22
1ZrSiO42
1SiO22

n�n 7n 7>n� :

3For a description of such crystalline systems, see, for example, Charles Kittel, Introduction to
Solid State Physics (New York: John Wiley & Sons, 1986).
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In (a), both representative components of the unpolarized light (dot and dou-
ble-headed arrow) incident from the left are oriented perpendicular to the
OA of the crystal. Both propagate at the same speed through the crystal with
index of refraction In (b) and (c), however, the OA is parallel to one
component and perpendicular to the other. In this case, each component
propagates through the crystal with a different index of refraction and speed.
On emerging, the cumulative relative phase difference can be described in
terms of the difference between optical paths for the two components. If the
thickness of the crystal is d, the difference in optical paths is

and the corresponding phase difference is

(3)

where is the vacuum wavelength. If the thickness of the plate is such as to
make it is a quarter-wave plate (QWP); if we have a half-
wave plate (HWP); and so on. These are called zero-order (or sometimes first-
order) plates. Because such plates are extremely thin, it is more practical to
make thicker QWPs of higher order m, giving where

A thicker composite of two plates may also be formed, in
which one plate compensates for the retardance of all but the desired of
the other. In this way we can fabricate optical elements that act as phase re-
tarders. Mica and quartz are commonly used as retardation plates, usually in
the form of thin, flat discs sandwiched between glass layers for added strength.
Since the net phase retardation is proportional to the thickness d, any de-
vice that allows a continuous change in thickness makes possible a continu-
ously adjustable retardation plate.

Such a convenient device is called a compensator. Figure 11 illustrates 
the working principle of a Soleil-Babinet compensator. Crystalline quartz is used
to form a fixed lower baseplate, which is actually a wedge in optical contact with
a quartz flat plate. Above is another quartz wedge, with relative motion possible
along the inclined face. Notice the direction of the OA in this assembly. In (a)
the position of the upper wedge is such that light travels through equal thick-
nesses of quartz with their optical axes aligned perpendicular to one another.
Any retardation due to one thickness is then canceled by the other, yielding zero
net retardation. Sliding the upper wedge to the left increases the thickness of the
first OA orientation relative to the second, yielding a continuously variable re-
tardation up to a maximum, in position (b), of perhaps two wavelengths, or
Adjustment by a micrometer screw allows small changes in to be made.

Birefringence in Optical Fibers
You should be familiar with some of the advantages of single-mode optical
fibers. A “single-mode” optical fiber actually supports two orthogonal lin-
ear polarizations. If such a single-mode fiber were perfectly uniform, both 
polarization modes would travel through the fiber with the same speed. Typical
optical fibers have at least a small amount of birefringence due to fiber imper-
fections and anisotropic stress along the fiber length. As a result, light of or-
thogonal linear polarizations travels with different speeds through such a fiber.
Scattering and other mechanisms lead to a coupling between the orthogonal
polarization modes. As a result, linearly polarized light launched into one end
of a fiber evolves into light that is a mixture of two orthogonal linear polar-
izations as the light progresses through the fiber. These components of or-
thogonal polarization travel with different speeds and so the phase difference
between the components changes as the light propagates through the fiber,
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Figure 11 Soleil-Babinet compensator. The
optic axes are as indicated. The arrow shows
the direction of light through the compen-
sator. (a) Zero retardation. (b) Maximum re-
tardation.
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Figure 10 Light entering a birefringent
plate with its optic axis in various orienta-
tions. (a) Light propagation along optic
axis. (b) Light propagation perpendicular
to optic axis. (c) Light propagation perpen-
dicular to optic axis.
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causing the polarization state of the light field to vary between linear,
 elliptical, and circular polarizations. In a conventional fiber, the amount of
birefringence in the fiber varies randomly along the fiber length and so lin-
early polarized light entering the fiber quickly attains a state of random polar-
ization that is uncorrelated with the polarization state of the input field. This
leads to the phenomenon called polarization mode dispersion, which can
limit the maximum bit rate of transmission through fibers designed for high-
speed communications.

Introducing a high degree of deterministic anisotropy into a fiber re-
duces the coupling between orthogonal polarization modes of the fiber. This
anisotropy can be introduced by manufacturing fibers with elliptical cores or
by applying an anisotropic stress to the fiber. Light that is linearly polarized
along one of the symmetry axes of such a fiber can maintain its state of linear
polarization over long distances. Such fibers are called polarization-maintaining
fibers. In addition, through a variety of mechanisms, anisotropic losses can be
introduced into the fiber so that one of the orthogonal polarization modes is
highly attenuated while the other travels long distances with low loss. When
unpolarized light is input into such a fiber, the output light will be linearly polar-
ized along the low-loss direction, and the fiber functions as a linear polarizer.

The preceding discussion is but an introduction to the important role
that polarization plays in light propagation through optical fibers.4 Here we
simply conclude by noting that birefringent fibers can be used to make quarter-
and half-wave “plates” and phase compensators. These devices can be either
passive or actively controlled.

5 DOUBLE REFRACTION

In the cases depicted in Figure 10b and c, the light propagating through 
the crystal may develop a net phase difference between
perpendicular and parallel to the crystal’s OA, but the beam remains a single
beam of light. If now the OA is situated so that it makes an arbitrary angle
with respect to the beam direction, as in Figure 12, the light experiences 
double refraction5; that is, two refracted beams emerge, labeled the ordinary
and extraordinary rays. The extraordinary ray is so named because it does not
exhibit ordinary Snell’s law behavior on refraction at the crystal surfaces. Thus
if a calcite crystal is laid over a black dot on a white piece of paper, or over an il-
luminated pinhole, two images are seen while looking into the top surface. If the
crystal is rotated about the incident ray direction, the extraordinary image is
found to rotate around the ordinary image, which remains fixed in position.

E
B

-components

OA

OA

Extraordinary ray
Ordinary ray

Figure 12 Double refraction.

4For a more complete discussion, see, for example, J-P Goure and I. Verrier, Optical Fibre De-
vices (Bristol and Philadelphia: Institute of Physics Publishing, 2002).

5Double refraction is a term used to describe a manifestation of birefringence in materials, al-
though it has literally the same meaning. Birefringence indicates the possession of two refractive indices,
whereas double refraction refers to the splitting of a ray of light into ordinary and extraordinary parts.
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Furthermore, the two beams emerge linearly polarized in orthogonal orienta-
tions, as shown. Notice that the ordinary ray is polarized perpendicular to the
OA and so propagates with a refractive index of The extra-
ordinary ray emerges polarized in a direction perpendicular to the polariza-
tion of the ordinary ray. Inside the crystal, the extraordinary ray can be
described in terms of components polarized in directions both perpendicular
and parallel to the optic axis. (This situation is discussed in the following para-
graph.) The perpendicular component propagates with speed as
for the ordinary ray. The other component, however, propagates with a re-
fractive index The net effect of the action of both compo-
nents is to cause the unusual bending of the extraordinary ray shown in
Figure 12.

The situation may be clarified somewhat by reference to Figure 13a,
which shows one Huygens’ wavelet created by the extraordinary ray as it 
contacts the crystal surface at P. The incident is shown resolved
into orthogonal components (aa) parallel to the OA and (bb) perpendicular
to the OA. The parallel component propagates along the direction of
which must be perpendicular to aa, and the perpendicular component propa-
gates along the direction of which must be perpendicular to bb. Since
each component travels with a speed determined by the corresponding re-
fractive indices, and the speeds are unequal. For calcite, for example,

so that The Huygens’ wavelet for the extraordinary ray is
not spherical as in isotropic media but ellipsoidal as shown, with major axis
proportional to and minor axis proportional to Figure 13b shows sev-
eral such Huygens’ ellipsoidal wavelets and the plane wavefront tangent to the
wavelets. This plane wavefront, which constitutes the new surface of constant
phase, is perpendicular to the propagation vector for the wave. The of the
elliptical wavefront is intermediate between and Notice that in this 
case of the extraordinary ray in an anisotropic medium, is not perpen-
dicular to Since energy propagates in the direction of the Poynting vector,

and since the ray direction is the same as the direction of en-
ergy flow, the extraordinary ray with velocity intermediate between and

shows the unusual refraction of Figure 12. The extraordinary ray is not
perpendicular to the plane wavefront; rather, the ray direction along is from
the wavelet origin O to the point of tangency of the elliptical wavelet with the
plane wavefront. For the normal ray, on the other hand, due to the

perpendicular to the OA, everything is normal; the ray obeys 
Snell’s law, the Huygens’ wavelets are spheres, and the ray is per-
pendicular to its wavefront.

From Figure 13a and the preceding discussion, it should be clear that 
the precise intermediate value of the velocity of the extraordinary ray de-
pends on the relative contributions of and that is, on the relative orien-
tations of the incident beam and the OA of the crystal. Thus, both the velocity
and index of refraction of the extraordinary ray are continuous functions of
direction. On the other hand, the refractive index of the ordinary ray is a con-
stant, independent of direction. Figure 14 is a plot of the refractive index 
versus wavelength for crystalline quartz. At any wavelength, the index for the
ordinary ray is a constant, given by the lower curve, whereas the index for the
extraordinary ray falls somewhere between the upper and lower curves, de-
pending on the direction of the incident ray relative to the crystal axis. If the
two refracted rays, linearly polarized perpendicular to one another, can be
physically separated, then double refraction can be used to produce a linear-
ly polarized beam of light. There are various devices that accomplish this.
One of the most commonly used is the Glan-air prism, shown in Figure 15.
Two calcite prisms with apex angle as shown, are combined with their long
faces opposed and separated by an air space. Their optic axes are parallel,
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with the orientation perpendicular to the page as shown. At the point of re-
fraction out of the first prism, the angle of incidence is equal to the apex angle

of the prisms. The critical angle for refraction into air is given as usual by
and so depends on the orientation of the relative to 

the OA. For and while for
and Thus, by using prisms with apex angles intermediate 

between these values, the perpendicular component can be totally internally
reflected while the parallel component is transmitted. The second prism
serves to reorient the transmitted ray along the original beam direction. The
entire device constitutes a linear polarizer. When the space between prisms is
filled with some other transparent material, such as glycerine, the apex angle
must be modified. Several other designs for polarizing prisms constructed
from positive uniaxial material (quartz) are illustrated in Figure 16. Notice
that in these cases, the ordinary and extraordinary rays are separated without
the agency of total internal reflection. In each case, the OAs of the two prisms
are perpendicular to one another, so that an in the first prism,
for instance, may become an in the second, with a correspond-
ing change in refractive index. Different relative indices for the two compo-
nents result in different angles of refraction and separation into two polarized
beams. We see that birefringent materials are useful in fabricating devices that
behave as linear polarizers as well as in producing phase retarders such as
QWPs, considered earlier in this chapter.

6 OPTICAL ACTIVITY

Certain materials possess a property called optical activity. When linearly 
polarized light is incident on an optically active material, it emerges as 
linearly polarized light but with its direction of vibration rotated from the
original. Viewing the beam head-on, some materials produce a clockwise 
rotation (dextrorotatory) of the whereas others produce a counter-
clockwise rotation (levorotatory). Optically active materials include both
solids (for example, quartz and sugar) and liquids (turpentine and sugar in 
solution). Some materials, such as crystalline quartz, produce either rotation,
traceable to the existence of two forms of the crystalline structure that turn
out to be mirror images (enantiomorphs) of one another. Optically active 
materials modify the state of polarization of a beam of polarized light and
can be represented mathematically by a Jones rotator matrix. Notice that 
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Figure 16 Polarizing prisms. (a) Wollaston
prism. (b) Rochon prism. (c) Sernamont
prism.
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the rotator mechanism involved in rotating the direction of vibration of linearly
polarized light is distinct from the action of phase retarders, such as half-wave
plates discussed in Section 4, which may produce the same result.

Optical activity is easily measured using two linear polarizers originally
set for extinction, that is, with their TAs crossed in perpendicular orientations
(Figure 17). When a certain thickness of optically active material is insert-
ed between analyzer and polarizer, the condition of extinction no longer ex-
ists because the of the light is rotated by the optically active
medium. The exact angle of rotation can be measured by rotating the ana-
lyzer until extinction reoccurs, as shown. The rotation so measured depends
on both the wavelength of the light and the thickness of the active medium.
The rotation (in degrees) produced by a 1-mm plate of optically active solid
material is called its specific rotation. Table 2 gives, in degrees/mm, the 
specific rotation of quartz for a range of optical wavelengths. The amount
of rotation caused by optically active liquids is much less by comparison. In
the case of solutions, the specific rotation is defined as the rotation due to a
10-cm thickness and concentration of 1 g of active solute per cubic centimeter
of solution. That is, for solutions, has units of degrees/dm cm3/g. The net
angle of rotation due to a light path L through a solution of d grams of ac-
tive solute per cubic centimeter is, then,

(4)

where L is in decimeters and d is the concentration in grams per cubic centime-
ter. For example, 1 dm of turpentine rotates sodium light by The negative
sign indicates that turpentine is levorotatory in its optical activity. Measurement
of the optical rotation of sugar solutions is often used to determine concen-
tration, via Eq. (4).6 The dependence of specific rotation on wavelength 

-37°.

b = rLd

#

b
r

r

b
E
B

-vector

TABLE 2 SPECIFIC ROTATION OF QUARTZ

226.503 201.9
404.656 48.945
435.834 41.548
546.072 25.535
589.290 21.724
670.786 16.535

r 1degrees>mm2l 1nm2

6Ordinary corn syrup is often used in the optics lab to demonstrate optical activity.
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Active cell

TA

Polarizer

Unpolarized
light

x

y

Figure 17 Measurement of optical activi-
ty. With the active material in place, the op-
tical activity is measured by the angle 
required to reestablish extinction.

b
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means that if one views white light through an arrangement like that of 
Figure 17, each wavelength is rotated to a slightly different degree. This 
separation of colors is referred to as rotatory dispersion.

Without giving a physical explanation of optical activity, we can, follow-
ing Fresnel, offer a useful phenomenological description that enables us to
relate specific rotation of an active substance to certain physical parameters.
This description rests first on the fact, demonstrated in the previous chapter,
that linearly polarized light can be assumed to consist of equal amounts of left-
and right-circularly polarized light. Second, in using this description one as-
sumes that the left- and right-circularly polarized components move through
an optically active material with different velocities, and respectively.
Since different refractive indices, and may be defined for cir-
cularly polarized light.

Consider first the case of an inactive medium for which or,
equivalently, and Here is the propagation vector whose 
magnitude is related to wave speed by If the incident light is linearly
polarized along the x-direction, as in Figure 17, it may be resolved into 
left- and right-circularly polarized light. Figure 18 makes this clear by il-
lustrating the vector addition at three different times in an oscillation. The
vector sum executes oscillations along the x-axis as the and
rotate clockwise and counterclockwise, respectively, at equal rates.

Next, consider the consequences of assuming Now the phases
of the and and respectively, are not equal. In general,
their (complex) electric fields may be expressed by

(5)

(6)

where and Of course, the real fields are given
by and The complex vector amplitudes are
given by

(7)

corresponding to the Jones vectors for left- and right-circularly polarized
modes. The phases of the two components are given by
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Suppose that the active medium is one for which which also means
that and Then at some distance z into the medium,

for all t. The situation is shown graphically at an arbitrary instant in 
Figure 19a. The vector sum of and is again linearly polarized light 
but with an inclination angle relative to the x-axis. The medium for which

is therefore levorotatory. In Figure 19b, the opposite case is also 
pictured, for which is a negative angle and the optical activity is dextroro-
tatory. The magnitude of can be determined by noticing that the resultant
that determines the angle is always the diagonal of an equal-sided parallel-
ogram, so that

or

(9)

Using Eq. (8) in Eq. (9) leads to

Finally, using and where is the wave-
length in vacuum,

(10)

Notice that the linearly polarized light is rotated through an angle that is pro-
portional to the thickness z of the active medium, as verified experimentally.
The action of the and modes in producing the resultant light might be vi-
sualized in the following way. At incidence, the linearly polarized light is im-
mediately resolved into and circular modes, which, at and
begin together with If the mode reaches some point
along its path before the mode. Until the mode arrives, rotates at this
point according to the circular polarization of the mode acting alone. As
soon as the mode arrives, however, the two modes superpose to fix the di-
rection of vibration at an angle in a linear mode. The relative phase between
the two modes at this instant determines the angle as expressed by Eq. (9).
Since the frequencies of the two modes are identical, angle remains constant
thereafter.

It should be emphasized that the indices of refraction involved in opti-
cal activity characterize circular birefringence rather than ordinary birefrin-
gence. The indices and are much closer in value than and as can
be seen in the case of quartz (Table 3).

Example 1

Determine the specific rotation produced by a 1-mm-thick quartz plate at a
wavelength of 396.8 nm.
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Figure 19 Optical rotation produced 
by left- and right-circularly polarized 
light having different speeds through an 
active medium. (a) Levorotatory: 
(b) Dextrorotatory: n� 7 n� .
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TABLE 3 REFRACTIVE INDICES FOR QUARTZ

(nm)

396.8 1.56771 1.55815 1.55810 1.55821
762.0 1.54811 1.53917 1.53914 1.53920

l n 7 n�n�n�
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Solution

From Table 3, at 

Using Eq. (10),

in good agreement with Table 2 for the neighboring wavelength of 404.6 nm.

The preceding description does not explain why the velocities of the
and circularly polarized modes should differ at all. We content ourselves
for purposes of this discussion with pointing out that optically active materials
possess molecules or crystalline structures that have spiral shapes, with either
left-handed or right-handed screw forms. Linearly polarized light transmitted
through a collection of such molecules creates forced vibrations of electrons
that, in response, move not only along a spiral but necessarily around the spi-
ral. Thus the effect of polarized light on a left-handed spiral
would be expected to be different from its effect on a right-handed spiral and
should lead to different speeds through the medium. Even if individual spi-
ral-shaped molecules confront the light in random orientations, as in a liquid,
there will be a cumulative effect that does not cancel, as long as all or most of
the molecules are of the same handedness.

7 PHOTOELASTICITY

Consider the following experiment. Two polarizing filters acting as polarizer
and analyzer are set up with a white-light source behind the pair. If the TAs of
the filters are crossed, no light emerges from the pair. If some birefringent
material is inserted between them, light is generally transmitted in beautiful
colors. To understand this unusual effect, consider Figure 20, where polar-
izer and analyzer TAs are crossed and at 45° and respectively, relative
to the x-axis. Suppose that the birefringent material introduced in the light
beam constitutes a half-wave plate with its fast axis (FA) vertical, as shown.
Its action on the incident linearly polarized light is to convert it to linearly po-
larized light perpendicular to the original direction, or at inclination
with the x-axis. This can be understood by resolving the incident light into
equal orthogonal components along the FA and SA (slow axis) and with a
phase difference between them. As always, the effect of the HWP on linearly
polarized light is to rotate it through or, in this case, 90°. The same result2a,

p

-45°

-45°,

�-circularly

�
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b =

p110-32

396.8 * 10-9 10.000112 = 0.8709 rad = 49.9°
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Figure 20 Light transmitted by cross polar-
izers when a birefringent material acting as a
half-wave plate is placed between them.
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follows from use of the Jones calculus:

HWP LP LP
FA vertical at 45° at 

The light emerging from the HWP is now polarized along a direction that is
fully transmitted by the analyzer. If the retardation plate introduces phase
differences other than the light is rendered elliptically polarized, and some
portion of the light will still be transmitted by the analyzer. The character of
the incident light be will be unmodified by the plate, and so extinguished, if
the phase difference introduced by the retarder is or some multiple there-
of so that the retardation plate functions as a full-wave plate.

Now recall that the phase difference introduced by a retardation
plate is wavelength dependent, such that

(11)

where d is the thickness of the plate. For a given plate, the right side of
Eq. (11) is constant throughout the optical region of the spectrum, if the
small variation is neglected. It follows that the retardation is very
nearly inversely proportional to the wavelength. Thus if the retardation plate
acts as a HWP for red light, in the arrangement of Figure 20, red light will 
be fully transmitted, whereas shorter visible wavelengths will be only partially
transmitted, giving the transmitted light a predominantly reddish hue. If the
TA of the analyzer is now rotated by 90°, all components originally blocked
are transmitted. Since the sum of the light transmitted under both conditions
must be all the incident light, that is, white light, it follows that the colors ob-
served under these two transmission conditions are complementary colors.

Sections of quartz or calcite and thin sheets of mica can be used to demon-
strate the production of colors by polarization. Many ordinary materials also show
birefringence, either under normal conditions or under stress, as in Figure 21. A
crumpled piece of cellophane introduced between crossed polarizers shows a
striking variety of colors, enhanced by the fact that light must pass through two or
more thicknesses at certain points, so that varies from point to point due to a¢w
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Figure 21 Photoelastic stress patterns for
a beam resting on two supports and (a)
lightly loaded at the center, (b) heavily
loaded at the center. (From M. Cagnet,
M. Francon, and J. C. Thrierr, Atlas of Opti-
cal Phenomenon, Plate 40, Berlin: Springer-
Verlag, 1962.)
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change in thickness d. A similar effect is produced by wrapping glossy cellophane
tape around a microscope slide, allowing for regions of overlap. Finally, may
also vary from point to point due to local variations in the quantity
Formed plastic pieces, such as a drawing triangle or safety glasses, often show
such variations due to localized birefringent regions associated with strain. A pair
of plastic safety goggles inserted between crossed polarizers shows a higher den-
sity of color changes in those regions under greater strain, because the difference
in refractive indices changes most rapidly in such regions. The birefringence in-
duced by mechanical stress applied to normally isotropic substances such as plas-
tic or glass is the basis for the method of stress analysis called photoelasticity. It is
found that in such materials, an optic axis is induced in the direction of the stress,
both in tension and in compression. Since the degree of birefringence induced is
proportional to the strain, prototypes of mechanical parts may be fabricated
from plastic and subjected to stress for analysis. Points of maximum strain are
made visible by light transmitted through crossed polarizers when the stressed
sample is positioned between the polarizers. Such polarized light patterns for a
beam under light and heavy stress is shown in Figure 21.

n� - n
ƒ ƒ
.

¢w

PROBLEMS

1 Initially unpolarized light passes in turn through three
 linear polarizers with transmission axes at 0°, 30°, and 60°,
respectively, relative to the horizontal. What is the irradi-
ance of the product light, expressed as a percentage of the
unpolarized light irradiance?

2 At what angles will light, externally and internally reflected
from a diamond-air interface, be completely linearly polar-
ized? For diamond, 

3 Since a sheet of Polaroid is not an ideal polarizer, not all
the energy of the parallel to the TA are trans-
mitted, nor are all perpendicular to the TA
absorbed. Suppose an energy fraction is transmitted in
the first case and a fraction is transmitted in the second.

a. Extend Malus’ law by calculating the irradiance trans-
mitted by a pair of such polarizers with angle between
their TAs. Assume initially unpolarized light of irradi-
ance Show that Malus’ law follows in the ideal case.

b. Let and for a given sheet of
 Polaroid. Compare the irradiance with that of an ideal
polarizer when unpolarized light is passed through two
such sheets having a relative angle between TAs of 0°,
30°, 45°, and 90°.

a = 0.95 b = 0.05
I0 .

u

b

a

E
B

-vibrations
E
B

-vibrations

n = 2.42.

TA1

Polarizer 2

Polarizer 1

TA2

Unpolarized
light I0

u

Figure 22 Problem 3.

4 How thick should a half-wave plate of mica be in an appli-
cation where laser light of 632.8 nm is being used? Appro-
priate refractive indices for mica are 1.599 and 1.594.

5 Describe what happens to unpolarized light incident on
birefringent material when the OA is oriented as shown in
each sketch in Figure 23. You will want to comment on the
following considerations: Single or double refracted rays?
Any phase retardation? Any polarization of refracted
rays?

OA

(a) (b)

(c) (d)

OA

OA

OA

Figure 23 Problem 5, parts (a)–(d).

e. Which orientation(s) would you use to make a quarter-
wave plate?

6 Consider a Soleil-Babinet compensator, as shown in Figure
11. Suppose the compensator is constructed of quartz and
provides a maximum phase retardation of two full wave-
lengths of green mercury light (546.1 nm). Refractive in-
dices of quartz at this wavelength are and

a. How does the total wedge thickness compare with that
of the flat plate in the position of maximum retardation?

n� = 1.546.
n 7 = 1.555
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Figure 24 Problem 10.

b. How do they compare when the emergent light is circu-
larly polarized?

7 A number of dichroic polarizers are available, each of
which can be assumed perfect, that is, each passes 50% of
the incident unpolarized light. Let the irradiance of the in-
cident light on the first polarizer be 

a. Using a sketch, show that if the polarizers have their
transmission axes set at angle apart, the light trans-
mitted by the pair is given by

b. What percentage of the incident light energy is trans-
mitted by the pair when their transmission axes are set
at 0° and 90°, respectively?

c. Five additional polarizers of this type are placed be-
tween the two just described, with their transmission
axes set at 15°, 30°, 45°, 60°, and 75°, in that order, with
the 15°-angle polarizer adjacent to the 0° polarizer, and
so on. Now what percentage of the incident light energy
is transmitted?

8 Vertically polarized light of irradiance is incident on a
series of N successive linear polarizers, each with its trans-
mission axis offset from the previous one by a small angle 
With the help of the Law of Malus, determine the value of
N such that the final transmitted irradiance is 
when the small angle offsets sum to 90°, that is when the
initial vertical polarization is rotated to a horizontal polar-
ization.

9 What minimum thickness should a piece of quartz have to
act as a quarter-wave plate for a wavelength of 5893 Å in
vacuum?

10 Determine the angle of deviation between the two emerg-
ing beams of a Wollaston prism constructed of calcite and
with wedge angle of 45°. Assume sodium light.

IN = 0.9 I0

u.

I0

I = a
I0

2
b cos2 u

u

I0 .

polarized. What is the angle between the glass and
water surfaces?

Unpolarized
light

Air

Water
n � 1.33

Glass block
n � 1.50

Figure 25 Problem 12.

13 In each of the following cases, deduce the nature of the
light that is consistent with the analysis performed. Assume
a 100% efficient polarizer.

a. When a polarizer is rotated in the path of the light,
there is no intensity variation. With a QWP in front of
the rotating polarizer (coming first), one finds a varia-
tion in intensity but no angular position of the polarizer
that gives zero intensity.

b. When a polarizer is rotated in the path of the light,
there is some intensity variation but no position of the
polarizer giving zero intensity. The polarizer is set to
give maximum intensity. A QWP is allowed to intercept
the beam first with its OA parallel to the TA of the po-
larizer. Rotation of the polarizer now can produce zero
intensity.

14 Light from a source immersed in oil of refractive index 1.62
is incident on the plane face of a diamond also
immersed in the oil. Determine (a) the angle of incidence
at which maximum polarization occurs and (b) the angle of
refraction into the diamond.

15 The rotation of polarized light in an optically active medi-
um is found to be approximately proportional to the in-
verse square of the wavelength.

a. The specific rotation of glucose is 20.5°. A glucose
solution of unknown concentration is contained in a
12-cm-long tube and is found to rotate linearly polar-
ized light by 1.23°. What is the concentration of the
solution?

b. Upon passing through a 1-mm-thick quartz plate, red
light is rotated about 15°. What rotation would you ex-
pect for violet light?

16 a. What thickness of quartz is required to give an optical
rotation of 10° for light of 396.8 nm?

b. What is the specific rotation of quartz for this wave-
length? The refractive indices for quartz at this wave-
length, for left- and right-circularly polarized light, are

and respectively.

17 a. A thin plate of calcite is cut with its OA parallel to the
plane of the plate. What minimum thickness is required
to produce a quarter-wave path difference for sodium
light of 589 nm?

b. What color will be transmitted by a zircon plate, 0.0182
mm thick, when placed in a 45° orientation between
crossed polarizers?

n� = 1.55821 n� = 1.55810,

1n = 2.422,

11 A beam of linearly polarized light is changed into circularly
polarized light by passing it through a slice of crystal 0.003
cm thick. Calculate the difference in the refractive indices
for the two rays in the crystal, assuming this to be the mini-
mum thickness showing the effect for a wavelength of 600 nm.
Sketch the arrangement, showing the OA of the crystal,
and explain why this occurs.

12 Light is incident on a water surface at such an angle that
the reflected light is completely linearly polarized.

a. What is the angle of incidence?
b. The light refracted into the water is intercepted by the

top flat surface of a block of glass with index of 1.50.
The light reflected from the glass is completely linearly
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18 a. Show that polarizing angles for internal and external re-
flection between the same two media must be comple-
mentary.

b. Show that if Brewster’s angle is satisfied for a TM light
beam entering a parallel plate (a Brewster window), it
will also be satisfied for the beam as it leaves the plate
on the opposite side.

19 The indices of refraction for the fast and slow axes of quartz
with 546 nm light are 1.5462 and 1.5553, respectively.

a. By what fraction of a wavelength is the e-ray retarded,
relative to the o-ray, for every wavelength of travel in
the quartz?

b. What is the thickness of a zeroth-order QWP?
c. If a multiple-order quartz plate 0.735 mm thick func-

tions as a QWP, what is its order m?
d. Two quartz plates are optically contacted so that they

produce opposing retardations. Sketch the orientation
of the OA of the two plates. What should their differ-
ence in thickness be such that they function together
like a zeroth-order QWP?

20 When a plastic triangle is viewed between crossed polariz-
ers and with monochromatic light of 500 nm, a series of al-
ternating transmission and extinction bands is observed.
How much does vary between transmission
bands to satisfy successive conditions for HWP retarda-
tion? The plastic triangle is thick.

21 A plane plate of beryl is cut with the optic axis in the plane
of the surfaces. Linearly polarized light is incident on the
plate such that the vibrations are at 45° to the optic
axis. Determine the smallest thickness of the plate such that
the emergent light is (a) linearly and (b) circularly polarized.

22 Find the angle at which a half-wave plate must be set to
compensate for the rotation of a 1.15-mm levorotatory
quartz plate using 546-nm wavelength light.

23 The Fresnel equations show that the fraction r of the inci-
dent field that is reflected from a dielectric plane surface
for the TE polarization mode has the form,

E
B

-field

1
16 in.

1n� - n 72

Thus, the reflectance has the form,

where is the angle of incidence and n is the ratio 

a. Calculate the reflectance R for the TE mode when the
light is incident from air onto glass of at the
polarizing angle.

b. The reflectance calculated in part (a) is also valid for an
internal reflection as light leaves the glass going into
air. This being the case, calculate the net fraction of the
TE mode transmitted through a stack of 10 such plates
relative to the incident irradiance Assume that the
plates do not absorb light and that there are no multi-
ple reflections within the plates.

c. Calculate the degree of polarization P of the transmit-
ted beam, given by

where I stands for the irradiance of either polarization
mode.

24 A half-wave plate is placed between crossed polarizer and
analyzer such that the angle between the polarizer TA and
the FA of the HWP is How does the emergent light vary
as a function of 

25 a. Determine the rotation produced by the optical activity
of a 3-mm quartz plate on a linearly polarized beam of
light at wavelength 762 nm.

b. What is the rotation due to optical activity by a half-
wave plate of quartz using the same light beam?

r =

cos u - 2n2
- sin2 u

cos u + 2n2
- sin2 u

R = r2

u?
u.

P =

ITM - ITE

ITM + ITE

I0 .

n = 1.50

u n2>n1 .

R = a
cos u - 2n2

- sin2 u

cos u + 2n2
- sin2 u

b
2
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Polarizer

y

x

y

x

z

y TA

TA

Unpolarized
light

x

FA

u

Half-wave
plate

Figure 26 Problem 24.
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Holography

INTRODUCTION

Holography is one of the many flourishing fields that owes its success to the
laser. Although the technique was invented in 1948 by the British scientist
Dennis Gabor before the advent of coherent laser light, the assurance of suc-
cess was made possible by the laser. Emmett Leith and Juris Upatnieks at the
University of Michigan first applied laser light to holography in 1962 and also
introduced an important off-axis technique of illumination that we explain
presently.

The spectacular improvement in three-dimensional photography made
possible by the hologram has aroused unusual interest in nonscientific circles
as well, so that the fast-multiplying applications of holography today also in-
clude its use in art and advertising.

1 CONVENTIONAL VERSUS
HOLOGRAPHIC PHOTOGRAPHY

We are aware that a conventional photograph is a two-dimensional version of
a three-dimensional scene, bringing into focus every part of the scene that
falls within the depth of field of the lens. As a result, the photograph lacks the
perception of depth or the parallax with which we view a real-life scene. In
contrast, the hologram provides a record of the scene that preserves these
qualities. The hologram succeeds in effectively “freezing” and preserving for
later observation the intricate wavefront of light that carries all the visual in-
formation of the scene. In viewing a hologram, this wavefront is reconstructed
or released, and we view what we would have seen if present at the original

Laser
beam
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scene through the “window” defined by the hologram. The reconstructed wave-
front provides depth perception and parallax, allowing us to look around the
edge of an object to see what is behind. It may be manipulated by a lens, for ex-
ample, in the same way as the original wavefront. Thus a “hologram,” as its ety-
mology suggests, includes the “whole message.”

The real-life qualities of the image provided by a hologram stem from the
preservation of information relating to the phase of the wavefront in addition
to its amplitude or irradiance. Recording devices like ordinary photographic
film and photomultipliers are sensitive only to the radiant energy received. In a
developed photograph, for example, the optical density of the emulsion at each
point is a function of the optical energy received there due to the light-sensitive
chemical reaction that reduces silver to its metallic form. When energy alone is
recorded, the phase relationships of waves arriving from different directions
and distances, and hence the visual lifelikeness of the scene, are lost. To record
these phase relationships as well, it is necessary to convert phase information
into amplitude information. The interference of light waves provides the requi-
site means. Recall that when waves interfere to produce a large amplitude, they
must be in phase, and when the amplitude is a minimum, the waves are out of
phase, so that various contributions effectively cancel one another. If the wave-
front of light from a scene is made to interfere with a coherent reference wave-
front, then, the resultant interference pattern includes information regarding
the phase relationships of each part of the original wavefront with the refer-
ence wave and, therefore, with every other part. The situation is sometimes de-
scribed by referring to the reference wave as a carrier wave that is modulated
by the signal wave from the scene. This language allows a fruitful comparison
with the techniques of radio wave communication.

In conventional photography, a lens is used to focus the scene onto a
film. All the light originating from a single point of the scene and collected by
the lens is focused to a single conjugate point in the image. We can say that a
one-to-one relationship exists between object and image points. By contrast,
a hologram is made, as we shall see, without use of a lens or any other focus-
ing device. The hologram is a complex interference pattern of microscopically
spaced fringes, not an image of the scene. Each point of the hologram receives
light from every point of the scene or, to put it another way, every object
point illuminates the entire hologram. There is no one-to-one correspondence
between object points and points in the wavefront before reconstruction
occurs. The hologram is a record of the entire signal wave.

2 HOLOGRAM OF A POINT SOURCE

To see how the process is realized in practice, both making the hologram and
using the hologram to reconstruct the original scene, we begin with a very
basic example, the hologram of a point source. In Figure 1a, plane wave-
fronts of coherent, monochromatic radiation (the wavefronts of the reference
beam) illuminate a photographic plate. In addition, spherical wavefronts
reach the plate after scattering from object point O. The plate, when devel-
oped, then shows a series of concentric interference rings about X as a center.
Point P falls on such a ring, for example, if the optical path difference

is an integral number of wavelengths, ensuring that the reference
beam of plane wavefront light arrives at P in step with the scattered subject
beam of light. The developed plate is called a Gabor zone plate—or zone
lens—with circular transmitting zones, whose transmittance is a gradually
varying function of radius r. The Gabor zone plate is called a “sinusoidal” cir-
cular grating because the optical density, and therefore the transmittance of

OP - OX
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Hologram
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O

P

X

Figure 1 Hologram of a point source O is

constructed in (a) and used in (b) to recon-

struct the wavefront. Two images are

formed in reconstruction.

1More precisely, the transmittance can be expressed as where A, B, and a are

constants. See problem 1.

A + B cos21ar22,

the grating, varies as along the radius of the zone pattern.1 Here, a is
a constant of dimension This sinusoidal plate is, in fact, a hologram of the
point O. The hologram itself is a series of circular interference fringes that do
not resemble the object, but the object may be reconstructed, as in Figure 1b,
by placing the hologram back into the reference beam without the presence
of the object O. Just as light directed from O originally interfered with the
reference beam to produce the zone rings, so the same reference beam is now
reinforced in diffraction from the rings along directions that diverge from the
equivalent point The point thus locates a virtual image of the original
object point O, seen on reconstruction by looking into the hologram. The
condition for reinforcement must also be satisfied by a second point on the
exit side of the hologram, a point I that is symmetrically placed with rela-
tive to the plate. Clearly, the set of distances from I to the consecutive zones
satisfies the same geometric relationships as the corresponding distances
from to the zones. Thus the diffracted light also converges to point I, a real
image of the original object point O that can be focused onto a screen. If, in
the making of this hologram, the object point O is moved farther away, the ra-
dius of each zone increases. For an off-axis object at infinity, the zones are
straight, parallel interference fringes. The hologram is then a grating holo-
gram, formed by the intersection of two plane wavefronts of light arriving at
the plate along different directions. The greater the angle between these
wavefronts, the finer the spacing of the interference fringes. The family of cir-
cular and straight, parallel fringes we have been discussing can be seen as spe-
cial cases of two point-source interference, observed in planes perpendicular
and parallel, respectively, to the axis joining the points. When object point O
is replaced by an extended object or three-dimensional scene, each point of
the scene produces its own Gabor zone pattern on the plate. The hologram is
now a complex montage of zones in which is coded all the information of the
wavefront from the scene. On reconstruction, each set of zones produces its
own real and virtual images, and the original scene is reproduced. One usual-
ly views the virtual image by looking into the hologram. Figure 1b shows that
when viewing the virtual image in this way, undesirable light forming the real
image is also intercepted. Leith and Upatnieks introduced an off-axis technique,
using one or more mirrors to bring in the reference beam from a different
angle so that the directions of the reconstructed real and virtual wavefronts
are separated.

The two basic types of holograms discussed in the preceding paragraph
are the Gabor zone plate and holographic grating, corresponding to point
objects at a finite distance and at an infinite distance from the plate, respectively.
If the zone plate or grating provides a square wave type of transmittance,

cos21ar22

O¿

O¿

O¿O¿.

m-2.
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2Dr. Ramnendra Bahuguna, San Jose State University, has suggested a typical, simple method

to process a hologram: 1-minute rinse in developer (Kodak D-19); 1-minute rinse in water; 20-second

bleach (4 g potassium dichromate, 4 ml concentrated sulfuric acid, 1 L water); 30-second Kodak foto

flo (diluted as on label); 15–20 minute dry vertically on paper towel.

alternating between minimum and maximum, then multiple diffracted im-
ages are possible. The familiar diffraction grating of this type is known to 
produce orders of diffraction with limited by the maxi-
mum diffraction angle. The zone plate with such transmittance properties is
the Fresnel zone plate, which produces multiple focal points along its axis 
beyond those discussed here for the Gabor zone plate. It can be shown, how-
ever, that when the transmittance profile of the grooves or zones is not sharp
but varies continuously, these general remarks concerning orders have to be
modified. In particular, when the grating or circular zones are “sinusoidal” 
in character, that is, their transmittance profiles follow a (grating) 
or (circular zone plate) irradiance, only first-order images appear,
in addition to the zeroth order, on reconstruction. Here, b is a constant of 
dimension For the circular zones, the two first-order images are the real
and virtual images discussed.

In the formation of holograms as shown in Figure 1a, the sinusoidal 
irradiance at the plate can fall to zero at points of destructive interference
when the signal and reference beams are equal in amplitude. The emulsion,
however, is incapable of responding linearly to all irradiances, varying from
zero to maximum, so that the developed plate will show a distorted
transmittance and higher-order diffractions will not be suppressed. By making
the reference beam stronger than the signal beam, the minimum irradiance on
the emulsion can be raised to the level of its linear response characteristics.
A variation in transmittance of the type

is produced, and higher-order images are eliminated. The compromise is that
the transmittance is now superimposed over a nonzero minimum
transmittance and fringe contrast is somewhat reduced.

As we have just pointed out, the amplitude of the reference beam is made
somewhat greater than the average amplitude of the signal or object beam so
that the reference wave is modulated by the signal. Even when the signal is
zero, the reference beam is of sufficient strength to stimulate the emulsion
within its region of linear response to radiant energy. The effect of variations in
signal strength is then to produce variations in the contrast of the interference
fringes, whereas variations in phase (or direction) of the signal waves produce
variations in spacing of the fringes. Thus it is in the local variations of fringe
contrast and spacing across the hologram that the corresponding variations in
amplitude and phase of the object waves are encoded. High-resolution plates
are used to record this information faithfully.2

3 HOLOGRAM OF AN 
EXTENDED OBJECT

One of many holographic techniques for producing an off-axis reference
beam in conjunction with the beam of diffusely reflected light from a three-
dimensional scene is shown in Figure 2a. A combination of pinhole and lens is
used to expand the beam from a laser. The expanded beam is then split by a semi-
reflecting plate BS to produce two coherent beams. One beam, the reference
beam is directed by two plane mirrors M1 and M2 onto the photographic
film, as shown. The other beam, reflects diffusely from the subject, andES ,

ER ,

T0 ,
cos21ar22

T = T0 + Tm cos21ar22

cos21ar22

m-1.

cos21bx2
cos21ar22

m = 0, ;1, ;2, Á ,
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some of this beam, which we call the subject beam, also strikes the film, where
it interferes with the reference beam and produces the hologram.

We now make the previous qualitative explanation somewhat quantita-
tive. Let the reference beam be represented by the complex electric field

(1)

at the plane of the film. The amplitude of the reference beam can be
assumed constant over the essentially plane wavefront. The phase angle arises
from the angle between the film plane and the plane wavefront of the refer-
ence beam, as indicated in Figure 2b. If the top edge of the beam strikes the 
film at then is a linear function of distance x along the film plane, since

(2)

Thus the phase angle relates only to the tilt of the film plane relative to the
reference beam and appears as an exponential factor in Eq. (1):

(3)

If the reference beam were not present, the film would be illuminated only by
the subject beam,

(4)

where s(x, y) is the amplitude of the reflected light at different points of the
film and is a complicated function due to the variations in phase
of the light reaching the film from different parts of the subject. If the subject
beam alone were present, the film would be darkened in proportion to the ir-
radiance of the subject beam. The irradiance of the subject beam is propor-
tional to the square of the magnitude of the complex field amplitude So,
we define a subject beam scaled irradiance as,

(5)

This scaled irradiance function thus includes no information regarding phase of
the subject beam. With the reference beam also present, however, the resultant

IS = ƒ ES ƒ
2

= ES
*ES = [s1x, y2]2
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ES .

u = u1x, y2
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Figure 2 (a) Off-axis holographic system. (b) Orientation of film with reference

beam in (a).
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amplitude at each point of the film—subject to the scalar approximation—
is given by

so that the scaled irradiance on the film is,

Multiplying the binomials,

(6)

The last two terms now incorporate the important function Explicitly,

(7)

The scaled irradiance describes the hologram and is a function of x and y and
so varies from point to point on the film plane. When the film is developed, its
transmittance is determined by 

To reconstruct the image of the scene, the hologram is situated in the
reference beam again, as in the formation of the hologram (Figure 2b). Of
course, the subject is now absent. When illuminated by the reference beam,
the hologram, due to its transmittance function, modulates both the ampli-
tude and the phase of the beam. As before,

(8)

The resulting emergent beam can then be expressed, except for constants, in
terms of the field by

(9)

where we have multiplied together Eqs. (7) and (8). We now interpret the 
three terms in Eq. (9) as the reconstruction of three distinct beams from the
hologram. Each beam is also illustrated in Figure 3. The first term,

(10)

represents a reference beam modulated in amplitude but not in phase. It
therefore appears like the incident beam and passes through the hologram
without deviation. In analogy with the holographic grating, it corresponds to
zeroth-order diffraction. The second term is

(11)

which describes the subject beam, amplitude-modulated by the factor
Thus the beam represents a reconstructed wavefront from the subject, making
the same angle relative to the reference beam. Since this beam is essentially
the subject beam, it appears to come from the subject. Hence it diverges on
emerging from the hologram, as if coming from a virtual image behind the
hologram. This virtual image is what we customarily view.

The third term is given by

(12)EH3 = r2ei12w2sei1vt -u2
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a

r2.

EH2 = r2sei1vt +u2

EH1 = 1r2
+ s22ER = 1r2

+ s22rei1vt +w2

EH r IF ER = 1r2
+ s22ER + r2sei1vt +u2

+ r2ei12w2sei1vt -u2

EH

ER = rei1vt +w2

IF .

IF

IF = r2
+ s2

+ rsei1u-w2
+ rse-i1u-w2

IF = r2
+ s2

+ rsei1vt +u2 e-i1vt +w2
+ rsei1vt +w2 e-i1vt +u2

u1x, y2.

IF = r2
+ s2

+ ES ER
…

+ ER ES
…

IF = ER ER
…

+ ES ES
…

+ ES ER
…

+ ER ES
…

IF = ƒ EF ƒ
2

= 1ER + ES21ER
…

+ ES
…2

EF = ER + ES

Holography 377



H

EH3

EH1

EH2

First-order
virtual image

First-order
real image

a

a
a

Zeroth-
order

Incident
light

ER

2a

Figure 3 Reconstruction of hologram

formed in Figure 2a.

and represents the subject beam, modulated in both amplitude and phase.
This beam reconstructs the subject beam of Eq. (4) but with phase rever-
sal, that is, with replaced by Every delay in phase in now shows up as
a phase advance. The image is turned inside out. Because of phase reversal,
originally diverging rays—as those in which form a virtual image—be-
come converging and focus as a real image on the viewing side of the hologram.
The factor when compared with the phase term in Eq. (3), indicates 
an angular displacement of the image direction by relative to the normal to
the film plane. Notice that the off-axis system illustrated in Figure 2a pro-
duces a hologram in which the two first-order beams are separate in direction
from each other and the zeroth-order beam. The virtual image can be ob-
served clearly, without confusion from the other beams.

The hologram made of an extended object shows the same essential fea-
tures as the hologram of the point object. Photography by holography is a two-
step process. Recall that in the making of a hologram, no lens is used, and the
presence of the reference beam is essential. The light must have sufficient tempo-
ral coherence so that path differences between the two beams do not exceed the
coherence length of the light; it must also possess sufficient spatial coherence so
that the beam is coherent across that portion of the wavefront needed to encom-
pass the scene. Of course, the holographic system must be vibration-free to with-
in a fraction of the wavelength of the light during the exposure, a condition that is
easily satisfied when high-power laser pulses of very short duration are used to
freeze undesirable motion. A three-dimensional view of the object from all sides
can be produced on a holographic film that is wrapped around the object on a
cylindrical form, as shown in Figure 4. Light reaches the film both directly and
with the help of a mirror at the end of the cylinder (the reference beam) and by
light scattered from the object. When viewed under the same conditions, the 360°
hologram in Figure 4 produces a view of the fish from all sides.

2a
ei12w2,

EH2 ,

e-iu. ESeiu

Mirror

Film

Film

Laser
beam

Figure 4 Cylindrical film surrounding the

subject records a 360° hologram.
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4 HOLOGRAM PROPERTIES

As stated earlier, the entire hologram receives light from each object point in the
scene. As a result, any portion of the hologram contains information of the
whole scene. If a hologram is cut up into small squares, each square is a hologram
of the whole scene, although the reduction in aperture degrades the resolution of
the image. The situation is much the same as when looking through a small,
square aperture placed in front of a window. The same scene is viewed, though
with slightly varying perspective, as the opening is moved to different parts of
the window. Each view is complete, exhibiting both depth and parallax. Another
interesting property of a hologram is that a contact print of the hologram, which
interchanges the optically dense and transparent regions, has the same proper-
ties in use. The “negative” of a hologram alters neither fringe contrast nor spac-
ing and hence does not modify the stored information. Furthermore, the
hologram may contain a number of separate exposures, each taken with the film
at a different angle relative to the reference beam and with different wave-
lengths of light. On reconstruction, each scene appears in its own light when
viewed along the direction of the original scene, without mutual interference.

5 WHITE-LIGHT (RAINBOW) 
HOLOGRAMS

If the hologram of Figure 3 is viewed with a reference beam of color dif-
ferent than that used in its construction, it can be shown that the image of the
fish will appear at a different angle. The hologram, like the holographic grat-
ing, operates as a dispersing element. If the reference beam is white light, the
continuously displaced images due to different spectral regions of the light
overlap and produce a colored blur. By producing a hologram that restricts
the possible angular views of the subject to one through a horizontal slit, the
confusion of images is reduced. In reconstruction, the hologram creates a
clearer image in white light. The virtual image now appears colored. The par-
ticular color seen depends on the direction along which the hologram is
viewed as the head is moved along a vertical line. No parallax is seen and the
color of the image sweeps through the colors of the rainbow, from red to blue,
thereby giving rise to the name rainbow hologram.

Embossed Holograms
Rainbow holograms, sometimes referred to as “embossed holograms,” are
commonly used on credit cards and in other similar security applications. The
original hologram is recorded in a photosensitive material called a photoresist.
When the hologram is developed, it consists of grooves in the surface of the
material. A thin layer of nickel is deposited onto the hologram and then is
peeled off. This yields a replica of the grooves in a metallic element, which is
called a shim. The shim is pressed onto a material like mylar by a roller under
conditions of high pressure and temperature. This embosses the hologram onto
the mylar, which is then attached to the credit card. This method allows mass
production of many embossed holograms simply and inexpensively.

Embossed holograms are used also in anticounterfeiting applications.
The embossing process allows fabrication of a large number of holograms in-
expensively. Such holograms are incorporated into the packaging of a product
in order to confirm that it is genuine. Anticounterfeiting holograms have been
used on many high-value products, including perfumes, automotive parts, and
computer software.

Volume Holograms
When the thickness of the film emulsion is large compared with the fringe spac-
ing, the hologram may be considered a three-dimensional, or volume hologram.
The interference fringes are now interference surfaces within the emulsion that
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behave as crystalline planes of atoms in diffracting light, that is, like a three-
dimensional grating. Unlike two-dimensional holograms, volume holograms can
reproduce images in their original colors when illuminated with white light. To
see how this comes about, consider the formation of closely spaced interfer-
ence surfaces within a thick emulsion by using coherent subject and reference
beams with the largest angular separation possible, 180°, as in Figure 5. If the
two monochromatic beams and have undistorted plane wavefronts, for
example, the standing wave pattern produces antinodal planes perpendicular
to the beam directions and spaced apart, as shown.

The maximum irradiance in these planes produces, after film devel-
opment, planes consisting of excess free silver, which function as partially
reflecting planes. Of course, the emulsion must itself possess a high-resolu-
tion potential to record faithfully such detail. When illuminated from the ref-
erence beam direction with white light, for instance, the developed hologram
partially reflects light from each silver layer, but only light of the wavelength
used in making the hologram is reinforced by such multiple reflections. The
physics of the process is, of course, the same as that for X-ray diffraction from
crystalline planes, governed by the Bragg equation,

and illustrated in Figure 6. To apply the equation to the silver layers in an
emulsion and should be taken to be the wavelength and angle in the
emulsion. Alternatively, if light of wavelength in air is incident on the film
at angle one can write

Thus if a volume hologram is illuminated at a given angle , only the
single wavelength that satisfies the Bragg equation locally, where planar spac-
ing is d, is reinforced and appears as a brightly reflected beam. The thicker
the emulsion and the greater the number of contributing reflecting planes,
the more selective the hologram will be in reinforcing the correct wavelength.
If a volume hologram is made by multiple exposures of a scene in each of
three primary colors, the reconstruction process with white-light illumination
can produce a three-dimensional image in full color.

Example 1 and Figure 7 illustrate the formation of fringes in a holo-
graphic grating by the interference of two argon-ion laser beams.

Example 1

Show that the separation d of fringes in the formation of a holographic grat-

ing, as in Figure 7, is given by where is the angle between the

coherent beams in the film, is the wavelength of the beams in the film,

and is the wavelength of the beams in free space. Assume that the beams

are incident symmetrically on the film’s surface. If the beams are argon-ion

laser beams of 488-nm wavelength and the angle between the beams is 120°,

how many grooves per centimeter are formed in a plane emulsion oriented

perpendicular to the fringes? Let the refractive index n of the emulsion be

equal to 1.

Solution

In Figure 7, Beam 1 and Beam 2 are shown together with their respective

wavefronts or crests C1 and C2 labeled throughout the emulsion. The angu-

lar separation of the two beams is shown as and the constructive fringes

(vertical dashed lines) formed in the emulsion are labeled as G. Examination

2u,

l0

l = l0>n
l>12 sin u2, 2u

u0

Since l = l0 /n and sin u0 = sin u/n.

ml0 = d sin u0

u0

l0

l u

ml = 2d sin u

l>2
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Figure 5 Standing wave fringe planes in 

a volume hologram formed by two plane

waves oppositely directed.

u

u

d

d sin u

Figure 6 Constructive interference of

reflected waves from planes of separation d
is governed by the Bragg equation,

ml = 2d sin u.
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of the right triangle PQR in the center of the construction leads to the de-

sired relation,

Thus,

Finally, the number of grooves/cm is

6 OTHER APPLICATIONS 
OF HOLOGRAPHY

Holography offers a wide variety of fascinating applications, of which we
briefly describe only a few. The hologram, itself a product of the interference
of light, has been used as an alternative technique in interferometry, the science
of using the wavelength of light and interference to measure very small optical-
path lengths with precision.

Nondestructive Testing
Suppose that the hologram of the fish in Figure 3 and the fish itself are re-
turned exactly to their original positions, and suppose that the same refer-
ence beam illuminates the scene. In looking through the hologram, one now
sees the virtual image superimposed over the object itself. Both are viewed
with the same coherent light. If no change has occurred since recording the
hologram, the view appears as if the subject or the hologram alone was in
place. Suppose, however, that the model of the fish has undergone some small
changes in shape, by thermal expansion, for example. Now the direct image of
the object and the holographic image are slightly different, and the light
forming the two images interferes, producing fringes that measure the extent
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of the change at specific locations, as in the case of Newton’s rings. The pre-
sent object can then be compared in real time with itself as it existed at an ear-
lier time. This technique—referred to as nondestructive testing—is often
applied to determine maximum stress points on the subject as pressure is ap-
plied, as in the case of an automobile tire, for example. The sensitivity of this
technique has been dramatically demonstrated in holographic recordings of
convection currents around a hot filament, compressional waves surrounding
a speeding bullet, and the wings of a fruit fly in motion.

Time-Average Holographic Interferometry
This type of interferometry is used to study vibrating surfaces, where the object
is moving continuously during exposure of the hologram. One makes a single
hologram using an exposure time that is long compared to the period of the
vibrations being studied. The resulting hologram effectively contains a large
number of images mapping the motion of the vibrating surface. The pattern
of interference fringes provides information on the relative vibrational am-
plitude as a function of position on the surface. The vibrational amplitudes of
diffusely reflecting surfaces may be measured with high precision, and such
measurements can be very useful for determining the modes of vibration of
complex structures.

Microscopy
Another useful application of holography is in microscopy. When speci-
mens of cells or microscopic particles are viewed conventionally under high
magnification, the depth of field is correspondingly small. A photograph
that freezes motion of the specimen captures in a focused image a very lim-
ited depth of field within the specimen. The disadvantages of this restriction
can be overcome if the photograph is a hologram, which in a single snap-
shot contains potentially all the ordinary photographs that could be made
after successive refocusings throughout the depth of the living specimen.
A simple interferometric hologram is thus equivalent to many separate ob-
servations made with a conventional interferometer. The image provided by
the hologram may be viewed by focusing at leisure on any depth of an un-
changing field. In making a hologram with a microscope, the specimen is illu-
minated by laser light, part of which is first split off outside the microscope
and routed independently to the photographic plate, where it rejoins the sub-
ject beam processed by the microscope optics. Furthermore, it can be shown
that if the reconstructing light of wavelength is longer than the wavelength

used in “holographing” the subject, a magnification given by

(13)

results, where p is the object distance (subject from film) and q is the corre-
sponding image distance (image from hologram). Object and image distances
are equal when the reference and reconstructing wavefronts are both plane
waves. The content of Eq. (13) implies, for example, that if the hologram 
were made with coherent X-rays and viewed with visible light, magnifications
as large as could be achieved without deterioration in resolution. This
prospect has contributed to interest in developing X-ray lasers. X-ray holo-
grams could provide strikingly detailed three-dimensional images of micro-
scopic objects as small as viruses and DNA molecules. The ability to view a
hologram with radiation of a wavelength different than that used in making
the hologram offers other interesting possibilities. For example, an ultrasonic
wave hologram can be used in place of medical X-rays and a radar hologram
can be read with visible wavelengths. In fact, in his original work, Gabor pro-
posed reconstruction of an electron-wave hologram with optical wavelengths
in an effort to improve the resolution of electron microscopes.
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Ultrasonic Holograms
The mention of ultrasonic holograms implies that the waves producing a
hologram need not be electromagnetic in nature. Indeed, the principles of
holography do not depend on the transverse character of the radiation. Be-
cause of the ability of ultrasonic waves to penetrate objects opaque to visible
light, holograms formed with such waves can be very useful. Opaque bodies
that are promising candidates range from the human body to archeological
tombs. Structures and cavities inside can be revealed in three-dimensional
images formed by ultrasonic holography. Figure 8 illustrates another ap-
plication of ultrasonic holography that enables one to reveal objects under
the surface of the ocean. G1 and G2 represent two phase-coupled generators
radiating coherent ultrasonic waves. The wavefront from G2 is deformed by
an underwater object and interferes with the undeformed reference beam
from G1. The deformations of the water surface represent an acoustic holo-
gram. If this region is illuminated with monochromatic light, the light dif-
fracted from the deformations can be photographed and converted into a
visual image of the underwater object. The potential offered for submarine
detection is an obvious military application.

Holographic Data Storage
The storage of data in a hologram offers tremendous potential. Because
data can be reduced by holographic techniques to dimensions of the order
of the wavelength of light, volume holograms can be used to record vast
quantities of information. As the hologram is rotated, new exposures can
be made. Photosensitive crystals, such as potassium bromide with color
centers or lithium niobate can be used in place of thick-layered pho-
toemulsions. Because information can be reduced to such tiny dimensions
and the crystal can be repeatedly exposed after small rotations that take
the place of turning pages, it is said that all the information in the Library
of Congress could theoretically be recorded on a crystal the size of a sugar
cube! Information may, of course, be recorded in digital form and thus
read by a computer, so holographic storage offers a means of providing
computer storage. In conjunction with the optical transport of computer
information through optical fibers, information handling, storage, and re-
trieval can all be done using light. A fascinating aspect of holographic data
storage lies in its reliability. Since every data unit is recorded throughout
the volume of the hologram, in unique holographic fashion, damage to a
portion of the hologram, although affecting the signal-to-noise level of the
reconstructed image, does not affect its reliability. Information is not lost,
as would be the case in other memory devices, where every bit of informa-
tion has its own unique storage coordinates.

In a reciprocal sense, computers are used to advantage in the science of
holography by making possible the construction of synthetic holograms that
faithfully represent three-dimensional objects. The object is first defined
mathematically by specifying its coordinates and the intensity of all its points.
The computer calculates the complex amplitude that is the sum of radiation
due to the object and the reference wave and then directs the drawing of the
hologram, which can be photographed and reduced to the appropriate fringe
spacings required. For example, an ideal aspheric wavefront can be created
synthetically to serve as a model against which a mirror may be shaped, using
interference between the two surfaces as a guide to making appropriate cor-
rections.

Holocameras
A device called a holocamera does not use photographic film, but rather mate-
rials like thermoplastics to record a holographic image. The image development
is done by electrical and thermal means, without the need for wet chemical pro-
cessing, and can be accomplished in a few seconds without repositioning the

G1 G2

Figure 8 Deformations in the surface of

the water due to two coherent ultrasonic

waves.
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recording. Using this process, the hologram can be developed and viewed
quickly and so the holocamera can be used for rapid inspection and analysis in
an industrial environment. The finished hologram can be erased by heating and
the thermoplastic recording material can be reused hundreds of times.

Pattern Recognition
Another area in which holograms may be very useful is in pattern recogni-
tion. Briefly, the procedure is as follows. A text is scanned, for example, for
the presence of a particular letter or word. Light from the text to be
searched is passed through a hologram of the letter or word to be identified
in an appropriate optical system. The presence of the letter is indicated by
the formation of a bright spot in a location that indicates the position of the
letter in the text. The hologram acts as a matched filter, recognizing and
transmitting only that spatial spectrum similar to the one recorded on it. The
technique can be applied to holographic reading of microfilms, for example.
Military applications include the use of a memory bank of holograms of par-
ticular objects or targets constructed from aerial photographs. Weapons
could, by pattern recognition, select proper targets. It has also been suggested
that robots could identify and be directed toward appropriate objects in the
same way. 

Holographic Optical Elements
The interference pattern produced by two spherical waves with different
radii of curvature can be recorded to produce a holographic device that acts
like a lens. Such a recording is a sinusoidal zone plate that acts as a positive
lens. One can also fabricate holographic optical elements (HOEs) that per-
form the function of prisms, mirrors, gratings, and so on. Holographic optical
elements are generally lighter than the optical components they replace,
which proves useful in a number of applications. For example, in one such
application, rotating HOEs can be used to scan laser beams on spaceborne
platforms in lidar (light detection and ranging) systems to monitor atmos-
pheric profiles of wind, aerosols, clouds, temperature, and humidity.  Holographic
optical elements are also used in optical systems to correct aberrations, in 
supermarket scanners, and in heads-up displays for aircraft pilots. In the latter
application, instrument readings are projected so that they seem to be float-
ing in space, allowing the pilot to retain a clear “heads-up” view of the scene
in front of the aircraft. High-resolution, holographically recorded gratings
have been used—instead of more expensive conventional gratings—in optical
spectrometers.

PROBLEMS

1 Use Eq. A: Mutually

 coher ent beams for the superposition of two unequal beams

to show that the irradiance pattern of a Gabor zone plate

(the hologram of a point source) is given approximately by

where and

Here, and are the irradiances due to the reference

and signal beams, respectively, s is the distance of the object

point from the film, and is the wavelength of the light. For

the approximation, assume the path difference between the

two beams is much smaller than s, so that we are looking at

the inner zones of the hologram.

2 a. Show that if the local ratio of reference to subject beam ir-

radiances is a factor N at some region of a hologram, then

the visibility of the resulting fringes is 22N>1N + 12.

I = I1 + I2 + 22I1I2 cos d

l

12sl2. I1 I2

A = I1 + I2 - 22I1I2 , B = 42I1I2 , a = p>

I = A + B cos21ar22

O
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Reference
beam I1

Subject
beam I2I1

I1

I2

r

s

I2

Figure 9 Problem 1.
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b. What is the fringe visibility in a region where the irradi-

ance of the reference beam is three times that of the sub-

ject beam?

3 A conventional 1-mm-thick compact disc (CD) can store

1 Gb of information in the form of digital data, with all of

the data stored in the top layer of the CD. How

much information could be stored in the 1-mm-thick CD if

the data could be stored holographically throughout the

entire CD at the same information density?

4 The angle between the signal and reference beams during

construction of a hologram is 20°. If the light is from a

He-Ne laser at 633 nm, what is the fringe spacing? Assume a

refractive index of 1 for the emulsion. (See Example 1.).

5 Suppose a hologram is to be made of a moving object using

a 1-ns laser pulse at a wavelength of 633 nm. What is the

permissible speed such that the object does not move more

than during the exposure?

6 During the construction of a hologram, a beam splitter is

selected that makes the amplitude of the reference beam

eight times that of the signal beam at the emulsion. What is

the maximum ratio of beam irradiances there?

7 Let us suppose that as a theoretical limit, 1 bit of informa-

tion can be stored in each of hologram volume. At a

wavelength of 492 nm and a refractive index of 1.30, deter-

mine the storage capacity of of hologram volume.

8 A volume hologram is made using oppositely directed mono-

chromatic beams of coherent, collimated laser light at 500

nm, as in Figure 5. Assume a film refractive index of 1.6.

a. Determine the spacing of the developed silver planes

within the emulsion.

b. What wavelength is reinforced in reflected light when

white light is incident normally on the hologram?

c. Repeat (b) when the angle of incidence from air (rela-

tive to the normal) is 30°.

9 Two beams of planar wavefront, 633-nm coherent light, whose

directions are 120° apart, strike a photographic emulsion of

index 1.6.

a. Sketch the arrangement, showing the orientation of the

planes of constructive interference within the emulsion.

b. Determine the planar spacing of the developed volume

hologram.

c. At what angle of incidence relative to the silver planes

is a wavelength of 450 nm reinforced?

1 mm3

l3

l>10

1-mm-thick

10 Suppose that the blue component of a white-light hologram

is formed as in Figure 5, using light of 430-nm wavelength. 

If emulsion shrinkage is 15% during processing, what wave-

length is reinforced by the blue-light fringes on reconstruc-

tion? How does this affect the holographic image under

white-light viewing?

11 A hologram is constructed with ultraviolet laser light of

337 nm and viewed in red laser light at 633 nm.

a. If the original reference beam and the reconstructing

beam are both collimated, what is the magnification

of the holographic image, compared with the original

subject?

b. What magnification would result if coherent X-rays of

1 Å wavelength were available to construct the hologram?

12 a. Verify that the reconstructed wavefront from the holo-

gram of a point source produces both the real and virtu-

al images shown in Figure 10. First, find the irradiance 

at the film due to the superposition of a plane and a

spherical wave. Then, find the amplitude of the light

transmitted by the developed film when irradiated by

the reference beam. Interpret the terms as done in the

discussion of a hologram of a three-dimensional subject.

b. Show that the phase delay of the diverging subject

beam, at a point on the film a distance y from the axis, is

given by where d is the distance of the point

source from the film. This result follows when 

Show also that reversal of the phase angle produces a

converging spherical wavefront associated with the real

image on reconstruction.

y V d.

py2>ld,

O�

Plane waves

Real
image

Virtual
image

Hologram

Reference beam

I

Figure 10 Problem 12.
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Optical Detectors and Displays

INTRODUCTION

In this chapter we give a qualitative description of the more common types of
optical detectors and displays. Any device that produces a measurable physical
response to incident radiant energy is a detector. The most familiar detector is,
of course, the eye. Whereas the eye provides a qualitative and subjective
response, the detectors discussed in this chapter provide a quantitative and
objective response. In view of the unique role played by the eye in human
vision, it is not treated in this chapter. Most detectors may be classified as 
being either a thermal detector or a quantum detector. We begin this chapter
with a description of thermal and quantum detectors of optical radiation and
proceed to an introduction of some of the important figures of merit associated
with quantum detectors. We conclude the chapter with an overview of three im-
portant types of optical displays—the CRT, the LCD, and the plasma display.

1 THERMAL DETECTORS 
OF RADIATION

When the primary measurable response of a detector to incident radiation is
a rise in temperature, the device is a thermal detector. The receptor in thermal
detectors is typically a blackened surface that efficiently absorbs at all wave-
lengths. In this section we will describe several basic types of thermal detectors.

Thermocouples and Thermopiles
A thermocouple is a device in which an increase in temperature at a junction
of two dissimilar metals or semiconductors generates a voltage (Figure 1a).
When the effect is enhanced by using an array of such junctions in series, the
device is called a thermopile (Figure 1b).
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Deflecting coil

Deflecting coilAnodes

Vacuum tube

ScreenElectron beam
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Bolometers and Thermistors
Thermal detectors also include bulk devices that respond to a rise in temper-
ature with a significant change in resistance. Such an instrument may employ
as its sensitive element either a metal (bolometer) or, more commonly, a
semiconductor (thermistor). Typically, two blackened sensitive elements are
used in adjacent arms of a bridge circuit, one of which is exposed to the inci-
dent radiation. The imbalance in the circuit, due to the change in resistance, is
indicated by a change of current in the bridge circuit.

Pyroelectric Detectors
The pyroelectric effect can be exploited in order to detect radiation. Certain met-
als like lithium tantalate or triglycine sulfate (TGS) exhibit the pyroelectric effect
in that a temperature-dependent charge separation exists between opposite ends
of the metal. This charge separation is a result of a permanent macroscopic po-
larization associated with the metal. The pyroelectric metal behaves like a ca-
pacitor whose charge is a function of the temperature. Incident radiation
increases the temperature of the pyroelectric material and hence changes the
charge on the surface of the metal. This sort of sensor is a common compo-
nent of motion detectors.

Pneumatic or Golay
A Golay cell measures the thermal expansion of a gas induced by radiation in-
cident on the gas enclosure. A schematic of such a cell is shown in Figure 2.
Radiation is absorbed by a blackened membrane and as a result heat is
transmitted to a gas in an airtight chamber. The heat flow into the gas causes
an increase in gas pressure, which is typically detected by the deflection of a
flexible mirror attached to the cell, as shown in Figure 2.

Thermal detectors are generally characterized by a slow response to
changes in the incident radiation. If the detector is expected to follow a changing
input signal, such as a pulse, thermal detectors are not as desirable as the faster-
responding quantum detectors to be discussed next. The speed of response is de-
scribed by a time constant, a measure of the time required to regain equilibrium
in output after a change in input. Many of the quantum detectors discussed in
the next section are better suited to high-frequency operation. 

2 QUANTUM DETECTORS 
OF RADIATION

Quantum detectors respond to the rate of incidence of photons rather than to
thermal energy. Photons interact directly with the electrons in the detector
material. In this section we describe photoemissive detectors, photoconduc-
tive detectors, and photodiodes.

Photoemissive Detectors
When the measurable effect is the release of electrons from an illuminated
surface, the device is called a photoemissive detector. A photosensitive sur-
face, typically containing alkali metals, absorbs incident photons that trans-
fer enough energy to enable some electrons to overcome the work function
and escape from the surface. If the photoemitted electrons are simply col-
lected by a positive-biased anode in an evacuated tube, enabling a current to
be drawn into an external circuit, the detector is called a diode phototube.
When the signal is internally amplified by secondary electron emission, the
detector is a photomultiplier; see Figure 3. In this case the primary photo-
electrons are accelerated, so that as a result of a sequence of collisions, each
multiplying the current by the addition of secondary electrons, an avalanche
of electrons becomes available at the output corresponding to each primary
photoelectron.

T1 T2

V2V1

V1

V2

T1T2

(b)

(a)

Figure 1 (a) Thermocouple made of dis-

similar materials (dark and light lines) joined

at points and where a difference in

temperature produces an emf between ter-

minals and (b) Thermopile made of

couples in series. Radiation is absorbed at

the junctions in thermal contact with a

black absorber and thermally insulated from

the junctions T2 .
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V2 .V1
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Figure 2 Golay pneumatic infrared detec-

tor. (Oriel Corp., General Catalogue, Strat-

ford, Conn.)

Cathode Anode

Figure 3 One type of photomultiplier tube

structure. Electrons photoemitted from the

cathode are accelerated along zigzag paths

down the tube so as to strike each of the

curved dynode surfaces, each time produc-

ing additional secondary electrons. The mul-

tiplied current is collected at the anode.
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Another means of amplification, used in the gas-filled photocell, allows
the generation of additional electrons by ionization of the residual gas. In the
case of energetic photons the sensitivity of photoemissive
detectors is sufficient to allow the counting of individual photons. Such detec-
tors possess superior sensitivity in the visible and ultraviolet spectral ranges.

Photoconductive Detectors
For wavelengths in the infrared, over photoemitters are not available
and photoconducting detectors are used. In these detectors, photons absorbed
into thin films or bulk material produce additional free charges in the form of
electron-hole pairs. Both the negative (electrons) and positive (holes) charges
increase the electrical conductivity of the sample. Without illumination, a bias
voltage across such a material with high intrinsic resistivity produces a small
or “dark” current. The presence of illumination and the extra free-charge car-
riers so produced effectively lower the resistance of the material, and a larger
photocurrent results. Semiconducting compounds cadmium sulfide (CdS) and
cadmium selenide (CdSe) are often used in the visible and near-infrared re-
gions; farther out in the near-infrared region, the compounds lead sulfide
(PbS) (0.8 to ) and lead selenide (PbSe) (1 to ) are popular.

Junction Photodiodes
One of the most common types of photodetectors is the semiconductor
photodiode. The central component of the simplest type of photodiode is a
p-n junction, which is a junction between doped p-type (rich in positive
charge carriers, holes) and doped n-type (rich in negative charge carriers,
electrons) materials, often silicon. Doping involves adding small amounts of
an impurity to the semiconductor to provide either an excess (n-type) or
deficiency (p-type) of conduction electrons. When p-type and n-type materi-
als are brought into contact, the initially unequal concentration of holes and
electrons on opposite sides of the junction induces a diffusion of electrons
from the n-type material into the p-type material and a diffusion of holes from
the p-type material into the n-type material. In this way a voltage difference oc-
curs across the junction that inhibits the diffusion of more carriers. In this situa-
tion the n-type side of the junction will be at a higher voltage than the p-type
side of the junction. Thus an electric field directed from the n-type to the p-type
material is created in the junction region. In a photodiode such a p-n junction is
sandwiched between electrical contacts, as shown in Figure 4. An optical win-
dow allows electromagnetic radiation to fall on the p-type side of the junction.

When photons of energy exceeding the band-gap energy of the semi-
conductor are absorbed in the vicinity of the junction, the created electron-
hole pairs are separated by the electric field in the junction region, causing a
change in voltage, the photovoltaic effect. In this so-called photovoltaic mode
of operation, depicted in Figure 5a, a change in the amount of incoming 
light leads to a change in the open-circuit voltage across the p-n junction. The
solar cell and the photographic exposure meter are two well-known applica-
tions of the photodiode operating in the photovoltaic mode. More commonly,
photodiodes are operated in the reverse-biased or photoconductive mode. In
this mode, illustrated in Figure 5b, the n-type side of the junction is con-
nected to the positive terminal of an external voltage source and the p-type
side of the junction is attached to the negative terminal of the external voltage
source. The reverse-biased external voltage increases the electric field in the
junction region, which in turn increases the rate at which the electrons and
holes generated by absorption of the incident radiation are swept out of the
junction region. A strong reverse bias therefore can reduce the response time
of the photodiode. In the photoconductive (reverse-biased) mode the current
induced in the load resistor has a nearly linear relationship with the incoming
irradiance. In the photovoltaic (forward-biased) mode, the open-circuit voltage
has a more complicated logarithmic dependence on the incident irradiance.

1l 6 550 nm2,

1 mm,

3 mm 5 mm
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Figure 4 Junction photodiode. The diode

symbol indicates the orientation of the diode.
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Figure 5 Two modes of operation of a 

junction photodiode. (a) Photovoltaic mode.

The open-circuit voltage changes as the

optical power incident on the photodiode

changes. (b) Photoconductive (reverse-

biased) mode. The current through the load

resistor changes as the optical power inci-

dent on the photodiode changes.
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Silicon-based photodiodes are sensitive to optical radiation with wave-
lengths ranging from 190 to 1100 nm, and Indium-Gallium-Arsenide (In-
GaAs) p-n junction photodiodes can be used to detect radiation with
wavelengths ranging from 800 to 1800 nm. A variation of the photovoltaic
cell, the avalanche diode, provides an internal mechanism of amplification
that results in enhanced sensitivity out to around In the region of 1 to

the semiconductor compounds PbS, PbSe, and PbTe (lead telluride)
possess a large photovoltaic effect and greater sensitivity than the thermo-
couple or the ordinary bolometer. As with other detectors that are designed
to operate at longer wavelengths, photodiodes are often cooled to enable op-
eration with greater sensitivity. Many photodiodes used in the visible to near
infrared region of the spectrum use p-i-n junctions. In this arrangement a re-
gion of intrinsic (undoped) material is layered between the p-type and n-type
materials. The intrinsic layer is a region of high electric field, and carriers pro-
duced by light absorption in this region are quickly swept away to the heavily
doped regions. This rapid movement of the carriers produced in the intrinsic
region decreases the response time of the detector. Photodiodes using p-i-n
junctions have response times on the order of 100 ps, allowing for the detec-
tion of signals that vary at rates on the order of 10 GHz.

3 IMAGE DETECTION

Images can be detected and recorded on a surface sensitive to incoming radi-
ation. Until recently, a photographic film or plate was the most common
image-recording medium. Charge-coupled devices (CCDs), in which the in-
coming radiation is detected by a two-dimensional array of photodiodes, are
becoming the preferred choice for image detection. These two image detec-
tion systems are discussed below.1

Photographic Film
Until the recent widespread use of digital cameras, photographic film was the
most common medium used for image detection and recording. Photographic
emulsions are available with spectral sensitivity that extends from the X-ray
region into the near infrared at around The sensitive material is an
emulsion of silver halide crystals or grains. An incident photon imparts energy
to the valence electron of a halide ion, which can then combine with the silver
ion, producing a neutral silver atom. Even before developing, the emulsion
contains a latent image, a distribution of reduced silver atoms determined by
the variations in radiant energy received. The latent image is then “ampli-
fied,” so to speak, by the action of the developer. The resulting chemical ac-
tion provides further free electrons to continue the reduction process, with
the latent image acting as a catalytic agent to further action. The density of
the silver atoms, and thus the opacity of the film, is a measure of both the
irradiance and the time of exposure, so that photographic film, unlike many
other detectors, has the advantage of light-signal integration. Even weak ra-
diation can be detected by the cumulative effect of a long exposure.

CCD Detectors
Two-dimensional arrays or panels of photodiodes can be used to record im-
ages. Each photodiode, or MOS (metal-oxide-semiconductor) device, responds
to the incident radiation to provide one pixel (picture element) of output. In a
simplistic arrangement, each photodiode could have separate wires for voltage

1.2 mm.

8 mm,
1.5 mm.

1Image detection is a rapidly advancing field. Complementary metal-oxide-semiconductor

(CMOS) detectors and charge-injection devices (CID’s) are two additional, increasingly important,

digital imaging technologies. Readers should consult current opto-electronic trade journals in order to

gain an up-to-date understanding of image detection technologies.
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supply and signal readout. This sort of arrangement is in fact used for detectors
with a relatively small number of pixels. For applications requiring a large num-
ber of pixels, the number of wires required by such a design becomes unwieldy.
The requirement of a large number of wires is mitigated by the use of a charge-
coupled device (CCD). A typical CCD panel in a wire-bonded package is
shown in Figure 6. When a CCD is exposed to light, each of the discrete de-
vices fabricated on a silicon chip, say, stores photo-induced charge in a potential
well created by an applied gate voltage. A CCD panel of area might con-
tain 500,000 individual photodiodes. The stored charge contributed by each
pixel, a measure of the local irradiance, is electronically scanned to produce an
electronic record of the image. Scanning and readout is performed by charge
transfer along each pixel row of such a device. The electronic pulses corre-
sponding to the photo-induced charge accumulated near each pixel in a given
row arrive sequentially at the end of the row. This pulse sequence provides a
record of the local irradiance measured by each pixel in that row. Typically, the
record of the irradiance of each pixel is stored digitally. Once each row in a
CCD array is scanned in this fashion, a digital record is formed that can be
stored in the memory of the device. Digital cameras work in this fashion.

The photodetectors in CCD arrays have a quantum efficiency of as
much as 80%. That is, as many as 80% of the photons incident on a photo-
diode in the CCD array are converted to signal electrons. By contrast, the
quantum efficiency of photographic film is about 2%. Not surprisingly, the
higher quantum efficiency associated with CCD detectors led to their early
adoption by astronomers seeking to form and record images of faint astro-
nomical sources. As mentioned above, digital cameras use CCD arrays (or
related technologies), instead of photographic film, to record an image. By
repeated reading of the electronic pulse sequence of the end of each row
in the CCD array, the irradiance as a function of position on the array and
of time can be formed. Thus a CCD array can be (and is) used in digital
video cameras, which update the image some 30 times a second. Today
digital cameras typically use CCD arrays with resolutions ranging from

to Even higher resolutions are avail-
able for professional use.

A Bayer mask can be used in conjunction with a CCD array in order to
record color images. A Bayer mask is an array of color filters, with each
miniature filter designed to cover one pixel of the CCD array. The color fil-
ters in the Bayer mask form a mosaic of submasks, each containing
four color filters—one red, one blue, and two green. This arrangement is used
because the eye is more sensitive to green light than to either red or blue light
and doubling the information obtained in the green portion of the spectrum
allows for the production of an image that the eye perceives as “true” color.
Placing a Bayer mask over a CCD array permits the array to record both ir-
radiance and color information. Since 4 pixels are used to record the color in-
formation, the irradiance is recorded with higher resolution than is the color
of the image. Better color resolution can be obtained by using three separate
CCDs in the camera. A prism or some other device can be used to split an
image into red, blue, and green components, which are then imaged on sepa-
rate CCDs. The digital information from the separate CCDs are then com-
bined to form a color image.

4 OPTICAL DETECTORS: 
NOISE AND SENSITIVITY

In addition to knowledge of the spectral range over which a particular detec-
tor is effective, it is important to know the actual sensitivity or, more precisely,

2 * 2

3032 * 2008 pixels.1024 * 768 pixels

1 cm2

Figure 6 CCD panel in a wire-bonded

package. (Photograph courtesy of NASA.)
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the responsivity, R, of the detector, defined as the ratio of output to input:

(1)

Input is typically some measure of irradiance and output is almost always a
current or voltage. For the responsivity to be a useful specification of a detec-
tor, it should be constant over the useful range of the instrument. In other
words, the detector, together with its associated amplifier and circuits, should
provide a linear response, with output proportional to input. In general, how-
ever, responsivity is not independent of wavelength. Curves of responsivity
versus wavelength are provided with commercial detectors. When the respon-
sivity is a function of the detector is said to be selective. The scaled sensitiv-
ity of a CdS photoconducting cell is shown in Figure 7. A nonselective
detector is one that depends only on the radiant flux, not on the wavelength.
Thermal detectors using a blackened strip as a receptor may be nonselective;
however, entrance windows to such devices may well make them selective.

The detectivity, D, of a detector is the reciprocal of the minimum de-
tectable power, called the noise equivalent power, NEP of the detector:

(2)

The minimum detectable power is limited by the noise inherent in the opera-
tion of the detector. The noise is that part of the signal or output not related
to the desired input. Many sources of noise in quantum detectors exist,2 in-
cluding shot noise or quantum noise, which arises because of the statistical
nature of the conversion of a photon in the incident field to an electron in the
detector system. Another type of noise, called Johnson noise, due to the ther-
mal agitation of current carriers, is found in all photodetectors. In addition,
generation and recombination noise due to statistical fluctuations of current
carriers occurs in photoconductors. Mere amplification of a signal is not use-
ful when it does not distinguish between signal and noise and results in the
same signal-to-noise ratio, just as the mere magnification of an optical image
is not useful since it does not clarify the object details. The fundamental lower
limit of the noise inherent in the detection process is set by quantum or shot
noise, but in practice the other technical noise sources often determine the
noise equivalent power for the detector. (See Problems 4 and 5.)

5 OPTICAL DISPLAYS

In this section we describe briefly three different technologies used to display
optical images in computer and TV monitors.

Cathode-Ray Tube (CRT) Displays
The cathode-ray tube or CRT display was until recently used in nearly all tele-
visions, computer displays, and video monitors. A schematic of this device is
shown in Figure 8. In a CRT display beams of electrons (“cathode rays”)
emitted from an electron gun into a vacuum tube are steered by electric or
magnetic fields and strike a phosphorescent surface that emits light from the
point at which the electrons strike the surface.
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Figure 7 Scaled responsivity as a function

of wavelength for a CdS photoconducting

cell. The peak response at 5500 Å closely

matches the response of the human eye.

2See, for example, Christopher C. Davis, Lasers and Electro-Optics (Cambridge, UK: Cam-

bridge University Press, 1996), Ch. 22.
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In modern video monitors the entire phosphorescent front of the tube is
repetitively scanned in a fixed raster pattern. The image is formed by modulat-
ing the intensity of the scanning electron beam. Color CRT displays typically
use three different phosphors packed closely together in strips or clusters in a
repetitive pattern on the display screen. One of these phosphors in a cluster
emits blue light, one emits red light, and one emits green light when struck by
an electron beam. Three different electron beams are typically used and each
beam reaches “dots” of only one of the three types of phosphors on the
screen due to a grille or mask that blocks the beams from striking the wrong
type of phosphor. In this way, different colors can be displayed by mixing dif-
ferent intensities of the primary red, green, and blue colors. Recently, several
different technologies have been developed that allow for displays that are
less bulky and/or use less power than CRT displays. Two such technologies are
discussed below. Still, many people prefer the quality of the image displayed
by the best CRT monitors to those produced by the newer technologies.

Liquid-Crystal Displays (LCDs)
The atoms or molecules in a liquid are arranged in a completely disordered
fashion, whereas those in a (solid) crystal are regularly arranged in a periodic
fashion. As the name implies, liquid crystals are materials with properties in-
termediate between those of crystals and liquids. A variety of types of liquid
crystals exist but here we focus on a description of the nematic liquid crystal
whose rodlike molecules are randomly positioned but have a common orien-
tation induced by intermolecular interactions. The common orientation of the
molecules in a liquid crystal allows the liquid crystal to interact differently
with different polarizations of light passing through the crystal. This charac-
teristic is exploited in a liquid-crystal display (LCD).

One means of creating a liquid-crystal display is illustrated in Figure 9. 
A nematic liquid crystal cell is placed between crossed polarizers as shown in
Figure 9a. The nematic liquid-crystal cell consists of the liquid crystal posi-
tioned between two glass plates. As indicated in the figure, the inner surface
of each glass plate is prepared with nanometer-wide scratches parallel to the
transmission axis of the polarizer adjacent to the glass plate. The molecules of
the liquid crystal in contact with the glass sheet tend to align with the scratches
in the sheet. The influence of the sheets with perpendicular scratches on
either end of the liquid crystal and the long-term order of the liquid crystal
leads to the twisted orientation of the molecules shown in Figure 9a. A de-
tailed analysis3 shows that such a twisted nematic cell causes the polarization
of the light to rotate, as it propagates though the liquid crystal, so as to main-
tain an electric field polarization directed along the long axis of the liquid-
crystal molecules. Thus, vertically polarized light entering the liquid crystal
will emerge from the liquid crystal polarized along the horizontal direction
and so pass through the second horizontal polarizer on the exit side of the
twisted nematic cell. In the configuration of Figure 9a, light would be trans-
mitted through the cell. The cell can be made nontransmitting by applying a

Heated
cathode

Deflecting coil

Deflecting coilAnodes

Vacuum tube

ScreenElectron beam

Figure 8 CRT display. An electron beam

emitted by a heated cathode is steered by

electric and magnetic forces to a particular

point on a screen covered with a phosphores-

cent material that emits light when struck by

electrons. The beam can be scanned back and

forth across the screen, covering the entire

screen 30 times each second.

3B. E. A. Saleh, and M. C. Teich, Fundamentals of Photonics (New York: John Wiley & Sons, Inc.,

1991), Ch. 6.
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voltage across the cell. As indicated in Figure 9b, such a voltage acts to align
the molecules along the direction of the electric field between the glass
plates. In this configuration, the liquid crystal does not alter the orientation of
the vertical polarization of the light passing through the nematic cell and so
the light is blocked by the action of the polarizer with a horizontal transmis-
sion axis on the opposite end of the cell. Thus the cell can appear bright or
dark depending upon whether or not a voltage is applied across the cell.

In a passive matrix LCD, an electronic grid is used to control the voltage
across (and so the transmission through) individual pixels in the LCD display.
In an active matrix LCD, thin-film transistors (TFTs) control the voltage across
each pixel in the display. Grayscale images can be formed by either varying the
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Figure 9 Operation of a liquid-crystal display (LCD). (a) With no applied volt-

age the liquid-crystal molecules change orientation through the twisted nematic cell.

The light polarization rotates so as to be aligned along the long axis of the liquid-

crystal molecules and so that vertically polarized light entering the twisted nematic

cell exits the cell as horizontally polarized light. In this configuration, the LCD

transmits light. (b) When sufficient voltage is applied to the cell, the liquid-crystal

molecules (except for those adjacent to the scratched glass plates) align with their

long axis along the field direction. In this case, the polarization of the light does not

change as it progresses across the cell and so vertically polarized light entering the

twisted nematic cell is blocked by the second polarizer, which has a horizontal trans-

mission axis.

Optical Detectors and Displays 393



PROBLEMS

1 Given that the semiconductor germanium has a band-gap

energy of 0.67 eV, find the longest wavelength that will be

absorbed by a germanium photoconductor.

2 A certain photodiode generates one electron for every 10

photons of wavelength incident on the detector.

a. What is the quantum efficiency of this detector?

b. What is the responsivity in A/W (at this wavelength)

of this detector?

3 The responsivity of an InGaAs p-i-n photodiode is 0.8

A/W at a wavelength of What photocurrent is1.5 mm.

0.9 mm

generated by this detector when an electromagnetic field

of irradiance and wavelength is incident

on the detector?

4 Due to quantum fluctuations, laser fields have an inherent

uncertainty in the number of photons n contained in the

field. For an ideal laser field, this inherent uncertainty is

given by

where is the mean number of photons in the field. A sig-

nal cannot be extracted from noise unless the mean signal

0.1 mW 1.5 mm

¢n

n

¢n = 2n

voltage across a pixel, so that the light is neither completely blocked nor trans-
mitted, or by pulsing the voltage at each pixel, so that the length of the trans-
mission pulse leads to differences in perceived brightness of the pixel. Color
displays can be made by placing a mask containing an array of red, green, and
blue filters arranged in groups of three “subpixels.” Controlling the bright-
ness of the light transmitted through the different color subpixels allows for
the generation of the complete range of “natural” colors.

Calculator and watch displays often operate with ambient light. In one
arrangement for these displays, a mirror is placed after the second polarizing
glass sheet in the twisted nematic cell. With no voltage applied across a given
pixel, half of the unpolarized ambient light first passes through the vertical
polarizer at the input side of the cell, then the polarization of this light is ro-
tated so that it passes the horizontal polarizer at the end of the cell, reflects
from the mirror, and retraces its steps so that vertically polarized light
emerges from the display panel. When a voltage is applied across a pixel, the
liquid crystal does not rotate the polarization of the light and so light is
blocked by the action of the crossed polarizers on the ends of the twisted ne-
matic cell. No light is reflected through these pixels and so they appear dark.
These dark pixels are used to form the patterns of numbers and letters used
in the calculator and watch displays. In addition to those outlined above,
many other arrangements involving the liquid crystal and polarizing sheets
can be used as elements in displays and as optical modulators and switches.

Flat-panel LCDs are much less bulky and can consume less power than
CRT displays with comparably-sized viewing screens. The primary disadvan-
tages of LCDs are that the response time of a nematic LCD is slower than
that of a CRT and the angle of view is somewhat limited as the contrast is re-
duced when the display is not viewed “head on.”

Plasma Displays
In order to increase the size of a CRT display, the length of the cathode-ray
tube must be correspondingly increased in order for the electron beam to
have access to all portions of the CRT screen. In contrast, a flat-panel plasma
display may have a screen size as large as the largest CRT displays and yet
only be a few inches thick. The plasma display essentially consists of hundreds
of thousands of tiny neon and xenon gas cells (fluorescent lights) sandwiched
between electrodes and glass plates. In a color plasma display, gas cells are
grouped into sets of three subpixels. The three subpixels are coated with red,
green, or blue phosphor. A voltage placed across an individual subpixel causes
the gas in the cell to ionize (that is, causes a plasma to be formed) and to subse-
quently emit ultraviolet light, which in turn strikes the phosphor coating caus-
ing the emission of red, green, or blue light. The chief advantages of plasma
displays are their thin design, inherent brightness, and wide viewing angle.
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photon number exceeds the uncertainty in photon num-

ber This requirement gives

Thus the minimum optical signal that can be extracted from

the inherent quantum noise in an ideal laser field must con-

tain, on average, at least one photon per detector sampling

time. Use this relation to estimate the minimum detectable

signal power in an ideal laser field of wavelength 

using a detector with a detection observation time of 

5 The noise equivalent power NEP (at a wavelength of

) of an InGaAs p-i-n photodiode using a detection

observation time of is about 

a. Calculate the number of photons arriving at the detector

in one observation time in an optical signal of wave-

length with a power equal to the noise equivalent

power of the detector.

b. Is the noise equivalent power for this detector a result of

the intrinsic quantum fluctuations in the incident laser

field? (Refer to the discussion in Problem 4.)

2n .

n

n 7 2n or n 7 1

1 ms 4 * 10-11 W.

1.5 mm

1 ms.

1.5 mm

1.5 mm

6 Discuss how a twisted nematic liquid crystal between

crossed polarizers can be used as a voltage-controlled irra-

diance modulator.

7 Research and describe the manner in which a nematic liq-

uid crystal placed between transparent glass sheets with

parallel scratches can be used as a voltage-controlled phase

modulator.

8 A thin lens is used to image an object 1 m from the lens

onto a CCD array 10 cm from the lens. What must the pixel

spacing on the CCD array be so that features 1 mm apart

on the object can be distinguished in the CCD image? How

many pixels would be in such a CCD array of dimensions

9 A photodetector has a saturation photocurrent of 

and a responsivity of 100 mA/W. What is the optical satura-

tion power for this detector?

10 Rotate a Polaroid sheet (Polaroid sunglasses will work) in

front of a calculator display. Note and carefully explain

your observations.

10 mA

2 cm * 2 cm?
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Matrix Methods in Paraxial Optics

INTRODUCTION

This chapter deals with methods of analyzing optical systems when they be-
come complex, involving a number of refracting and/or reflecting elements in
trainlike fashion. Beginning with a description of a single thick lens in terms
of its cardinal points, the discussion proceeds to an analysis of a train of opti-
cal elements by means of multiplication of matrices representing the el-
ementary refractions or reflections involved in the train. In this way, a system
matrix for the entire optical system can be found that is related to the same car-
dinal points characterizing the thick lens. Finally, computer ray-tracing methods
for tracing a given ray of light through an optical system are briefly described.

1 THE THICK LENS

Consider a spherical thick lens, that is, a lens whose thickness along its optical
axis cannot be ignored without leading to serious errors in analysis. Just when a
lens moves from the category of thin to thick clearly depends on the accuracy 
required. The thick lens can be treated by methods you should already be famil-
iar with. The glass medium is bounded by two spherical refracting surfaces. The
image of a given object, formed by refraction at the first surface, becomes the 
object for refraction at the second surface. The object distance for the second
surface takes into account the thickness of the lens. The image formed by the sec-
ond surface is then the final image due to the action of the composite thick lens.

The thick lens can also be described in a way that allows graphical de-
termination of images corresponding to arbitrary objects, much like the ray
rules for a thin lens. This description, in terms of the so-called cardinal points
of the lens, is useful also because it can be applied to more complex optical
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Matrix Methods in Paraxial Optics

1These “planes” are actually slightly curved surfaces that can be considered plane in the paraxial
approximation.

systems, as will become evident in this chapter. Thus, even though we are at
present interested in a single thick lens, the following description is applica-
ble to an arbitrary optical system that we can imagine is contained within the
outlines of the thick lens.

There are six cardinal points on the axis of a thick lens, from which its
imaging properties can be deduced. Planes1 normal to the axis at these points
are called the cardinal planes. The six cardinal points (see Figures 1 and 2) con-
sist of the first and second system focal points ( and ), which are already
familiar; the first and second principal points ( and ); and the first and
second nodal points ( and ).

A ray from the first focal point, is rendered parallel to the axis 
(Figure 1a), and a ray parallel to the axis is refracted by the lens through the
second focal point, (Figure 1b). The extensions of the incident and resultant
rays in each case intersect, by definition, in the principal planes, and these cross
the axis at the principal points, and If the thick lens were a single thin
lens, the two principal planes would coincide at the vertical line that is usually
drawn to represent the lens. Principal planes in general do not coincide and
may even be located outside the optical system itself. Once the locations of the
principal planes are known, accurate ray diagrams can be drawn. The usual
rays, determined by the focal points, change direction at their intersections with
the principal planes, as in Figure 1. The third ray usually drawn for thin-lens 
diagrams is one through the lens center, undeviated and negligibly displaced.
The nodal points of a thick lens, or of any optical system, permit the correction
to this ray, as shown in Figure 2. Any ray directed toward the first nodal point,

emerges from the optical system parallel to the incident ray, but displaced
so that it appears to come from the second nodal point on the axis, 

The positions of all six cardinal points are indicated in Figure 3. Dis-
tances are directed, positive or negative, by a sign convention that makes dis-
tances directed to the left negative and distances to the right positive. Notice
that for the thick lens, the distances r and s determine the positions of the

N2 .
N1 ,

H1 H2 .

F2

F1 ,
N2N1

H1 H2

F1 F2

F1 F2H1 H2

PP1 PP2

F1 F2

(a) (b)

Figure 1 Illustration of the (a) first (PP1)
and (b) second (PP2) principal planes of an
optical system. The principal points H1 and
H2 are also shown.

N1

N2

NP1 NP2

Figure 2 Illustration of the nodal points (N1
and N2) and nodal planes (NP1 and NP2) of
an optical system.
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y

Figure 3 Symbols used to signify the car-
dinal points and locations for a thick lens.
Axial points include focal points (F), ver-
tices (V), principal points (H), and nodal
points (N). Directed distances separating
their corresponding planes are defined in
the drawing.
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principal points relative to the vertices and while and determine focal
point positions relative to the principal points and respectively. Note
carefully that these focal points are not measured from the vertices of the lens.

We summarize the basic equations for the thick lens without proof.
Although the derivations involve simple algebra and geometry, they are
rather arduous. We shall be content to await the matrix approach later in this
chapter as a simpler way to justify these equations, and even then some of the
work is relegated to the problems.

Utilizing the symbols defined in Figure 3, the focal length is given by

(1)

and the focal length is conveniently expressed in terms of by

(2)

where n, and are the refractive indices of the three regions indicated in
Figure 3.

Notice that the two-focal lengths have the same magnitude if the lens is
surrounded by a single refractive medium, so that The principal
planes can be located next using

(3)

The positions of the nodal points are given by

(4)

Image and object distances and lateral magnification are related by

(5)

as long as the distances and as well as focal lengths, are measured rela-
tive to corresponding principal planes. The signs for and follow the usual
sign convention. In the ordinary case of a lens in air, with notice
that and First and second principal points are superimposed
over corresponding nodal points. Also, first and second focal lengths are
equal in magnitude, and the usual thin lens equations,

(6)

are valid. Here we have noted that 

Example 1

Determine the focal lengths and the principal points for a 4-cm thick, bi-
convex lens with refractive index of 1.52 and radii of curvature of 25 cm,
when the lens caps the end of a long cylinder filled with water 1n = 1.332.
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Solution

Use the equations for the thick lens in the order given:

or to the left of the first principal plane. Then

to the right of the second principal plane, and

Thus the principal point is situated 0.715 cm to the right of the left ver-
tex of the lens, and is situated 2.60 cm to the left of the right vertex 

2 THE MATRIX METHOD

When the optical system consists of several elements—for example, the four or
five lenses that constitute a photographic lens—we need a systematic approach
that facilitates analysis. As long as we restrict our analysis to paraxial rays,
this systematic approach is well handled by the matrix method. We now pre-
sent a treatment of image formation that employs matrices to describe
changes in the height and angle of a ray as it makes its way by successive re-
flections and refractions through an optical system. We show that, in the parax-
ial approximation, changes in height and direction of a ray can be expressed by
linear equations that make this matrix approach possible. By combining matri-
ces that represent individual refractions, reflections, and translations, a given
optical system may be represented by a single matrix, from which the essential
properties of the composite optical system may be deduced. The method lends
itself to computer techniques for tracing a ray through an optical system of
arbitrary complexity.

Figure 4 shows the progress of a single ray through an arbitrary opti-
cal system. The ray is described at distance from the first refracting sur-
face in terms of its height and slope angle relative to the optical axis.
Changes in angle occur at each refraction, such as at points 1 through 5, and at
each reflection, such as at point 6. The height of the ray changes during trans-
lations between these points. We look for a procedure that will allow us to cal-
culate the height and slope angle of the ray at any point in the optical system,
for example, at point T, a distance from the mirror. In other words, x7
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Figure 4 Steps in tracing a ray through an
optical system. Progress of a ray can be 
described by changes in its elevation and
direction.
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given the input data at point 0, we wish to predict values of at
point 7 as output data.

3 THE TRANSLATION MATRIX

Consider a simple translation of the ray in a homogeneous medium, as in 
Figure 5. Let the axial progress of the ray be L, as shown, such that at point 1, the
elevation and direction of the ray are given by “coordinates” and 
respectively. Evidently,

These equations may be put into an ordered form,

(7)

where the paraxial approximation has been used. In matrix nota-
tion, the two equations are written

(8)

The ray-transfer matrix represents the effect of the translation on a ray.
The input data is modified by the ray-transfer matrix to yield the cor-
rect output data 

4 THE REFRACTION MATRIX

Consider next the refraction of a ray at a spherical interface separating
media of refractive indices n and as shown in Figure 6. We need to 
relate the ray coordinates after refraction to those before refrac-
tion, Since refraction occurs at a point, there is no change in elevation,
and 

The angle on the other hand, is, by inspection of Figure 6 and the use
of small angle approximations,
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R
and a = u - f = u -
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R

a¿,
y = y¿.
1y, a2.

1y¿, a¿2
n¿,

1y1 , a12.
1y0 , a02

2 * 2

c
y1

a1

d = c
1 L

0 1
d c

y0

a0

d

tan a0 � a0

a1 = 102y0 + 112a0

y1 = 112y0 + 1L2a0

a1 = a0 and y1 = y0 + L tan a0

y1 a1 ,

1y7 , a721y0 , a02

L
y0

y1

a00

1 a1

Optical axis

Figure 5 Simple translation of a ray.

a

a

a�u

f

f

u�

Normal

y � y� R

C

Optical axis

n n�
Figure 6 Refraction of a ray at a spherical
interface.
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Incorporating the paraxial form of Snell’s law,

we have

or

The appropriate linear equations are then

(9)

or, in matrix form,

(10)

Here, we use a sign convention for R that should be familiar to you. 
If the surface is instead concave, R is negative. Furthermore, allowing
yields the appropriate refraction matrix for a plane interface.

5 THE REFLECTION MATRIX

Finally, consider reflection at a spherical surface, illustrated in Figure 7. In the
case considered, a concave mirror, R, is negative. We need to add a sign con-
vention for the angles that describe the ray directions. Angles are considered
positive for all rays pointing upward, either before or after a reflection; angles
for rays pointing downward are considered negative. The sign convention is
summarized in the inset of Figure 7.

From the geometry of Figure 7, with both and positive,

a = u + f = u +

y

-R
and a¿ = u¿ - f = u¿ -

y

-R

a a¿

R : q

C y¿

a¿

S = C 1 0
1

R
a

n

n¿

- 1b
n

n¿

S C y

a
S

a¿ = c a
1

R
b a

n

n¿

- 1b dy + a
n

n¿

ba

y¿ = 112y + 102a

a¿ = a
1

R
b a

n

n¿

- 1by + a
n

n¿

ba

a¿ = a
n

n¿

bu -

y

R
= a

n

n¿

b aa +

y

R
b -

y

R

nu = n¿u¿

f

C

R a

a�

u

u�

y � y�

� �
�� Figure 7 Reflection of a ray at a spherical

surface. The inset illustrates the sign con-
vention for ray angles.
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where we have made the usual small angle approximations. Using these rela-
tions together with the law of reflection, 

and so the two desired linear equations are

(11)

In matrix form,

(12)

6 THICK-LENS AND THIN-LENS 
MATRICES

We construct now a matrix that represents the action of a thick lens on a ray
of light. For generality, we assume different media on opposite sides of the
lens, having refractive indices n and as shown in Figure 8. In traversing the
lens, the ray undergoes two refractions and one translation, steps for which
we have already derived matrices. Referring to Figure 8, where we have cho-
sen for simplicity a lens with positive radii of curvature, we may write, 
symbolically,

and

Telescoping these matrix equations results in

Evidently the entire thick lens can be represented by a matrix
Recalling that the multiplication of matrices is associative but not commutative,
the descending order must be maintained. The individual matrices operate on
the light ray in the same order in which the corresponding optical actions influ-
ence the light ray as it traverses the system. Generalizing, the matrix equation
representing any number N of translations, reflections, and refractions is given by

(13)c
yf

af
d = MNMN - 1

Á M2M1 c
y0

a0

d

M = M3M2M1 .

c
y3

a3

d = M3M2M1 c
y0

a0

d

c
y3

a3

d = M3 c
y2

a2

d for the second refraction

c
y2

a2

d = M2 c
y1

a1

d for the translation

c
y1

a1

d = M1 c
y0

a0

d for the first refraction

n¿,

C y¿

a¿

S = C 1 0

2

R
1
S C y

a
S

a¿ = a
2

R
by + 112a

y¿ = 112y + 102a

a¿ = u¿ +

y

R
= u +

y

R
= a +

2y

R

u = u¿,
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and the ray-transfer matrix representing the entire optical system is

(14)

We apply this result first to the thick lens of Figure 8, whose index is and
whose thickness for paraxial rays is t. The correct approximation for a thin
lens is then made by allowing Letting represent a refraction matrix
and represent a translation matrix, the matrix for the thick lens is, by 
Eq. (14), the composite matrix

or

(15)

For the case where t is negligible and where the lens is surrounded by
the same medium on either side 

(16)

Simplifying Eq. (16),

(17)

The matrix element in the first column, second row, may be expressed in
terms of the focal length of the lens, by the lensmaker’s formula,

so that the thin-lens ray-transfer matrix is simply

(18)M = C 1 0

-

1

f
1
S

1

f
=

nL - n
n

a
1

R1

-

1

R2

b

M = C 1 0

nL - n
n

a
1

R2

-

1

R1

b 1
S

M = C 1 0
nL - n

nR2

nL

n
S C1 0

0 1
S C 1 0

n - nL

nLR1

n
nL

S
1n = n¿2,
1t = 02

M = C 1 0
nL - n¿

n¿R2

nL

n¿

S C1 t

0 1
S C 1 0

n - nL

nLR1

n
nL

S
M = �2��1

�
�

t : 0.

nL

M = MNMN - 1
Á M2M1
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a1
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t

y2 � y3y0 � y1

R1 R2

n n�nL

Figure 8 Progress of a ray through a thick
lens.
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7 SYSTEM RAY-TRANSFER MATRIX

By combining appropriate individual matrices in the proper order, according
to Eq. (14), it is possible to express any optical system by a single 
matrix, which we call the system matrix.

2 * 2

L

R

n n�

n n�

Translation matrix:

M �
1
0

L
1

Refraction matrix,
     spherical interface:

M �
1

Rn�

L

n � n�

n�

n

Refraction matrix,
     plane interface:

M �
1

0

0

n�

n

Thin-lens matrix:

M �
1

1�

0

f
1

Spherical mirror
     matrix:

M �
1

1

0

R
2

� �
f
1

R1

1
R2

1
n

n� � n

(�R) : convex
(�R) : concave

(�f ) : convex
(�f ) : concave

(�R) : convex
(�R) : concave

n nn�

R1 R2

R

� �

� �

TABLE 1 SUMMARY OF SOME SIMPLE RAY-TRANSFER MATRICES

As usual, f is taken as positive for a convex lens and negative for a concave
lens. This matrix and those previously derived are summarized for quick ref-
erence in Table 1.
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Example 2

Find the system matrix for the thick lens of Figure 8, whose matrix 
before multiplication is expressed by Eq. (15), and specify the thick lens
exactly by choosing and

Solution

The elements of this composite ray-transfer matrix, usually referred to in the
symbolic form

describe the relevant properties of the optical system, as we shall see. Be
aware that the particular values of the matrix elements of a system depend
on the location of the ray at input and output. In the case of the thick lens
just calculated, the input plane was chosen at the left surface of the lens,
and the output plane was chosen at its right surface. If each of these planes
is moved some distance from the lens, the system matrix will also include an
initial and a final translation matrix incorporating these distances. The ma-
trix elements change and the system matrix now represents this enlarged
“system.” In any case, the determinant of the system matrix has a very use-
ful property:

(19)

where and are the refractive indices of the initial and final media of the
optical system. The proof of this assertion follows upon noticing first that the
determinant of all the individual ray-transfer matrices in Table 1 have values
of either or unity and then making use of the theorem2 that the determi-
nant of a product of matrices is equal to the product of the determinants. Sym-
bolically, if then

(20)

In forming this product, using determinants of ray-transfer matrices, all in-
termediate refractive indices cancel, and we are left with the ratio as
stated in Eq. (19). Most often, as in the case of the thick-lens example,
and both refer to air, and Det (M) is unity. The condition expressed by
Eq. (19) is useful in checking the correctness of the calculations that pro-
duce a system matrix.

nf

n0

n0>nf ,

Det1M2 = 1Det M121Det M221Det M32Á 1Det MN2

M = M1M2M3
Á MN ,

n>n¿

n0 nf

Det M = AD - BC =

n0

nf

M = c
A B

C D
d

M = C 1 0

1

50
1.6S C1 5

0 1
S C 1 0

-

1

120

1

1.6
S or M = D 23

24

25

8

7

1200

17

16

T
n = n¿ = 1.

R1 = 45 cm, R2 = 30 cm, t = 5 cm, nL = 1.60,

2The theorem can easily be verified for the product of two matrices and generalized by induc-
tion to the product of any number of matrices. Formal proofs can be found in any standard textbook
on matrices and determinants, for example, E. T. Browne, Introduction to the Theory of Determinants
and Matrices (Chapel Hill: University of North Carolina, 1958).
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8 SIGNIFICANCE OF SYSTEM 
MATRIX ELEMENTS

We examine now the implications that follow when each of the matrix ele-
ments in turn is zero. In symbolic form, we have, from Eq. (13),

(21)

which is equivalent to the algebraic relations

(22)

1. In this case, independent of Since is fixed, this
means that all rays leaving a point in the input plane will have the same
angle at the output plane, independent of their angles at input. As
shown in Figure 9a, the input plane thus coincides with the first focal
plane of the optical system.

2. This case is much like the previous one. Here implies
that is independent of so that all rays departing the input plane at
the same angle, regardless of altitude, arrive at the same altitude at
the output plane. As shown in Figure 9b, the output plane thus functions
as the second focal plane.

3. Then independent of Thus, all rays from a point at
height in the input plane arrive at the same point of height in the
output plane. The points are then related as object and image points, as
shown in Figure 9c, and the input and output planes correspond to 

y0 yf

B = 0. yf = Ay0 , a0 .

yf

yf y0 ,
A = 0. yf = Ba0

af

y0af = Cy0 , a0 .D = 0.

af = Cy0 + Da0

yf = Ay0 + Ba0

c
yf

af

d = c
A B

C D
d c

y0

a0

d

Optical
system

Optical
elements

Input
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Output
plane

(a)

y0

af

Axis

Optical
system

Optical
elements

Input
plane

Output
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(b)

yf

a0

Optical
system

Optical
elements

Input
plane

Output
plane

(c)

y0

yf

Optical
system

Optical
elements

Input
plane

Output
plane

(d)

a0
af

Figure 9 Diagrams illustrating the significance of the vanishing of specific system
matrix elements. (a) When the input plane corresponds to the first focal
plane of the optical system. (b) When the output plane corresponds to the
second focal plane of the optical system. (c) When the output plane is
the image plane conjugate to the input plane and A is the linear magnification.
(d) When a parallel bundle of rays at the input plane is parallel at the output
plane and D is the angular magnification.

C = 0,

B = 0,

A = 0,

D = 0,
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conjugate planes for the optical system. Furthermore, since
the matrix element A represents the linear magnification.

4. Now independent of This case is analogous to case 3,
with directions replacing ray heights. Input rays, all of one direction, now
produce parallel output rays in some other direction. Moreover,

is the angular magnification. A system for which is
sometimes called a “telescopic system,” because a telescope admits par-
allel rays into its objective and outputs parallel rays for viewing from
its eyepiece.

Example 3

We illustrate case 3 in this example. We place a small object on axis at a distance
of 16 cm from the left end of a long, plastic rod with a polished spherical end of
radius 4 cm, as indicated in Figure 10. The refractive index of the plastic is 1.50
and the object is in air. Let the unknown image be formed at the output refer-
ence plane, a distance x from the spherical cap. We wish to determine the image
distance x and the lateral magnification m. The system matrix connecting the
object and image planes consists of the product of three matrices, correspond-
ing to (1) a translation in air from object to the rod, (2) a refraction at the
spherical surface, and (3) a translation in plastic to the image.

Solution

Remembering to take the matrices in “reverse” order and working in cm,
we have

or

with the unknown quantity x incorporated in the matrix elements. Accord-
ing to this discussion, when the output plane is the image plane, so
that the image distance x is determined by setting

Further, the linear magnification m is then given by the value of element A:

m = A = 1 -

x

12
= -1

16 -

2x

3
= 0 or x = 24 cm

B = 0,

M = D1 -

x

12
16 -

2x

3

-

1

12
-

2

3

T

M = �2��1 = C1 x

0 1
S C 1 0

1 - 1.50

411.502

1

1.50
S C1 16

0 1
S

�2

�1 �

C = 0D = af>a0

af = Da0 , y0 .C = 0.

A = yf>y0 ,

16 x

Input
plane

Output
plane

n � 1.0

R � 4 cm

n� � 1.50 Figure 10 Schematic defining an example
for ray-transfer matrix methods.
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We conclude that the image occurs 24 cm inside the rod, is inverted, and has
the same lateral size as the object. This illustrates how the system matrix
can be used to find image locations and sizes, although this may usually be
done more quickly by using the Gaussian image formulas derived earlier.

9 LOCATION OF CARDINAL POINTS FOR
AN OPTICAL SYSTEM

Since the properties of an optical system can be deduced from the elements
of the system ray-transfer matrix, it follows that relationships must exist be-
tween the matrix elements, A, B, C, and D and the cardinal points of the sys-
tem. In Figure 11, we generalize Figure 3 by defining distances locating the
six cardinal points relative to the input and output planes that define the
limits of an optical system. The focal points and are located at distances

and from the principal points and and at distances p and q from
the reference input and output planes, respectively. Further, measured from
the input and output planes, the distances r and s locate the principal points,
and the distances and w locate the nodal points. Distances measured to the
right of their reference planes are considered positive and to the left, nega-
tive. The principal points and nodal points often occur outside the optical
system, that is, outside the region defined by the input and output planes.

We now derive the relationships between the distances defined in 
Figure 11 and the system matrix elements. Consider Figure 12a, which high-
lights distances p, r, and as they are determined by the positions of the first
focal point and the first principal plane. Input coordinates of the given ray are

and output coordinates are Thus, the ray equations, Eq. (22),
become for this ray

and

(23)

For small angles, Figure 12a shows that

a0 =

y0

-p

0 = Cy0 + Da0 or y0 = - a
D

C
ba0

yf = Ay0 + Ba0

1yf , 02.1y0 , a02

f1

y

H2H1f1 f2

F1 F2

r

f1
p q

f2

F1 H1

PP1
PP2

Input
plane

Optical
system

Output
plane

H2N1 N2 F2

s
wyFigure 11 Location designations for the

six cardinal points of an optical system.
Rays associated with the nodal points and
principal planes are also shown.
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Figure 12 (a) Construction used to relate
distances p, r, and to matrix elements. (b)
Construction used to relate distances q, s,
and to matrix elements. (c) Construction
used to relate distances and w to matrix
elements.

y

f2

f1

where the negative sign indicates that is located a distance p to the left of
the input plane. Incorporating Eq. (23),

(24)

Similarly, and thus

(25)

Finally, using Eqs. (24) and (25), the positive distance r can be expressed in
terms of p and 

(26)

Using Figure 12b, one can similarly discover relations for the output dis-
tances and s. The results, together with those just derived for q, f2 , p, f1 ,

r = p - f1 =

D

C
-

n0

nf

1

C
=

1

C
aD -

n0

nf
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f1:
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nf
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fA

RP1 RP2

fB

L

Figure 13 Optical system consisting of
two thin lenses in air, separated by a dis-
tance L.

TABLE 2 CARDINAL POINT LOCATIONS IN TERMS OF SYSTEM MATRIX ELEMENTS

Located relative to input (1) and output (2) reference planes

Located relative to principal planes

p =

D

C
F1

q = -

A

C
F2

r =

D - n0>nf

C
H1

s =

1 - A

C
H2

y =

D - 1

C
N1

w =

n0>nf - A

C
N2

f1 = p - r =

no /nf

C
F1

fs = q - s = –
1

C
F2

s
and r, are listed in Table 2. With the help of Figure 12c, the nodal plane dis-
tances and w may also be determined. For example, for small angle 

(27)

where the negative sign indicates that the ray intersects the input plane below
the axis. Input and output rays make the same angle relative to the axis. From
Eq. (22), with 

(28)

Combining Eqs. (27) and (28),

(29)

Similarly, one can show that

(30)

again using the fact that Det These results are
also included in Table 2. The relationships listed there can be used to estab-
lish the following useful generalizations:

1. Principal points and nodal points coincide, that is, and when
the initial and final media have the same refractive indices.

2. First and second focal lengths of an optical system are equal in magni-
tude when initial and final media have the same refractive indices.

3. The separation of the principal points is the same as the separation of
nodal points, that is, 

10 EXAMPLES USING THE SYSTEM
MATRIX AND CARDINAL POINTS

As an example, consider an optical system that consists of two thin lenses in
air, separated by a distance L, as shown in Figure 13. The lenses have focal
lengths of and which may be either positive or negative.fA fB ,

r - s = y - w.

r = y s = w,

1M2 = AD - BC = n0>nf .

w =

1n0>nf2 - A

C

y =

D - 1

C

a = Cy0 + Da or
y0

a
=

1 - D

C

a0 = af = a,

a = -

y0

y

a,y

y
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If input and output reference planes are located at the lenses, the system
matrix includes two thin-lens matrices, and and a translation matrix
for the distance L between them. The system matrix is or

(31)

Reference to Table 2 shows that the first and second focal lengths of this sys-
tem are and We shall take the equivalent focal length of
the two-lens system to be So,

(32)

Furthermore, the first principal points and nodal points coincide at a distance
given by from the first lens, and the second principal
points and nodal points coincide at a distance given by
from the second lens. Thus

(33)

Example 4

Let us apply these results to the case of a Huygens eyepiece, which consists
of two positive, thin lenses separated by a distance L equal to the average
of their focal lengths. Suppose and giving

and by Eq. (32). Incidentally, the magnifying
power of this eyepiece, given by 25/f, is therefore From Eq. (33), we
conclude that and The optical system, to-
gether with its cardinal points and sample rays, is shown roughly to scale in
Figure 14. The converging incident rays 1, 2 and 3 determine an image loca-
tion between the lenses, which acts as a virtual object VO for the optical sys-
tem. An enlarged, virtual image (not shown) is formed by the diverging rays
leaving the system, as seen by an eye looking into the eyepiece.

Solution

s = -2.083 cm.r = +3.125 cm

10* .

feq = 2.5 cm,L = 2.604 cm

fA = 3.125 cm fB = 2.083 cm,

r = y = a
feq

fB
bL and s = w = - a

feq

fA
bL

s = w = 11 - A2>C
r = y = 1D - 12>C

1

feq

=

1

fA
+

1

fB
-

L

fAfB

feq = f2 = -1>C.
f2 = -1>C.f1 = 1>C

M = D 1 -

L

fA
L

1

fB
a

L

fA
- 1b -

1

fA
1 -

L

fB

T
M = C 1 0

-

1

fB
1
S C1 L

0 1
S C 1 0

-

1
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1
S

M = �B��A ,
��A �B ,

N2 N1

H2 H1

F1 F2
VO

1

3

2

2

1

3

(A) (B)

Figure 14 Ray construction for a Huygens
eyepiece, using cardinal points.
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F1
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N2N1
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q

Figure 15 Ray construction for a hemi-
spherical lens, using cardinal points.

Example 5

As a final calculation, let us find the cardinal points and sketch a ray diagram
for the hemispherical glass lens shown in Figure 15. The radii of curvature
are and and the lens in air has a refractive index of 1.50.

Solution

The system matrix, for input and output reference planes at the two sur-
faces of the lens, is, then,

or

The relations in Table 2 then give values of
and Principal and nodal points coin-

cide. The cardinal points are located, approximately to scale, in Figure 15.
Ray diagrams using the principal planes and nodal points are constructed
for an arbitrary real object. In this case the emerging rays determine a vir-
tual image VI near the object RO erect and slightly magnified.

11 RAY TRACING

The assumption of paraxial rays greatly simplifies the description of the progress
of rays of light through an optical system, because trigonometric terms do not
appear in the equations. For many purposes, this treatment is sufficient. In
practice, rays of light contributing to an image in an optical system are, in fact,
usually rays in the near neighborhood of the optical axis. If the quality of the
image is to be improved, however, ways must be found to reduce the ever-
present aberrations that arise from the presence of rays deviating, more or
less, from this ideal assumption. To determine the actual path of individual
rays of light through an optical system, each ray must be traced, independent-
ly, using only the laws of reflection and refraction together with geometry.
This technique is called ray tracing because it was formerly done by hand,

f2 = 6 cm.s = -2 cm, f1 = -6 cm,

p = -6 cm, q = 4 cm, r = 0,

M = D 2

3
2

-

1

6
1

T , with Det1M2 = 1

M = �2��1 = C1 0

0 1.5
S C1 3

0 1
S C 1 0

-0.5

1.5132

1

1.5
S

R1 = 3 cm R2 : q ,
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3A search of the Internet will reveal the existence of several free, high-quality, ray-tracing programs.
4The two dimensions are those of the page on which we have been drawing our ray diagrams.

Without emphasizing this, we have been using meridional rays in all our diagrams.

graphically, with ruler and compass, in a step-by-step process through an ac-
curate sketch of the optical system. Today, with the help of computers, the
necessary calculations yielding the progressive changes in a ray’s altitude and
angle is done more easily and quickly. Graphic techniques are used to actual-
ly draw the optical system and to trace the ray’s progress through the optical
system on the monitor.3

Ray-tracing procedures, such as the one to be described here, are often
limited to meridional rays, that is, rays that pass through the optical axis of the
system. Since the law of refraction requires that refracted rays remain in the
plane of incidence, a meridional ray remains within the same meridional
plane throughout its trajectory. Thus the treatment in terms of meridional
rays is a two-dimensional treatment,4 greatly simplifying the geometrical re-
lationships required. Rays contributing to the image that do not pass through
the optical axis are called skew rays and require three-dimensional geometry
in their calculations. The added complexity does not pose a problem for the
computer, once the ray-tracing program is written. Analysis of various aber-
rations, such as spherical aberration, astigmatism, and coma, require knowl-
edge of the progress of selected nonparaxial rays and skew rays. The design of
a complex lens system, such as a photographic lens with four or five elements,
is a combination of science and skill. By alternating ray tracing with small
changes in the positions, focal lengths, and curvatures of the surfaces involved
and in refractive indices of the elements, the design of the lens system is grad-
ually optimized.

For our present purposes, it will be sufficient to show how the appropri-
ate equations for meridional ray tracing can be developed and how they can
be repeated in stepwise fashion to follow a ray through any number of spher-
ical refracting surfaces that constitute an optical system. The technique is well
adapted to iterative loops handled by computer programs.

Figure 16 shows a single, representative step in the ray-tracing analysis.
By incorporating a sign convention, the equations developed from this dia-
gram can be made to apply to any ray and to any spherical refracting surface.
The ray selected originates at (or passes through) point A, making an angle
with the optical axis. The ray passes through the optical axis at O and then 
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Figure 16 Single refraction at a spherical
surface. The figure defines the symbols and
shows the geometrical relationships that
lead to ray-tracing equations for a merid-
ional ray.
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intersects the refracting surface at P, where it is refracted into a medium of
index cutting the axis again at I. The angles of incidence and refraction, 
and are related by Snell’s law. Points O and I are conjugate points with dis-
tances s and from the surface vertex at V. The radius R of the surface is also
shown, passing through the center of curvature at C. Other points and lines
are added to help in developing the necessary geometrical relationships.

The sign convention is the same as that used previously in this chapter. Dis-
tances to the left of the vertex V are negative, and to the right, positive. If we use
light rays progressing from left to right, their angles have the same sign as their
slopes. Distances measured above the axis are positive and below, negative. An
important quantity in the calculations, also subject to this sign convention, is the
parameter Q, the perpendicular distance VB from the vertex to the ray, as shown.

The input parameters for the ray are its elevation h, angle and dis-
tance D. Figure 16 shows that the “object distance,” s, is related to D by

(34)

Also, in 

(35)

In 

In 

Eliminating the length a from the last two equations, we get

(36)

Snell’s law at P:

(37)

In 

(38)

The Q parameter for the refracted ray is shown in Figure 17a as .
Analogous to the relations just found, we see that in 

in 

As before, when is eliminated, there results

(39)Q¿ = R1sin u¿ - sin a¿2

a¿

sin u¿ =

Q¿ - a¿

R

¢PLC:

sin1-a¿2 =

a¿

R

¢CMV:
Q¿

u - a = u¿ - a¿

¢CPI:

n sin u = n¿ sin u¿

sin u =

Q

R
+ sin a

sin a =

a

R

¢VNC:

sin u =

a + Q

R

¢PMC:

sin a =

Q
-s

¢OBV:

s = D -

h

tan a

a,

s¿

u
u¿,

n¿,
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In 

(40)

The relevant equations describing the first refraction are included in Table 3
under the first column for the general case.

The calculations lead to new values of Q, and s (now primed), which
prepare for the next refraction in the sequence. The geometrical transfer to
the next surface, at distance t from the first, is shown in Figure 17b, where, in

sin1-a22 =

V1M

t
=

Q1
œ

- Q2

t

¢V2MV1 ,

a,

sin1-a¿2 =

Q¿

s¿

or s¿ =

-Q¿

sin a¿

¢ITV:
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V R C

L

I
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MQ�
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u�
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t
Figure 17 (a) Geometrical relationship of
refracted-ray parameters with the distance

(b) Geometrical relationships illus-
trating the transfer between Q and after
one refraction and before the next.

a

Q¿.

TABLE 3 MERIDIONAL RAY-TRACING EQUATIONS (INPUT: )

General case Ray parallel to axis: Plane surface: 

—

—

—

Transfer: Input: t

Input: new R

Return: to calculate 

R Q qa = 0

u

n¿,

n = n¿

a = a¿

Q = Q¿ + t sin a¿

s¿ =

-Q¿

sin a¿

s¿ =

-Q¿

sin a¿

s¿ =

-Q¿

sin a¿

Q¿ = Q
cos a¿

cos a
Q¿ = R1sin u¿ - sin a¿2Q¿ = R1sin u¿ - sin a¿2

a¿ = sin-1 n

n¿ sin a
a¿ = u¿ - u + aa¿ = u¿ - u + a

u¿ = sin-1 a
n sin u

n¿

bu¿ = sin-1 a
n sin u

n¿

b

u = sin-1 a
Q

R
+ sin abu = sin-1 a

Q

R
+ sin ab

Q = -s sin aQ = hQ = -s sin a

s = D -

h

tan a
s = D -

h

tan a

n, nœ, R, A, h, D

Matrix Methods in Paraxial Optics 415



Matrix Methods in Paraxial Optics

Input Results: ray at Results: ray at 

First surface:

Second surface:

Third surface:

Final surface:

h = 1 h = 5

Q¿ = 5.1672Q¿ = 1.0353

s¿ = 203.91s¿ = 205.72R = -51.2

a¿ = -1.4520°a¿ = -0.2883°n = 1

Q = 5.1793Q = 1.0353t = 3

Q¿ = 5.1260Q¿ = 1.0247

s¿ = -288.58s¿ = -289.26R = -96.2

a¿ = 1.0178°a¿ = 0.2030°n = 1.514

Q = 5.1261Q = 1.0247t = 2

Q¿ = 5.0876Q¿ = 1.0170

s¿ = -264.03s¿ = -264.59R = -34.6

a¿ = 1.1041°a¿ = 0.2202°n = 1.581

Q = 5.0861Q = 1.0170t = 6

Q¿ = 5.0010Q¿ = 1.0000R = -120.8

s¿ = -352.53s¿ = -352.66h = 1 or 5

a¿ = 0.8128°a¿ = 0.1625°a = 0

Q = 5Q = 1n = 1, n¿ = 1.521

PROBLEMS

1 A biconvex lens of 5 cm thickness and index 1.60 has sur-
faces of radius 40 cm. If this lens is used for objects in water,
with air on its opposite side, determine its effective focal
length and sketch its focal and principal points.

2 A double concave lens of glass with has surfaces
of 5 D (diopters) and 8 D, respectively. The lens is used in
air and has an axial thickness of 3 cm.

n = 1.53

a. Determine the position of its focal and principal
planes.

b. Also find the position of the image, relative to the lens
center, corresponding to an object at 30 cm in front of
the first lens vertex.

c. Calculate the paraxial image distance assuming the thin-
lens approximation. What is the percent error involved?

or

(41)

Table 3 also shows how the equations must be modified for two special cases:
(1) when the incident ray is parallel to the axis and (2) when the surface is
plane, with an infinite radius of curvature.

Example 6

Do a ray trace for two rays through a Rapid landscape photographic lens of
three elements. The parallel rays enter the lens from a distant object at alti-
tudes of 1 and 5 mm above the optical axis. The lens specifications (all di-
mensions in mm) are as follows:

Solution

Since the rays are parallel to the axis, the second column of Table 3 is used
to calculate the progress of the ray. These can be tabulated as follows:

R4 = -51.2 t3 = 3 n3 = 1.514

R3 = -96.2 t2 = 2 n2 = 1.581

R2 = -34.6 t1 = 6 n1 = 1.521

R1 = -120.8

Q2 = Q1
œ

+ t sin a2

Thus the two rays intersect the optical axis at 205.72 and 203.91 mm beyond
the final surface, missing a common focus by 1.8 mm.
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3 A biconcave lens has radii of curvature of 20 cm and 10 cm.
Its refractive index is 1.50 and its central thickness is 5 cm.
Describe the image of a 1-in.-tall object, situated 8 cm from
the first vertex.

4 An equiconvex lens having spherical surfaces of radius 10 cm,
a central thickness of 2 cm, and a refractive index of 1.61 is
situated between air and water An object 5 cm
high is placed 60 cm in front of the lens surface. Find the
cardinal points for the lens and the position and size of the
image formed.

5 A hollow glass sphere of radius 10 cm is filled with water.
Refraction due to the thin glass walls is negligible for
paraxial rays.

a. Determine its cardinal points and make a sketch to scale.
b. Calculate the position and magnification of a small ob-

ject 20 cm from the sphere.
c. Verify your analytical results by drawing appropriate

rays on your sketch.

6 Light rays enter the plane surface of a glass hemisphere of
radius 5 cm and refractive index 1.5.

a. Using the system matrix representing the hemisphere, de-
termine the exit elevation and angle of a ray that enters
parallel to the optical axis and at an elevation of 1 cm.

b. Enlarge the system to a distance x beyond the hemi-
sphere and find the new system matrix as a function of x.

c. Using the new system matrix, determine where the ray
described above crosses the optical axis.

7 Using Figure 12b and c, verify the expressions given in
Table 2 for the distances q, s, and w.

8 A lens has the following specifications:

Find the principal points using the matrix method. Include a
sketch, roughly to scale, and do a ray diagram for a finite ob-
ject of your choice.

9 A positive thin lens of focal length 10 cm is separated by
5 cm from a thin negative lens of focal length Find
the equivalent focal length of the combination and the po-
sition of the foci and principal planes using the matrix ap-
proach. Show them in a sketch of the optical system, roughly
to scale, and use them to find the image of an arbitrary object
placed in front of the system.

10 A glass lens 3 cm thick along the axis has one convex face of
radius 5 cm and the other, also convex, of radius 2 cm. The
former face is on the left in contact with air and the other in
contact with a liquid of index 1.4. The refractive index of the
glass is 1.50. Find the positions of the foci, principal planes,
and focal lengths of the system. Use the matrix approach.

11 a. Find the matrix for the simple “system” of a thin lens of
focal length 10 cm, with input plane at 30 cm in front of
the lens and output plane at 15 cm beyond the lens.

b. Show that the matrix elements predict the locations of
the six cardinal points as they would be expected for a
thin lens.

c. Why is in this case? What is the special meaning
of A in this case?

B = 0

-10 cm.

n1 = 1.00, n2 = 1.60, n3 = 1.30.

R1 = 1.5 cm = R2, d1thickness2 = 2.0 cm,

1n = 1.332.

f2 ,

12 A gypsy’s crystal ball has a refractive index of 1.50 and a di-
ameter of 8 in.
a. By the matrix approach, determine the location of its

principal points.
b. Where will sunlight be focused by the crystal ball?

13 A thick lens presents two concave surfaces, each of radius 5
cm, to incident light. The lens is 1 cm thick and has a refrac-
tive index of 1.50. Find (a) the system matrix for the lens
when used in air and (b) its cardinal points. Do a ray dia-
gram for some object.

14 An achromatic doublet consists of a crown glass positive lens
of index 1.52 and of thickness 1 cm, cemented to a flint glass
negative lens of index 1.62 and of thickness 0.5 cm. All sur-
faces have a radius of curvature of magnitude 20 cm. If the
doublet is to be used in air, determine (a) the system matrix
elements for input and output planes adjacent to the lens sur-
faces; (b) the cardinal points; (c) the focal length of the com-
bination, using the lensmaker’s equation and the equivalent
focal length of two lenses in contact. Compare this calculation
of f, which assumes thin lenses, with the previous value.

15 Enlarge the optical system of Figure 15 to include an object
space to the left and an image space to the right of the lens.
Let the new input plane be located at distance s in object
space and the new output plane at distance in image space.

a. Recalculate the system matrix for the enlarged system.
b. Examine element B to determine the general relation-

ship between object and image distances for the lens.
Also determine the general relationship for the lateral
magnification.

c. From the results of (b), calculate the image distance
and lateral magnification for an object 20 cm to the left
of the lens.

d. What information can you find for the system by setting
matrix elements A and D equal to zero? (See Figure 9.)

16 Find the system matrix for a Cooke triplet camera lens.
Light entering from the left encounters six spherical 
surfaces whose radii of curvature are, in turn, to The
thickness of the three lenses are, in turn, to and the 
refractive indices are to The first and second air 
separations between lens surfaces are and Sketch the
lens system with its cardinal points. How far behind the last
surface must the film plane occur to focus paraxial rays?

Data: 

17 Process the product of matrices for a thick lens, as in 
Eq. (15), without assuming the special conditions,
and Thus find the general matrix elements A, B, C,
and D for a thick lens.

18 Using the cardinal point locations (Table 2) in terms of the
matrix elements for a general thick lens (problem 17), verify
that and are given by Eqs. (1) and (2).

19 Using the cardinal point locations (Table 2) in terms of 
the matrix elements for a general thick lens (problem 17),

f1 f2

t = 0.

n = n¿

d2 = 12.90 mmr6 = -66.4 mm

d1 = 1.63 mmr5 = 311.3 mm

r4 = 18.9 mm

n3 = 1.6110t3 = 3.03 mmr3 = -57.8 mm

n2 = 1.5744t2 = 0.93 mmr2 = -128.3 mm

n1 = 1.6110t1 = 4.29 mmr1 = 19.4 mm

d1 d2 .

n1 n3 .

t3 ,t1

r1 r6 .

s¿
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verify that the distances r, s, and w are given by Eqs. (3)
and (4).

20 Write a computer program that incorporates Eqs. (34) to
(41) for ray tracing through an arbitrary number of refract-
ing, spherical surfaces. The program should allow for the
special cases of rays from far-distant objects and for plane
surfaces of refraction.

21 Trace two rays through the hemispherical lens of Figure 15.
The rays originate from the same object point, 2 cm above
the optical axis and an axial distance of 10 cm from the first
surface. One ray is parallel to the axis and the other makes
an angle of with the axis.

22 Trace a ray originating 7 mm below the optical axis and 100
mm distant from a doublet. The ray makes an angle of
relative to the horizontal. The doublet is an equiconvex lens
of radius 50 mm, index 1.50, and central thickness 20 mm,

y,

+5°

-20°

followed by a matched meniscus lens of radii mm and
mm, index 1.8, and central thickness 5 mm. Determine

the final values of s, and Q.

23 Trace two rays, both from far-distant objects, through a Pro-
tor photographic lens, one at altitude of 1 mm and the other
at 5 mm. Determine where and at what angle the rays cross
the optical axis. The specifications of this four-element lens,
including an intermediate air space of 3 mm, are as follows,
with distances in mm:

-50

R6 = -14.3

n5 = 1.6112t5 = 1.8R5 = 18.6

n4 = 1.5154t4 = 1.1R4 = -12.8

n3 = 1R3 = 18.6 t3 = 3.0

R2 = 5.8 t2 = 1.3 n2 = 1.6031

R1 = 17.5 t1 = 2.9 n1 = 1.6489

a,

-87
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INTRODUCTION

In this chapter we discuss the optics of the eye. First we examine the structure
and functions of the eye. Following this we note the errors of refraction in a
defective eye and indicate the usual corrective optics. Finally we describe sev-
eral current surgical procedures that can restore visual acuity in less-than-
perfect eyes.

The eyes, in conjunction with the brain, constitute a truly remarkable bio-
optical system. Consider briefly the distinctive characteristics of this system. It
forms images of a continuum of objects, at distances of a foot to infinity. It scans
a scene as expansive as the overhead sky or focuses on detail as small as the
head of a pin. It adapts itself to an extraordinary range of intensities, from the
barely visible flicker of a candle that is miles away on a dark night to sunlight
so bright that the optical image on the retina causes serious solar burn. It dis-
tinguishes between subtle shades of color, from deep purple to deep red.
Most importantly for us, functioning as a unique spatial sense organ, it local-
izes objects in space, accurately mapping out our three-dimensional world.

1 BIOLOGICAL STRUCTURE 
OF THE EYE

Anatomically, the eyeball is a globe, almost spherically shaped, approximately
22 mm in diameter. It lies buried in fat tissue inside the orbit, or space, in the
skull surrounded by bony walls. Optically, the eyeball can be pictured as a
positive lens system that refracts incident light onto its rear surface to form a
real image, much as does an ordinary camera.

Optics of the Eye

Cornea

Posterior capsule
Retina

Focal
point

Incident
radiation

�4 mm 10 mm 20 mm
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Parts of the Eye
The basic parts of the eye are shown in Figure 1. Let us examine the key
 biological components of the eye along the optical axis, in the same order
as they are encountered by light rays in the usual image-forming process.
Light first enters the eye through the cornea, a transparent tissue devoid of
blood vessels but abounding in nerve cells. The cornea is roughly 12 mm in
diameter and 0.6 mm thick at its center, thickening somewhat further at its
edges, with a refractive index of 1.376. Upon entering the eye at the air-
cornea interface, where the refractive index changes abruptly from 1.0 to
1.38, light undergoes a significant degree of bending. The corneal surface
provides, in fact, about 73% of the total refractive power of the eye. Imme-
diately behind the cornea is the anterior chamber, a small space filled with
a watery fluid that provides nutrients for the cornea, the aqueous humor.
This fluid has a refractive index of 1.336, almost equal to that of water
(1.333). Because the refractive indices of the cornea and aqueous humor
are nearly alike, little additional bending of rays occurs as light moves from
the cornea into the anterior chamber. Situated in the aqueous humor is the
iris, a diaphragm that gives the eye its characteristic color and controls the
amount of light that enters. The amount and location of pigment in the iris
determine whether the eye looks blue, green, gray, or brown. The adjustable
hole or opening in the iris through which the light passes is called the
pupil. The iris contains two sets of delicate muscles that change the pupil
size in response to light stimuli, adjusting the diameter from a minimum of
about 2 mm on a bright day to a maximum of about 8 mm under very dark
conditions. While examining the inside of the eye with bright light, doctors
often use drugs, such as atropine, to maintain the condition of an enlarged
or dilated pupil.

Immediately upon passing through the pupil, light falls on the crystalline
lens, a transparent structure about the size and shape of a small lima bean.
The lens provides the fine-tuning in the final light-focusing process, changing
its own shape appropriately to transform an external scene into a sharp
image on the retina. The shape of the lens is controlled by the ciliary muscle,
connected by fibers (zonules) to the periphery of the lens. When the muscles
are relaxed, the lens assumes its flattest shape, providing the least refraction
of incident light rays. In this state, the eye forms clear images of distant objects
on the retina. When the muscles are tensed, the shape of the lens becomes in-
creasingly curved, providing increased refraction of light. In this “strained”
state, the eye is able to form clear images of nearby objects on the retina. The
lens is itself a complex, onion-like layered mass of tissue, held intact by an

Sclera

Choroid
Retina

Fovea centralis

Optic nerve

Conjunctiva

Conjunctiva

Canal of Schlemm

Posterior chamber

Lens
Cornea

Anterior chamber
Iris

Cillary body
Ora serrata

Figure 1 Vertical cross section of the eye.
(Courtesy of Burroughs Wellcome Co.)
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elastic membrane. Due to the rather intricate laminar structure of fibrous tis-
sue, the refractive index of the lens is not homogeneous. Near the center or
core of the lens (on axis), the index is about 1.41; near the periphery it falls to
about 1.38.

After its final refraction by the crystalline lens, light enters the posterior
chamber or the vitreous humor, a transparent jellylike substance whose re-
fractive index (1.336) is again close to that of water. The vitreous humor, es-
sentially structureless, contains small particles of cellular debris that are
referred to as floaters. They derive their name from the manner in which they
are seen to float in one’s field of view, when one looks or squints at a white ceil-
ing, for example.

After traversing the vitreous humor, light rays reach their terminus at
the inner rear layer of the eye, the retina, literally translated as “net.” The retina
is that part of the eye, the “screen,” that receives light energy and converts it
into electrochemical energy. The retina is a complex nerve-related structure
that in essence is an outgrowth of the brain. Of the four principal layers that
make up the retina—there are in fact ten layers visible with an electron
microscope—the second layer below the surface contains the photorecep-
tors, the light-sensitive rods and cones. Through successive layers of neurons
(bipolar cells), the electrical signals induced by the chemical changes in the
photoreceptors are led out of the back of the eye along axons, which are the
fibers of the optic nerve. The two types of photoreceptors, rods and cones, dif-
fer in shape, number, location, and function. Both rods and cones are com-
posed of stacks of disks, with the disks of the long rods thinner than those of
the shorter cones. The rods are located more densely toward the periphery of
the retina. They are exceedingly sensitive to dim light and are unable to dis-
tinguish between colors. The cones cluster preferentially near the center of
the retina, a 3-mm-diameter region called the macula. In sharp contrast to the
response of the rods, the cones are sensitive to bright light and color but do
not function well in dim light. In a human retina there are about 7 million
cones and 75 to 150 million rods. These photoreceptors are linked to about
1 million optic nerve fibers, so there is a significant convergence of receptor
signals onto the end of the optic nerve. The optic nerve is the main trunk line
that carries visual information from the retina to the brain, completing the re-
markable process of vision.

In addition to the key optical components encountered by light travel-
ing along the axis of vision, the eye contains other components that should be
mentioned. As noted in Figure 1, the eye is covered with a tough white coat-
ing, the sclera, that forms the supporting framework of the eye. Just inside the
sclera lies the choroid, covering about four-fifths of the eye toward the back
and containing most of the blood vessels that nourish the eye. The choroid,
in turn, serves as the backing for the retina. At the center of the macula,
 located somewhat above the optic nerve, is the fovea centralis, the region of
greatest visual acuity. When it is required that one see sharp and detailed
 information—while removing a small splinter with a needle, for example—
the eyes move continually so that light coming from the area of interest falls
precisely on the fovea, a rod-free region about in diameter. Quite by
contrast, another small region in the retina, located at the point of exit of the
optic nerve, is completely insensitive to light. This spot, devoid of any recep-
tors, is appropriately called the blind spot.

2 PHOTOMETRY

You should be familiar with the terms and definitions associated with radiom-
etry, which applies to the measurement of all radiant energy. Photometry, on
the other hand, applies only to the visible portion of the electromagnetic 

200 mm
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spectrum. Whereas radiometry involves purely physical measurement, 
photometry takes into account the response of the human eye to radiant
 energy at various wavelengths and so involves psycho-physical measurements.
The distinction rests on the fact that the human eye, as a detector, does not
have a “flat” spectral response; that is, it does not respond with equal sensitiv-
ity at all wavelengths. If three sources of light of equal radiant power but radi-
ating blue, yellow, and red light, respectively, are observed visually, the yellow
source will appear to be far brighter than the others. When we use photomet-
ric quantities, then, we are measuring the properties of visible radiation as
they appear to the normal eye, rather than as they appear to an “unbiased”
 detector. Since not all human eyes are identical, a standard response has been
determined by the International Commission on Illumination (CIE) and is
 reproduced in Figure 2. The relative response or sensation of brightness for
the eye is plotted versus wavelength, showing that peak sensitivity occurs at a
“yellow-green” wavelength near 550 nm. Actually, the curve shown is the
 luminous efficiency of the eye for photopic vision, that is, when adapted for
day vision. For lower levels of illumination, when adapted for night or scotopic
vision, the curve shifts toward the green, peaking at 510 nm. It is interesting to
note that human color sensation is a function of illumination and is almost
 totally absent at lower levels of illumination. One way to confirm this is to
compare the color of stars, as they appear visually, to their photographic
 images made on color film using a suitable time exposure. On the other hand,
very intense radiation may be visible beyond the limits of the CIE curve. The
reflection of an intense laser beam of wavelength 694.3 nm from a ruby laser is
easily seen. Even the infrared radiation around 900 nm from a gallium-
 arsenide semiconductor laser can be seen as a deep red.

A summary of radiometric quantities and units and the corresponding
photometric quantities and units are given in Table 1. Radiometric quanti-
ties are related to photometric quantities through the luminous efficiency
curve of Figure 2 in the following way: Corresponding to a radiant flux of 
1 W at the peak wavelength of 555 nm, where the luminous efficiency is a
maximum, the luminous flux is defined to be 685 lm. Then, for example, at

in the range where the luminous efficiency is 0.5 or 50%, 1 Wl = 610 nm,
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Figure 2 CIE luminous efficiency curve.
The luminous flux corresponding to 1 W
of radiant power at any wavelength is
given by the product of 685 lm and the lu-
minous efficiency at the same wavelength:

for each watt of radiant
power.
£y1l2 = 685V1l2
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of radiant flux would produce only or 342 lm of luminous flux.
The curve shows that again at in the blue-green, the brightness
has dropped to 50%.

Photometric units, in terms of their definitions, parallel radiometric units.
This is amply demonstrated in the summary and comparison provided in
Table 1. In general, for monochromatic radiation of wavelength , analogous
units are related by the following equation:

(1)

where is called the luminous efficacy. If is the luminous efficiency,
as given on the CIE curve, then

(2)

Photometric terms are preceded by the word luminous and the corre-
sponding units are subscripted with the letter (visual); otherwise, the
symbols are the same. (Radiometric quantities are sometimes subscripted
with the letter e. Also, throughout most of this text we use the symbol I,
rather than to represent irradiance.) Notice that the SI unit of lumi-
nous energy is the talbot, the unit of luminous incidence is the lux (lx), and
the unit of luminous intensity is the candela (cd). Notice also the distinction
between the analogous terms irradiance (radiometric) and illuminance
(photometric).

Example 1

A lightbulb emitting 100 W of radiant power is positioned 2 m from a sur-
face. The surface is oriented perpendicular to a line from the bulb to the sur-
face. Calculate the irradiance at the surface. If all 100 W is emitted from a
red bulb at calculate also the illuminance at the surface.

Solution

From the CIE curve, Thus,

Thus, whereas a radiometer with aperture at the surface measures
a photometer in the same position would be calibrated to read 137 lx.

0.5 * 685
l = 510 nm,

l

2 W>m2,

Ey = 685 * 0.1 * 2 = 137 lm>m2 or lux

illuminance Ey = K1l2 * irradiance = 685V1l2 * Ee

V1650 nm2 = 0.1.

irradiance Ee = P>A = 100 W>4p12 m22 � 2 W>m2

l = 650 nm,

Ee ,

y

K1l2 = 685V1l2

V1l2K1l2

photometric unit = K1l2 * radiometric unit

TABLE 1 RADIOMETRIC AND PHOTOMETRIC TERMS

Term Symbol (units) Defining equation Term Symbol (units) Defining equation

Radiant energy — Luminous energy (talbot) —
Radiant energy Luminous energy 

density density
Radiant flux Luminous flux
Radiant exitance Luminous exitance
Irradiance Illuminance or (lx)
Radiant intensity Luminous intensity or (cd)

(candlepower)
Radiance Luminance

Abbreviations: J, joule; W, watt; m, meter; lm, lumen; lx, lux; sr, steradian; cd, candela.

Ly = dIy>dA cos uLy 1cd>m22Le = dIe>dA cos uLe 1W>sr # m22

Iy = d£y>dvIy 1lm>sr2Ie = d£e>dvIe 1W>sr2
Ey = d£y>dAEy 1lm>m

22Ee = d£e>dAEe 1W>m
22

My = d£y>dAMy 1lm>m
22Me = d£e>dAMe 1W>m

22
£y = dQy>dt£y 1lm2£e = dQe>dt£e 1W2

wy = dQy>dVwy 1lm # s>m32we = dQe>dVwe 1J>m
32

Qy 1lm # s2Qe 1J = W # s2

Optics of the Eye 423



Optics of the Eye

When the radiation consists of a spread of wavelengths, the radiometric
and photometric terms may be functions of wavelength. This dependence is
noted by preceding the term with the word spectral and by using a subscript
or adding the in parentheses. For example, spectral radiant flux is denoted
by The total radiant flux is then determined by integration over the
wavelength region of interest:

3 OPTICAL REPRESENTATION 
OF THE EYE

As we have seen, the normal biological eye is a near spheroid, some 22 mm
from cornea to retina. The optical surfaces that provide the bulk of the focus-
ing power are essentially three: the air-cornea interface, the aqueous-lens
interface, and the lens-vitreous interface. Overall, the eye can be represented
approximately as a thin, positive lens of focal length equal to 17 mm in the
relaxed state (distant vision) or 14 mm in the tensed state (near vision). In an
attempt to represent the optical powers of the eye more faithfully, schematic
eyes have been designed. Although still an approximation, a schematic eye
presents a fairly valid representation of the true (but complex) biological eye.

A schematic eye (after H. V. Helmholtz and L. Laurance) that repre-
sents a living, biological eye with fair accuracy is shown in Figure 3. Relative
locations of the refracting surfaces are shown, as are the cardinal points of
 interest for the eye as a whole. The schematic eye shown corresponds to its
 relaxed state. For the fully tensed eye, the front surface of the lens sharpens its
curvature from a radius of to By way of summary and
in conjunction with Figure 3, Table 2 lists the important optical surfaces, their
distances from the corneal vertex on the optical axis, several radii of curva-
ture, indices of refraction, and refracting powers of the optical surfaces
 related to the cornea and lens. Note carefully that the values for the refractive

l2

l1

£el1l2 dl�£e =

l
l

£el1l2

R = 6 mm.R = 10 mm

H

7.38 mm

15 mm

1.96 mm

20 mm

22.38 mm

2.38 mm

7.2 mm

6.96 mm

3.6 mm

AC VC

N�H�

F�S1F S3S2

N

Figure 3 Representation of H. V. Helmholtz’s
schematic eye 1, as modified by L. Laurance.
For definition of symbols, refer to Table 2. We
have included the locations of the cardinal
points for the eye as a whole. (Adapted with
permission from Mathew Alpern, “The Eyes
and Vision,” Section 12 in Handbook of
 Optics, New York: McGraw-Hill, 1978.)
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indices of various parts of the schematic eye, as well as radii of curvature of
surfaces, may not agree with values of the biological eye itself. When taken as
a whole, however, the optical values that describe the schematic eye do faith-
fully represent the optical performance of a living, biological eye.

4 FUNCTIONS OF THE EYE

To operate as an effective optical system, the eye must form a retinal image of
an external object or scene, either distant or nearby, in bright as well as dim
light. To achieve efficient operation, the eye takes advantage of special func-
tions. To see objects closely and far away, the eye accommodates. To process
light signals of varying brightness, the eye adapts. To sense the spatial orienta-
tion of three-dimensional scenes, the eyes make use of stereoscopic vision. To
form a faithful, detailed image of the external object, the eye relies on its vi-
sual acuity. In what follows, we discuss each of these visual functions in some-
what more detail.

Accommodation
Depending on the distance of the object or scene from the eye, the lens
accommodates—tenses or relaxes—appropriately to “fine-focus” the image
on the retina. For a distant object, the ciliary muscle attached to the lens
relaxes and the lens assumes a flatter configuration, increasing its radii of cur-
vature and, consequently, its focal length. As the object moves closer to the
eye, the ciliary muscle tenses or contracts, squeezing or bulging the lens and
resulting in decreased radii of curvature and a shorter focal length. The smaller
the radii of curvature and focal length, the higher the refractive or bending
power of the lens, precisely the condition needed to bring near objects into
sharp focus. In the normal eye—and before the normal aging process robs the
lens of its elasticity and ability to reshape itself—accommodation produces
faithful retinal images of objects from distant points (infinity) to nearby

TABLE 2 CONSTANTS OF A SCHEMATIC EYE

Distance
from Radius of

corneal curvature Refractive
Optical surface Defining vertex of surface Refractive power
or element symbol (mm) (mm) index (diopters)

Cornea — —
Lens (unit) L — — 1.45

Front surface —
Back surface —

Eye (unit) — — — —
Front focal plane F — — —
Back focal plane — — —
Front principal plane H — — —
Back principal plane — — —
Front nodal plane N — — —
Back nodal plane — — —

Anterior chamber AC — — 1.333 —
Vitreous chamber VC — — 1.333 —
Entrance pupil — — —
Exit pupil — — —

The cornea is assumed to be infinitely thin.
Value given is for the relaxed eye. For the tensed or fully accommodated eye, the radius of curvature of

the front surface is changed to 
Source: Adapted with permission from Mathew Alpern, “The Eyes and Vision,” Table 1, Section 12, in
Handbook of Optics (New York: McGraw-Hill Book Company, 1978).

+6 mm.

b

a

+3.72ExP
+3.04EnP

+7.38N¿

+6.96
+2.38H¿

+1.96
+22.38F¿

-13.04
+66.6
+20.5-6+7.2S3

+12.3+10b
+3.6S2

+30.5
+41.6+8aS1
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1Signals containing fewer than 100 photons can trigger a visual response in humans.

points about one foot away. The near point (closest point of accommodation)
moves further away from the eye with advancing age, starting at a position of
7 to 10 cm from the eye for a teenager, increasing to 20 to 40 cm for a middle-
aged adult, and extending to as far as 200 cm in later years. For the average
person, presbyopia (loss of accommodation) sets in during the early 40s, sig-
naling the need for reading glasses to restore the near point to a comfortable
position near 25 cm or so.

Adaptation
The ability of the eye to respond to light signals that range from very dim1 to
very bright, a range of light irradiances that differ by an astonishing factor of
about is referred to as adaptation. The amount of light (flux or photon
number) that enters the eye is regulated first of all by the iris, with its ad-
justable aperture, the pupil. This adjustment of pupil diameter (from 8 mm
down to 2 mm) cannot of itself account for the enormous range of intensities
processed by the eye. The remarkable adaptivity of the eye can be traced, in
fact, to the particular photosensitivity of the rods and cones in the retina of
the eye. The key ingredient seems to be a pigment, called visual pigment, con-
tained in both the rods and cones. The rods, stimulated by low-level light sig-
nals (scotopic vision), contain pigment of only one kind, called visual purple.
The cones, sensitive to light signals of high intensity and variable color com-
position (photopic vision), each contain one of three different kinds of visual
pigment. The numerous, thin rods are multiply connected to nerve fibers, mak-
ing it possible for any one of a hundred rods or so to activate a single nerve
fiber. The less numerous, wider cones in the macular region, by contrast, are
individually connected to nerve fibers, and thus individually activated.

The activation of nerve fibers—the very heart of the vision process it-
self—depends on chemical changes that occur in the visual pigment con-
tained in the rods and cones. When light falls on either type of photoreceptor,
the visual pigment changes from a dark state to a clearer state, undergoing a
sort of bleaching process. The change in state of the visual pigment in the rods
or cones is transformed into an electrical output or nerve fiber impulse. These
electrical impulses are transmitted to the optic nerve and on to the brain,
recording as it were the light intensity of the stimulating signal. When the vi-
sual purple is fully bleached out in the rods, the photoreceptor cells become
insensitive to further light signals and a regeneration of pigment in the rods
must occur before they can respond again. Apparently, the single type of vi-
sual pigment in rods is much more sensitive to light than is any of the three
pigments in cones. Accordingly, rods bleach out completely at much lower
light levels than do cones. A change from low-level light or scotopic vision to
high-level light or photopic vision in the process of adaption consists of a rapid
bleaching out of rod pigment and a resulting insensitivity of the rod recep-
tors. The bright light is then processed efficiently by the less-sensitive cones.
Conversely, adaptation from intensely bright light (handled by the cones) to
very dim light involves regeneration of pigment in the rods and a restoration
of “night vision.” In the full process of adaptation, the scotopic response is
active over light levels that range from starlight on a clear, moonless night to
lunar light from a quarter-moon. The photopic response (rods completely
bleached out and inactive) operates between light levels ranging roughly
from twilight to bright sunlight. Between light levels of quarter-moon and
twilight, rods and cones both receive light and transmit nerve impulses.

Stereoscopic Vision
The ability to judge depth or position of objects accurately in a three-
dimensional field is called stereoscopic vision. In humans, the optic nerves

105,
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from the two eyes come together at the optic chiasma, near the brain. From
the optic chiasma, nerve fibers originating in the right half of each eye extend
to the right half of the brain. Nerve fibers originating in the left half of each
eye terminate in the left half of the brain. Thus, even though each half of the
brain receives an image from both eyes, the brain forms but a single image.
The fusion by the brain of two distinct images into a single image is referred
to as binocular vision. Nevertheless, the slight differences between the two
images from the left and right eyes provide the basis for stereoscopic vision in
humans. It should be noted that even monocular vision is not without some
depth perception. This is due to visual clues like parallax, shadowing, and the
particular perspective of familiar objects.

To experience proper binocular vision without double vision, the images
of an object must fall at corresponding points on each retina. This, of course,
is what happens when the eyes move appropriately to focus on an object or
scene, causing the image to fall on the fovea centralis of each eye. Most indi-
viduals are either right-eyed or left-eyed, indicating a dominance of one eye
over the other. To determine which is your dominant eye, try the following
simple test. Hold a pencil a foot or so in front of you at eye level. With both
eyes open, line the pencil up with the vertical edge of a picture, door, or window
across the room. Holding the pencil fixed, close one eye at a time. Whichever
eye is open when the pencil remains lined up with the reference object is your
dominant eye. The brain records the message seen by the dominant eye, while
suppressing the other.

Visual Acuity
The ability to see detail clearly and to perceive real differences in spatial ori-
entation of objects is related to visual acuity. This ability depends directly
upon the resolving power of the eye or its minimum angle of resolution of
two closely spaced objects or points. Technically speaking, visual acuity is de-
fined as the reciprocal of the minimum angle of resolution.

Operationally, assessment of resolving power or visual acuity of the eye
is measured in different ways. Two-point discrimination is referred to as min-
imum separable resolution; the smallest resolvable angle subtended by a
black bar on a white background is called minimum visible, and the smallest
angle subtended by block letters that can be read (on an eye chart) is called
minimum legible. Since most of us, at one time or another, are required to
read eye charts in a vision test, we limit our discussion of visual acuity to re-
solving powers associated with minimum legible resolution.

The nature of the eye chart owes its existence to a Dutch ophthalmolo-
gist, Herman Snellen. According to Snellen, the letters on the eye chart are
constructed so that the overall block size of a letter, from top to bottom, or
side to side, subtends an angle of of arc at the test distance. The detailed
lines within a letter, such as the vertical bar in the letter T or the horizontal
bar in the letter H, are all constructed so that the width of each “bar” sub-
tends an angle of of arc at the test distance. The two choices of angle grew
out of the best data available to Snellen on the minimum separable resolu-
tion of the eye. For Snellen, the normal eye could just resolve a letter that
subtended of arc at 20 ft, with of arc contained in the details of the letter.
(See Figure 4.) In this case the eye is considered “normal,” and its visual acu-
ity is referred to as “20/20 vision.”

To detect defects in visual acuity, Snellen letters of different sizes are
also included on the eye chart. For example, a very large letter may be such
that it subtends angles of and of arc for a test distance of, say, 300 ft.
Other letters are constructed of appropriate size, subtending angles of and

for other selected distances, such as 200 ft, 100 ft, 80 ft, and so on, down to
15 or even 10 ft. Then, when the letters are read by a test subject at a test dis-
tance of 20 ft, visual acuity is measured in terms of the Snellen fraction. The
numerator of the Snellen fraction expresses the fixed testing distance, and the

1¿

5¿

5¿ 1¿

5¿ 1¿

1¿

5¿
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denominator expresses the distance at which the smallest readable letter sub-
tends of arc overall. For example, if the large block letter E that subtends
an angle of at 300 ft is just readable by a test subject seated 20 ft from the
letter, visual acuity is reported as 20/300. A Snellen fraction of 20/300 means
that the test subject sees poorly, reading at a distance of 20 feet what the normal
eye reads as well at a distance of 300 ft. While normal vision is 20/20, visual
acuity readings as good as 20/15 are not uncommon.

5 VISION CORRECTION 
WITH EXTERNAL LENSES

The errors of refraction of the eye lead to four well-known defects in vi-
sion: myopia (nearsightedness), hyperopia (farsightedness), presbyopia,
and astigmatism. The first two are traceable, for the most part, to an abnor-
mally shaped eyeball, axially too long or too short. Either deviation from nor-
mal length impairs the ability of the combined refracting elements, cornea
and lens, to form a clear retinal image of objects located at both remote and
nearby positions. As mentioned earlier, presbyopia refers to the loss of ac-
commodation that occurs as the lens in an aging eye loses the ability to re-
shape itself and thus alter its focal length. The last defect, astigmatism, is due
to unequal or asymmetric curvatures in the corneal surface, thereby rendering
impossible the simultaneous focusing, for example, of all the spokes in a many-
spoked wheel. Whether the errors of refraction occur singly or in some combi-
nation (as they often do), they are generally correctable with appropriately
shaped external optics (eyeglasses or contact lenses).

As a point of reference for judging the departure of defective vision from
the norm, refer to the normal eye depicted in the left column of Figure 5.
With accommodation, the normal eye forms a distinct image of objects
 located anywhere between its far point (F.P.) at infinity and its near point
(N.P.), nominally a distance of 25 cm for the young adult. When the normal
eye looks at distant objects (that is, objects at “infinity”), parallel light enters
the relaxed eye and forms a clear image (Figure 5a) on the retina. When the
normal eye looks at objects at the near point, diverging light enters the tensed

5¿

5¿

20
100

20
40

20
20

1� of arc

5� of arc

Eye

Test distanceFigure 4 Construction of a Snellen eye-
chart letter H to measure visual acuity. The
top portion of the figure shows a section of
an eye chart (reduced) containing the letter
H and several other letters.
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eye (fully accommodated) and, again, a clear image is formed on the retina
(Figure 5b).

If a corrective lens is placed in front of (or on) the eye, the eye no longer
views a real object directly. Rather, the eye views a virtual image formed by
the corrective lens. A good corrective lens forms, therefore, virtual images of
real objects located anywhere from about 25 cm from the eye to very far from
the eye at positions where the unaided defective eye sees clearly.

Myopia
When compared with the normal eye, a myopic eye or nearsighted eye is com-
monly found to be longer in axial distance—from cornea to retina—than the
usual, accepted span of 22 mm. As a consequence, and as illustrated schemati-
cally in Figure 5c, the uncorrected myopic eye forms a sharp image of distant
 objects in front of the retina, and, of course, a blurred image results at the retina.
Distinct retinal images are not formed with the unaccommodated myopic eye
until the object moves inward from infinity and reaches the myopic far point
(M.F.P.), the most distant point for clear vision (Figure 5d). From the far point
inward, with appropriate accommodation, the myopic eye sees quite clearly, even
at points closer than the normal near point (N.N.P.); see Figure 5e. Since angular
magnification of detail increases with proximity to the eye, the myopic eye
 enjoys “superior” vision of objects held close to the eye. (Therefore, it can be an
advantage for a watchmaker to be myopic, at least during working hours!) In
short, then, the nearsighted person has a contracted, drawn-in field of vision, a
less-remote far point and a closer near point than a person with normal vision.
While the more proximate near point might serve as an advantage, the less-
remote far point is a distinct disadvantage and calls for correction.

Myopic vision is routinely corrected with spectacles (or contact lenses)
of negative dioptic power (diverging lenses) that effectively move both the

(a)

No
accommodation

Normal eye

Object at infinity
F.P.

(c)

No
accommodation

Blurred
vision

Myopic eye (unaided)

Distant
object

(f)

No
accommodation

Distinct
vision

Myopic eye (corrected)

Distant
object

Lens
(negative power)

M.F.P.

(d)

No
accommodation

Distinct
vision

M.F.P.

(b)

Full
accommodation

Object at
N.P.

25 cm 25 cm

(e)

Full
accommodation

M.F.P.

M.N.P.

N.N.P.

(g)

Full
accommodation

Object at
N.P.

Lens

M.F.P. N.N.P.

M.N.P.

Distinct
vision

Distinct
vision

Figure 5 A comparison of normal and myopic vision, with optical correction. Note
that refraction by the eye lens is not shown. The abbreviations read as follows:

far point; near point; near
point.

M.N.P. = myopicN.N.P. = normalM.F.P. = myopic
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myopic far point and near point outward to normal positions. Figure 5f shows
the corrected vision for distant objects. Note that as far as the optics of the
eye itself is concerned, light from distant objects appears to originate at its
own myopic far point (M.F.P.), ensuring sharp vision. Similarly, Figure 5g illus-
trates the situation for corrected near vision under accommodation. Light
from an object at the normal near point (N.N.P.) appears now to originate at
the myopic near point (M.N.P.) closer in, thereby again ensuring clear vision
for the myopic eye. A close examination of Figures 5f and 5g shows that the
corrective negative lens provides clear vision for objects located anywhere
from infinity to the normal near point, N.N.P.

To gain some insight into the degree of negative lens power required to
correct myopic vision, consider Example 2.

Example 2

A myopic person (without astigmatism) has a far point of 100 cm and a near
point of 15 cm. (a) What power contact lens should an optometrist prescribe to
move the myopic far point out to infinity? (b) With this correction, can the my-
opic person also read a book held at the normal near point, 25 cm from the eye?

Solution

a. The corrective contact lens of focal length f should form an image (recall
the sign convention for image positions) at of an object at in-
finity The image of a faraway object formed by the corrective lens
will then be 100 cm in front of the eye so that the relaxed unaided eye can
view it. Thus, referring to Figure 5f and making use of the thin-lens equa-
tion, one has

This gives Accordingly, the corrective contact lens should

have a focal length of The optometrist would prescribe a contact

lens with a power of 

b. Referring to Figure 5g and again applying the thin-lens equation with
and the virtual image distance is found from

Solving gives Thus the virtual image of the print held at
is formed by the contact lens at a distance of 20 cm in front of the

eye. Since this myopic person can see clearly objects brought in as close as
15 cm from the eye, the virtual image of the print formed by the lens at 20 cm
is seen without difficulty. In fact, using with

(myopic near point for person) and solving for s,
one finds that objects can be brought in as close as 17.6 cm from the eye and
still be seen clearly.

Hyperopia
The farsighted, or hyperopic, eye is commonly shorter than normal. Where-
as the longer-than-normal myopic eye has too much convergence in its
“optical system” and requires a diverging lens to correct its over-refraction,
the shorter-than-normal hyperopic eye has too little convergence and re-
quires a converging lens to increase refraction. The drawings in Figure 6,
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Blurred
vision

Hyperopic F.P.

(b)

Partial
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Distant
object

Distinct
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(c)

Full
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Figure 6 Hyperopic vision with correction. The abbreviations read as follows:
near point; 

far point.
N.N.P. = normal near point; H.F.P. = hyperopicH.N.P. = hyperopic

in analogy with those in Figure 5, illustrate the defects and correction asso-
ciated with the farsighted eye. In Figure 6a, light from a distant object
 enters the relaxed eye and focuses behind the retina, causing blurred vision.
The focal point behind the retina is considered as the hyperopic far point.
Figure 6b shows that the hyperopic eye must (and can) accommodate to see
distant objects clearly. In Figure 6c, it is clear that for distinct vision, the
 hyperopic near point is farther away than the normal near point. Conse-
quently, objects located closer than the hyperopic near point would be out
of focus, even with full accommodation. The two endpoint corrective mea-
sures, with the appropriate positive spectacle lens in place, are indicated in
Figure 6d and e. The corrected eye now sees distant objects clearly, without
accommodation, and at the normal near point it sees objects clearly, with full
accommodation.

Let’s see how an optometrist might calculate the spectacle power re-
quired to correct hyperopic vision. Consider the following example.

Example 3

A farsighted person is diagnosed to have a near point at 150 cm. It is found
that a corrective lens of power 3.5 diopters placed 1.5 cm from the eye will
allow this person to view objects at infinity with a relaxed eye. What is the
near point (with the corrective lens) for this eye?

Solution

The near point with the corrective lens will be at the object distance from
the lens for which a virtual image is formed at the near point of the unaided
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eye. Referring to Figure 6e and making use of the thin-lens equation, with
and one can

solve for the object distance corresponding to the near point of the correct-
ed eye:

Calculation gives This object distance corresponds to a total
distance of 25.5 cm from the eye. So, with the corrective lens, this person can
see faraway objects with a relaxed eye and objects as near as 25.5 cm from
the eye with a fully accommodated eye.

Presbyopia
As mentioned in the preceding section, human eyes lose ability to accommo-
date with age. As a result, the near point of an eye tends to move further from
the eye as the eye ages. Correction for presbyopia is similar to that for hyperopia
in that a converging lens is needed to form clear images of nearby objects on
the retina. As we show in Example 4, a corrective lens of a single power (as
used in reading glasses) will not restore clear vision of both near and distant
objects for a person who has lost accommodation. Rather, to restore clear vi-
sion of objects positioned anywhere from about 25 cm from the eye to very
far from the eye, the presbyopic eye requires a lens of multiple powers. Bifo-
cals, in which lenses of different powers are situated in the upper and lower
half of a spectacle frame, can restore, to the presbyopic eye, clear vision of
both near and distant objects. A person with bifocals learns to look through
the upper half of the spectacle lenses to view distant objects and uses the
lower half of the spectacle lenses to read. Multifocal lenses, in which the
power gradually increases from the top to the bottom of the lens, are now
available. Such a multifocal lens can be used to restore clear vision, to the
presbyopic eye, over the full distance range. In Example 4 we consider the
 effect of using reading glasses on the vision of a person with presbyopic eyes.

Example 4

A certain presbyopic eye can form clear retinal images of objects that are
positioned anywhere from 150 cm from the eye to very far from the eye.
(a) What power spectacle lens, placed 2 cm from the eye, will allow this eye
to form clear retinal images of the print on a computer screen that is as close
as 40 cm to the eye? (b) With the corrective lens of part (a), what will be the
far point of this eye?

Solution

a. To move the near point in from 150 cm for the unaided eye to 40 cm for
the eye/corrective lens system, the corrective lens must form a virtual
image of an object placed 40 cm from the eye at a location of 150 cm
from the eye. In that case, the presbyopic, unaided eye can clearly view
the virtual image formed by the corrective lens. Using the thin-lens sign
conventions and noting that the spectacle lens is placed 2 cm from the
eye, this condition implies that the image distance from the corrective
lens should be when the object distance is The
thin-lens equation can be used to determine the correct power for the
spectacle lens,
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Calculation gives The power of this lens is

b. Assuming that without the corrective lens, the relaxed eye forms clear
retinal images of faraway objects, the far point of the eye/corrective lens
system will be at the position of the object whose image formed by the spec-
tacle lens is faraway. The thin lens equation with gives

Thus, The far point with the corrective lens is therefore 53 cm
from the eye. With the corrective lens, this eye can see clearly print held at
any position from 40 to 53 cm from the eye.

Astigmatism
The astigmatic eye suffers from uneven curvature in the surface of the refracting
elements, most significantly, the cornea. Generally speaking, the radii of cur-
vature of the corneal surface in two meridional planes (those containing the
optical axis) are unequal. Such asymmetry leads to different refractive powers
and, consequently, to image formation at different distances from the cornea, re-
sulting, of course, in blurred vision. If the two meridional planes are orthogonal
to one another, one horizontal and the other vertical, say, the defect is referred
to as regular astigmatism, a condition that is correctable with appropriate spec-
tacles. If the two planes are not orthogonal, a rather rare condition called irregu-
lar astigmatism, the surface anomaly is not so easily corrected. Regular
astigmatism can be corrected with a lens that has cylindrical surfaces ground on
the back surface of the required spectacle lens. Assume, for example, that the re-
fractive power in the vertical meridian of the cornea is greater by 1 diopter than
the power in the horizontal meridian. This situation means that the corneal sur-
face is more sharply curved in the vertical meridian and that vertically oriented
details in an object are brought to a focus nearer the cornea than are horizontal-
ly oriented details. Consider now a cylindrical surface with a negative power
of 1 diopter in the vertical meridian. Since a cylinder has no curvature along its
axis of symmetry, the surface has no power in the horizontal meridian. If this
surface is included in the spectacle design, it would cancel exactly the distortion
introduced by the cornea and equalize powers in both meridians. As a result, the
images of vertical and horizontal details in the object scene are formed at the
same distance from the cornea, and astigmatic blurring does not occur.

Typically, blurred vision is a result of astigmatism mixed with myopia or
hyperopia. If myopic astigmatism is present, for example, vision is faulty on
two counts. The myopia itself causes an overall blurring of distant objects; the
astigmatism compounds the problem by adding considerably more blurring
in one meridian than another. Correcting for both defects is accomplished
with sphero-cylindrical lenses, spherical surfaces to correct for myopia and
cylindrical surfaces to correct for astigmatism.

When optometrists prescribe corrective eyeglasses for conditions of
myopic or hyperopic astigmatism, they generally identify three numbers. For
myopic astigmatism, the three numbers, written in prescription format, might be

For hyperopic astigmatism, the prescription might read

The first number in the prescription refers to the sphere power, the power in
diopters of the spherical surfaces on the spectacle lens required to correct for
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the overall myopia or hyperopia. The second number refers to the cylinder
power, the power of the cylindrical surface superimposed on the back surface
of the spectacle lens required to correct for astigmatism. The third number
refers to the orientation of the cylinder axis, specifying whether the axis of the
cylinder is to be vertical, horizontal, or somewhere in between. In optometric
notation, the horizontal axis is referred to as the 180° axis, or simply
and the vertical axis as 

Figure 7 indicates the optical conditions associated with the corrective
prescriptions just cited for both myopic and hyperopic astigmatism. For the
case of myopic astigmatism, Figure 7a, the corneal surface is evidently less
sharply curved in the horizontal meridian than in the ver-
tical meridian The myopic correction, always measured
in the meridian of least refractive power, is found in this instance to be

along the horizontal meridian. The astigmatic correction, with cylin-
der axis horizontal is determined to be With the appropri-
ate cylindrical surface ground on the rear of the spectacle lens, the correction
of reduces the power in the vertical meridian from 46.00 D to 45.00 D,
thereby equalizing the refracting powers in the two meridians and negating
the corneal astigmatism.

Figure 7b shows a comparable condition and prescription for hyperopic
astigmatism. Note that a sphere power correction of is needed to
correct for the hyperopia, and a cylinder power correction of is
needed along the vertical meridian to equalize the refractive power
in the two orthogonal meridians.

6 SURGICAL VISION CORRECTION

In the preceding section we discussed the correction of myopia and hyper-
opia with the help of contact lenses or eye glasses. Alternatively, the refrac-
tive power of the eye itself can be altered through surgical procedures that
reshape the cornea. In this section we discuss three such procedures; radial
keratotomy, corneal sculpting, and conductive keratoplasty.

Radial Keratotomy
The first eye-shaping procedure used to correct myopia was called radial ker-
atotomy. Radial keratotomy introduces radial cuts in the cornea of the my-
opic eyeball (see Figure 8). After the cuts have healed, the cornea flattens,
refractive power decreases, and as a result, normal, or near-normal, vision can
be restored. This radical procedure, done mostly with a surgical blade in the
hands of a skilled ophthalmologist, had its beginning in the Soviet Union in
1972. As the story is told, a rather myopic Soviet lad, Boris Petrov, was en-
gaged in a schoolyard fight in Moscow. In the usual exchange, a hard punch
struck one of the thick lenses he was wearing, shattering it into multiple frag-
ments. Some of the shards of glass, in one of those freak accidents of nature,

1* 1802
-1.50 D

+2.00 D

-1.00 D

1* 1802, -1.00 D.
-2.00 D,

1power = 46.00 D2.
1power = 45.00 D2

“* 90.”
“* 180,”

Myopic astigmatism

Cornea
frontal view

(a)

90�

180� 45.00 D

46.00 D
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(b)

90�

180� 42.00 D

43.50 D

Figure 7 Conditions of myopic and hyper-
opic astigmatism with corrective spectacle
prescriptions. (a) Refraction in the 180°
meridian yields of myopia. The eye-
glass prescription is 

(b) Refraction in the 180° meridian
yields of hyperopia. The eyeglass
prescription is 

180.
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embedded themselves in the lad’s cornea in a somewhat regular, radial pat-
tern, deep enough to form cuts but not deep enough to penetrate the cornea.
The Soviet ophthalmologist, Svyatoslav N. Fyodorov, who treated the young-
ster did not hold out much hope for restored vision in the eye, even though the
cuts were superficial. Astonishingly, though, as the corneal surface healed with
all its scars, the cornea flattened out and most of the myopia disappeared. The
lad saw better than ever before. Recognizing the significance of what he had
witnessed, Fyodorov replicated, under controlled conditions, what nature and
a fist had accomplished so haphazardly. Today, as a remedy for myopia, radial
keratotomy has largely been supplanted by the two, more precise, corneal
sculpting procedures discussed in the next subsection.

Corneal Sculpting
Laser corneal sculpting is a medical procedure, introduced in the early 1980s,
that uses beams of laser energy to reshape the surface of the cornea. Typically, a
computer-controlled argon-fluoride excimer laser—of wavelength 193 nm—
directs UV radiation onto the cornea in order to remove microscopic amounts
of tissue at strategic locations. This careful recontouring of the surface is de-
signed to correct for myopia, hyperopia, astigmatism, and combinations thereof.

Two procedures currently available for corneal sculpting are known as
PRK (photorefractive keratectomy) and LASIK (laser in-situ keratomileusis).
Each procedure modifies the top layer of the cornea, while pre-
serving the structural integrity of the layers underneath. An optical topogra-
phy of the cornea, taken prior to either procedure, identifies the regions of
the cornea that need to be reshaped in order to make the needed corrections
to the refractive power of the eye. This topography provides the information
required for careful control of the positioning, the energy output, the beam
diameter, and the pulse length of the computer-driven excimer laser used to
reshape the cornea. In PRK, the laser removes the corneal epithelium (top-
most surface) and then recontours the underlying layers as needed. In LASIK,
a microkeratome (sharp blade) is first used to create a corneal flap, 160 to

thick. The flap, hinged along one edge, opens like the page of a book
to reveal the underlying layers. The flap is held open while the underlying
layer is reshaped with the excimer laser, and then the flap is replaced when
the reshaping is completed. Thus, in contrast to the PRK procedure, in LASIK
surgery the corneal epithelium is not removed. In a recent advancement, the

180 mm

530-mm-thick

(b)(a)

Blurred
vision
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Myopic eye

Myopic eye

Distinct
vision

After
FlatteningEyeball

Cornea

Figure 8 Correcting myopia by reshaping
the cornea with radial keratotomy. (a)
Frontal view showing radial cuts. (b) Side
view before and after cuts.
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flap is created with a precisely controlled laser so that computer-driven lasers
perform the entire optical-sculpting procedure.

To correct for myopia, tissue in the center of the cornea is removed in
order to effectively flatten the cornea and reduce the refractive power of the
eye—allowing the relaxed eye to form images of faraway objects on the retina.
For hyperopia, the curvature of the corneal surface is steepened by removing
tissue around the periphery of the cornea, thereby increasing the refractive
power of the eye. Astigmatism can be corrected by removing tissue in an
asymmetric manner, thus producing an eye whose refractive power is the
same along any meridian.

Conductive Keratoplasty (CK)
An alternate corrective procedure, known as conductive keratoplasty (CK), is
currently available to patients over 40 years of age with mild amounts of
hyperopia—up to about diopters. This nonlaser procedure uses the mild
heat produced from radio waves to create tiny spots (lesions) along the pe-
riphery of the central region of the cornea (see Figure 9). These carefully
numbered and carefully positioned lesions act like a tightening, contracting
belt that causes the cornea to bulge or steepen in the center, increasing the
refractive power of the eye. Presbyopia can be remedied in some patients by
using CK to correct the refractive power of one of the eyes for near vision
while the other eye is left untreated and is used by the patient for middle-to-
distant vision.

+2.5

CorneaRF tool

Pupil

Iris

Eyeball

Figure 9 Creating corneal lesions with a
radio frequency probe in the CK procedure.

PROBLEMS

1 a. A 50-mW He-Cd laser emits at 441.6 nm. A 4-mW He-
Ne laser emits at 632.8 nm. Using Figure 2, compare the
relative brightness of the two laser beams of equal di-
ameter when projected side by side on a white piece of
paper. Assume photopic vision.

b. What power argon laser emitting at 488 nm is required
to match the brightness of a 0.5-mW He-Ne green laser
at 543.5 nm under the conditions of (a)?

2 A lamp located 3 m directly above a point P on the floor of
a room produces at P an illuminance of 

a. What is the luminous intensity of the lamp?
b. What is the illuminance produced at another point on

the floor, 1 m distant from P?

3 A driveway is illuminated at night by identical lamps at the
top of two poles 30 ft high and 40 ft apart. Assuming the
lamps radiate equally in all directions, compare the illumi-
nance at ground level for points directly under one lamp
and midway between them.

4 A small source of 100 cd is situated at the focal point of a
spherical mirror of 50-cm focal length and 10-cm diameter.
What is the average illuminance of the parallel beam re-
flected from the mirror, assuming an overall reflectance of
about 80%?

5 a. The sun subtends an angle of 0.5° at the earth’s surface,
where the illuminance is about at normal inci-
dence. Determine the luminance of the sun.

b. Determine the illuminance of a horizontal surface under
a hemispherical sky with uniform luminance L.

6 A circular disc of radius 20 cm and uniform luminance of
illuminates a small plane surface area of 105 cd>m2 1 cm2,

105 lx

100 lm>m2.

1 m distant from the center of the disc. The small surface is
oriented such that its normal makes an angle of 45° with
the axis joining the centers of the two surfaces. The axis is
perpendicular to the circular disc. What is the luminous flux
incident on the small surface?

7 Reference to Table 2 indicates that the corneal radius of
curvature for the unaccommodated schematic eye is 8 mm.
Treating the cornea as a thin surface (whose own refraction
can be neglected), bounded by air on one side and aqueous
humor on the other, determine the refractive power of the
corneal surface.

8 Consider the unaccommodated crystalline lens of the eye
as an isolated unit having radii of curvature and effective re-
fractive index as given for the schematic eye in Table 2.

a. Calculate its focal length and refracting power as a thin
lens in air.

b. Calculate its focal length and refracting power in its ac-
tual environment, surrounded on both sides with fluid
of effective index 1.33. Assume a thin lens.

c. Calculate its focal length and refracting power again by
treating it as a thick lens of thickness 3.6 mm. 

9 Taking values for refractive indices and separation of ele-
ments from the schematic of the unaccommodated eye
given in Table 2 and Figure 3, determine the distance be-
hind the cornea where an image is focused for (a) an object
at infinity and (b) an object at 25 cm from the eye. Use the
Gaussian formula for image formation by a spherical surface
in a three-step chain of calculations. In part (b), assume that
the fully accommodated eye differs in the following ways: The
front surface of the lens is more sharply curved, having 
a radius of but the back surface remains at 
As a result, the thickness of the lens along the axis increases

+6 mm, -6 mm.
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to 4.0 mm, and the distance from cornea to the front sur-
face of lens is shortened to 3.2 mm.

10 Use the matrix approach to find the system matrix for the
unaccommodated schematic eye of Table 2 and Figure 3.

a. Determine the four matrix elements of the system ma-
trix where the system extends from the first refraction
at the cornea to the final refraction at the second lens
surface.

b. From the matrix elements, determine the first and sec-
ond focal points and the first and second principal
points relative to the corneal surface. Compare with the
distances given in Figure 3.

11 You have been asked to design a Snellen eye chart for a test
distance of 5 ft. The chart is to include rows of letters to test
for visual acuities of 20/300 (same as 5/75), 20/100, 20/60,
20/20, and 20/15. Determine the size of the block letter and
letter detail (in inches) for each row of letters.

12 A presbyopic eye has no astigmatism, a near point of 125 cm,
and a far point of infinity. Correction, with glasses using a
lens placed 1.5 cm from the eye, requires that this person
see objects at the normal near point (25 cm) clearly.

a. What is the power of the corrective lens?
b. With the lens of part (a), what is the far point of the cor-

rected eye?

13 One eye of a person has a far point of 50 cm and a near
point of 15 cm.

a. What power contact lens is needed to correct the far
point of this eye?

b. Using the contact lens, what is the new near point of
this eye?

c. Repeat parts (a) and (b) if the corrective lens is a spec-
tacle lens placed 2 cm from the eye.

14 Consider each of the following spectacle prescriptions and
describe the refractive errors that are involved:

a. axis 180
b.
c.
d. axis 180

15 Consider a woman with two myopic eyes. The vision in the
woman’s left eye is corrected with a contact lens of power

diopters, and the vision in this woman’s right eye is cor-
rected with a contact lens of power diopters. The cor-
rected near point of each eye is 15 cm and the corrected far
point of each eye is infinity.

a. Find the near and far points for each unaided eye.
b. Suppose this woman mistakenly puts the right contact

lens in her left eye and the left contact lens in her right
eye. What are the near and far points of each eye when
wearing the wrong corrective lens?

16 Consider a myopic, presbyopic eye with a near point of 13 cm
and a far point of 15 cm. Design bifocals that will allow this
person to see clearly both faraway objects and objects at a
comfortable reading distance from the eye.

-5
-7

+2.00, -1.50,
+2.00
-2.00
-1.50, -1.50,
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Aberration Theory

INTRODUCTION

The paraxial formulas developed earlier for image formation by spherical re-
flecting and refracting surfaces are, of course, only approximately correct. In
deriving those equations, it was necessary to assume paraxial rays, that is, rays
both near to the optical axis and making small angles with it. Mathematically,
the power expansions for the sine and cosine functions, given by

were accordingly approximated by their first terms. To the extent that these first-
order approximations are valid, Gaussian optics implies exact imaging. The inclu-
sion of higher-order terms in the derivations, however, predicts increasingly
larger departures from “perfect” imaging with increasing angle. These departures
are referred to as “aberrations.” When the next term involving is included in
the approximation for sin x, a third-order aberration theory results. The aber-
rations have been studied and classified by the German mathematician
Ludwig von Seidel and are referred to as third-order or Seidel aberrations.
For monochromatic light, there are five Seidel aberrations: spherical aberra-
tion, coma, astigmatism, curvature of field, and distortion. An additional aber-
ration, chromatic aberration, results from the wavelength dependence of the
imaging properties of an optical system. The full details of aberration theory
are too formidable to treat in this chapter. We include here a brief, quantitative
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Aberration Theory

description of how the various aberrations follow from a third-order treat-
ment and a qualitative description of each aberration, with typical proce-
dures for its elimination.

1 RAY AND WAVE ABERRATIONS

The departure from ideal, paraxial imaging may be described quantitatively
in several ways. In Figure 1 two wavefronts are shown emerging from an op-
tical system. Wavefront is a spherical wavefront representing the Gauss-
ian, or paraxial, approximation that produces an image at I. Wavefront is
an example of the actual wavefront, an aspherical envelope whose shape rep-
resents an exact solution of the optical system. This shape could be deduced
by precisely tracing a sufficient number of rays, using the laws of reflection
and refraction, through the optical system. Rays from adjacent points A and
B, being normal to their respective wavefronts, do not intersect the paraxial
image plane at the same point. The “miss” along the optical axis, represented
by the distance LI, is called the longitudinal aberration, and the miss IS, mea-
sured in the image plane, is called the transverse, or lateral, aberration. These are
ray aberrations. Alternatively, the aberration may be described in terms of the
deviation of the deformed wavefront from the ideal at various distances from
the optical axis. At the location of point B, shown in Figure 1, the wave aberra-
tion is given by the distance AB. Notice that rays from both wavefronts, at
their point O of tangency on the optical axis, reach the same image point I.
Rays from intermediate points of the actual wavefront between O and B in-
tersect the image screen at other points around I, producing a blurred image,
the result of aberration. The maximum ray aberration thus indicates the size
of the blurred image. The ultimate goal of optical design is to reduce the ray
aberrations until they are comparable to the unavoidable blurring due to dif-
fraction itself.

Lateral ray aberrations corresponding to the wave aberration AB may
be calculated once the variation in AB with perpendicular distance from
the optical axis is known. Referring to Figure 2, the angle between actu-
al and ideal rays from a point P of the wavefront, at elevation y, is the same
as the angle between wavefront tangents at P. The wavefronts, having been
shaped by the optical system, exist in image space with refractive index
The offset detail construction of Figure 2 then shows that the incremental
wave aberration da, expressed as an optical path length in image space, is

(1)da = n21a dy2

n2 .

a

W2

W1

Optical

Actual wavefront

Ideal ray
Actual ray

Paraxial
image plane

Ideal wavefront

W1

W2
A

B

O L I

S

system

Figure 1 Illustration of ray and wave
aberrations.
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The derivative da/dy describes the local curvature of the wavefront at P. The
lateral ray aberration due to the rays from the neighborhood of P may
then be approximated by

(2)

where is the paraxial image distance from the wavefront and has been
taken from Eq. (1). Similarly, along the other transverse direction, perpendic-
ular to the y,z-axes in the plane of the page,

(3)

The longitudinal ray aberration is related to the lateral ray aberration by

(4)

2 THIRD-ORDER TREATMENT 
OF REFRACTION AT A SPHERICAL
INTERFACE

Let us solve now the case of refraction from a single spherical surface, where
we improve the approximation to include “third-order” angle effects. In 
Figure 3, an arbitrary ray PQ from an axial object point P is refracted by a 
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spherical surface, centered at C, that separates media of refractive indices
and The refracted ray locates an axial image at I. To a first approximation,
the optical path lengths of rays PQI and POI are identical, according to Fer-
mat’s principle. Aberration contributes to the formation of the image because,
beyond a first approximation, the ray path PQI depends on the position of
point Q along the spherical surface. Thus we define the aberration at Q as

(5)

where opd indicates the optical-path difference. More precisely,

(6)

Employing the cosine law in triangles PQC and CQI, the lengths and
may be exactly expressed, in terms of the quantities defined in Figure 3, by

(7)

(8)

Now,

(9)

where we have used the fact that The binomial expansion then
permits expansion to the fourth power in h:

(10)

Introducing Eq. (10) into Eqs. (7) and (8) and rearranging terms,

(11)

(12)

Next, representing the quantities enclosed in square brackets by x in Eq. (11)
and in Eq. (12), the square roots of the expression in outer parentheses
may be approximated, again using the binomial expansion:
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When all terms of order higher than are discarded, there remains

(16)

(17)

To find the aberration a(Q) for an axial object point, these expressions for
and can be introduced into Eq. (6). In the result, there occur terms propor-
tional to both and The term is proportional to the expression

When this expression is set equal to zero, it reproduces the Gaussian formula
for imaging by a spherical surface. Terms proportional to this expression,
therefore, vanish, by Fermat’s principle. Upon setting this expression equal to
zero, there remains in a(Q), then, only the third-order aberration represented
by a term in 

(18)

When h is small enough, the rays are essentially paraxial and the aberration
represented by this term may be negligible. In any case, since the square
brackets include quantities independent of h, we have shown that third-order
theory predicts a wave aberration a(Q) that is proportional to the fourth
power of the aperture h, measured from the optical axis, or

(19)

where c represents the constant of proportionality. This is the principal result
of our calculation for axial object points. We will use this in generalizing the
aberration calculation to include off-axis imaging. In this way, the other Sei-
del aberrations will also appear.

The aberration a(Q) we have calculated as a difference in optical-path
lengths between ideal and actual rays must correspond to the wave aberration
AB of Figure 1. The deviation AB of the actual from the ideal spherical wave-
front is clearly a function of the distance from the optical axis at which the ray
intersects the wavefront and is referred to as spherical aberration.

Before examining spherical aberration in more detail, however, we
wish to show how the other third-order aberrations arise. To do this, we need
to consider the case of an off-axis object point. Shown in Figure 4 are two
pencils of rays whose limits are determined by an aperture serving as
the entrance pupil. An axial pencil (shaded) from the on-axis object point O
forms an image at and around the paraxial image point I. This image will be
affected by spherical aberration, as discussed earlier, to a degree determined
by the displacement y of the extreme rays of the pencil. This pencil is sym-
metrical about the axis OCI, where C is the center of curvature of the re-
fracting surface. Also shown is an oblique pencil of rays originating at the
off-axis point This pencil is certainly not symmetrical about the axis OI;
in the absence of the limiting aperture its axis of symmetry would be

h4

EnP,

/ = s c1 +

h21R + s2

2Rs2 +

h41R + s2

8R3s2 -

h41R + s22

8R2s4 d

O¿.

EnP

a1Q2 = ch4 axial object points

a1Q2 = -

h4

8
c
n1

s
a

1
s

+

1
R
b

2

+

n2

s¿

a
1
s¿

-

1
R
b

2

d axial object points

h4,

a
n1

s
+

n2

s¿

b - a
n2 - n1

R
b

h2 h4. h2

/

/¿

/¿ = s¿ c1 +

h21R - s¿2

2Rs¿
2 +

h41R - s¿2

8R3s¿
2 -

h41R - s¿22

8Rs¿
4 d

442 Chapter 20



Aberration Theory

the line It is from this axis that the displacement of the rays of the
oblique pencil would have to be measured to determine the degree of aber-
ration described by Eq. (19). Notice that such displacement from the axis of
symmetry is much greater in the case of the oblique pencil. Thus an oblique
pencil of rays due to off-axis object points is far more susceptible to aberra-
tion than corresponding axial points. The position of the aperture is critical
in determining the magnitude of and is least harmful in this respect when
placed at the center of curvature, C. (In this regard, one may recall the use of
symmetrical lenses or lens combinations, such as the achromatic double
meniscus objective, where the aperture is placed midway between them.)

Consider then the off-axis pencil of rays from object point P, as shown
in Figure 5. The aberration function for the point Q on the wavefront
may be expressed as

(20)

In Eq. (20) we relate the elevation of the ray to the axis and con-
sider points B, O, and Q to lie in a vertical plane approximating the wavefront
at O. It can be shown that this approximation does not affect the results of
third-order aberration theory. We have also made use of Eq. (19) and
 identified the distance BQ with a quantity A section of the plane that in-
cludes the relevant points and defines the distances b, and r is also shown
in  Figure 5 (detail). In a similar manner, we may write, for the wavefront
point O,

(21)

If the point Q is referred to the optical axis OC, an off-axis aberration func-
tion a(Q) may be expressed as the difference between the axial aberrations at
Q and O found previously.

(22)
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Applying the cosine law to the triangle BOQ in the geometric detail shown in
Figure 5, we have

and introducing this expression for into Eq. (22) gives

(23)

From similar triangles OBC and in Figure 5, we see that the distance
is proportional to the height of the paraxial image above the

optical axis. This may be expressed by

(24)

where k is the appropriate proportionality constant. When b in Eq. (23) is re-
placed by we have, lumping all constants into term-by-term coefficients,

(25)

The C coefficients in Eq. (25) are subscripted by numbers that specify the
powers of the term dependence on and respectively. For exam-
ple, the C coefficient accompanies the term where is to
the first power, r is cubed, and is to the first power. The individual
terms describe wavefront aberrations that contribute to the total aberration
at the image. These terms comprise the five monochromatic, or Seidel, aber-
rations, as follows:

spherical aberration
coma
astigmatism
curvature of field
distortion

Each aberration is characterized by its dependence on (departure from
axial imaging), r (aperture of refracting surface), and (symmetry around the
axis). Notice that the first term for spherical aberration agrees with Eq. (19),
derived for axial imaging, where h represents the aperture.

We now briefly describe each of these aberrations in terms of their visu-
al effects and indicate some means that are employed to reduce them.

3 SPHERICAL ABERRATION

The aberration known as spherical aberration results from the first term,
in Eq. (25). It is the only term in the third-order wave aberration a(Q)

that does not depend on Thus spherical aberration exists even for axial ob-
ject and image points, as illustrated for a single lens in Figure 6a. The paraxial
image point I is distinct from axial image points, such as E, due to rays refract-
ed at lens positions further from the optical axis. The axial miss distance EI,
due to rays from the extremities of the lens, provides the usual measure of lon-
gitudinal spherical aberration, whereas the distance IG in the paraxial image
plane measures the corresponding transverse spherical aberration. These
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quantities also depend on the object distance. When E is to the left of I, as
shown for the case of a positive lens, the spherical aberration is positive; for a
negative lens, E falls to the right of I, and the spherical aberration is consid-
ered negative. At some intermediate point M between E and I, a “best” focus
is attained in practice. The broadened image there is called, descriptively, the
“circle of least confusion.” Using Eqs. (2) and (4) for lateral aberration and
longitudinal aberration , the corresponding spherical aberrations in the yz-
plane may be determined with the help of Eq. (25) as follows:

and

Example 1

Axially collimated light enters a glass rod through its end, a convex, spheri-
cal surface of radius 4 cm. The glass rod has a refractive index of 1.60. Deter-
mine the longitudinal and lateral spherical ray aberrations for light entering
at an aperture height of 

Solution

According to Eq. (18), with object distance s very large, there remains

To calculate and then one needs the derivative da/dh:

The image distance also the focal length of the surface, is found from the
paraxial equation, giving

Then da/dh and the spherical aberrations are,

Figure 6b shows spherical aberration when the object is at infinity.
 Various circular zones of the lens about the axis produce different focal
lengths, so that f is a function of aperture h. The specified focal length of the 
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lens is due to the intersection of paraxial rays for which This focal
length is given by the lensmaker’s formula,

(26)

for a thin lens of refractive index n and radii of curvature and when used
in air. From Eq. (26) it is obvious that a given f may result from different com-
binations of and Various choices of the radii of curvature, while not
changing the focal length, may have a large effect on the degree of spherical
aberration of the lens. Figure 7 illustrates the “bending,” or change in shape,
of a lens as its radii of curvature vary but its focal length remains fixed. A
measure of this bending is the Coddington shape factor defined by

(27)

where the usual sign convention for and is assumed. For example, a thin
lens of and may result from an equiconvex lens of

a plano-convex lens of a menis-
cus lens of These shapes, as well as their mir-
ror images with negative shape factors, are shown in Figure 7.

The spherical aberration of a single, spherical refracting surface is given in
Eq. (18). A thin lens combines two such surfaces, each of which contributes to
the total spherical aberration. The total longitudinal spherical aberration,

of a thin lens with focal length f and index n, where is the image
distance for a ray at elevation h, is the paraxial image distance, and

is given by1

(28)

One can show further (problem 11), that minimum (but not zero!) spherical
aberration results when the bending is such that

(29)

Notice that for an object at infinity for a lens of refractive index
This shape factor is close to that of the plano-convex lens with
Accordingly, optical systems often employ plano-convex lenses

(with the convex side facing the parallel incident rays) to reduce spherical
aberration. In general, a minimum in spherical aberration is associated with
the condition of equal refraction by each of the two surfaces, calling to mind
the case of minimum deviation in a prism. When lenses are used in combina-
tion, the possibility of canceling spherical aberration arises from the fact that
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positive and negative lenses produce spherical aberration of opposite sign. A
common application of this technique is found in the cemented “doublet” lens.

4 COMA

Coma, represented by the term is an off-axial aberration
that is not symmetrical about the optical axis and

increases rapidly as the third power of the lens aperture. Because of coma, an
off-axis object point images as a blurred shape that resembles a comet with a
head and a tail—hence the name “coma.”

Figure 8 illustrates the formation of a comatic image. Figure 8a shows
four parallel rays—1, 2, 3, and 4—arriving from a distant, below-the-axis ob-
ject point and being refracted by a convex lens. The rays all pass through a
thin annular region of the lens, centered about the optical axis. We will refer to
this region as a zone. Thus the lens can be considered as a series of concentric
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zones, extending from its center to its outer edge. One such zone (ABCD) is
shown. All rays from the distant object point that pass through the zone form
the comatic circle shown. Rays 1 and 2 are in a vertical plane and pass
through points A and B of the zone, whereas rays 3 and 4 are in a horizontal
plane and pass through points C and D of the zone. The top of the comatic
circle is formed by rays 1 and 2; the bottom by rays 3 and 4. Each such zone of
the lens produces its own comatic circle, whose diameter increases as the ra-
dius of the zone increases.

In Figure 8b, a vertical fan of rays (numbered 1, 2, 3, 4, and 5) is shown
passing through the center and two outer zones of the lens. The central ray ar-
rives at point O in the image plane. Rays 2 and 3 form the top of the comatic cir-
cle at point A for their zone, whereas rays 4 and 5 form the top of the comatic
circle at point B for their zone. The height above the optical axis of the bottom-
most point O is shown as and the distance to the outermost comatic circle at
point B is shown as A sketch of these and several others of the comatic cir-
cles is shown in Figure 8c. Since the lens zones are continuous, so are their asso-
ciated comatic circles. Thus, the inner details of these comatic circles are not
visible and all that is seen is the cometlike comatic shape. Figure 8b shows that
each zone produces a different magnification, so that due to the central ray is
not equal to due to the extreme rays. Coma, like spherical aberration, may
occur as a positive quantity or a negative quantity Notice,
as shown in Figure 8c, that the maximum extent of the comatic image

is three times the radius of the largest comatic circle.
Without the usual paraxial approximation—restricting rays to those mak-

ing small angles with the axis—one can show that for a small object near the
axis, any ray from an object point that is refracted at a spherical interface
must satisfy the Abbe sine condition,

(30)

Here h and are object and image size, respectively, and the angles and
are the slope angles of the rays in optical media n and respectively. These
quantities are illustrated in Figure 8d. When Eq. (30) is rearranged to express
the lateral magnification, the condition can be written

To prevent coma, the lateral magnification resulting from refraction by all
zones of a lens must be the same. Thus coma is absent when, for all values of 

The bending of a lens, found useful in reducing spherical aberration, is
also useful in reducing coma. The Coddington shape factor, Eq. (27), which
results in minimum spherical aberration, is close to that producing zero coma,
so that both aberrations may be significantly reduced in the same lens by
proper bending. One can show that coma is absent in a lens when

(31)

For the example of the lens considered previously, with and object
at infinity, Eq. (31) gives a value of quite close to the value of

which yielded minimum spherical aberration. A lens or optical sys-
tem free of both spherical aberration and coma is said to be aplanatic.
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5 ASTIGMATISM AND CURVATURE 
OF FIELD

Aplanatic optics is still susceptible to two closely related aberrations whose
wave aberration terms can be combined to give The
first term produces astigmatism, and the second, which is symmetrical about
the optical axis, is called curvature of field. Both aberrations increase similar-
ly with the off-axis distance of the object and with the aperture of the refract-
ing surface.

Figures 9a and b illustrate the astigmatic images of an off-axis point P
due to a tangential fan of rays through the section and a sagittal fan of 
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Figure 9 (a) Astigmatic line images T and
S of an off-axial point P due to tangential

and sagittal fans of light rays
through a lens. (b) Photograph of astigmat-
ic images formed by a lens, as illustrated in
Figure 9a. The separated line images T and
S are revealed as sections of the beam by
fluorescent screens. (From M. Cagnet, M.
Francon, and J. C. Thrierr, Atlas of Optical
Phenomenon, Plate 4, Berlin: Springer-Ver-
lag, 1962.) (c) Astigmatic surfaces in the
field of a lens. (d) Use of a stop to artificial-
ly “flatten” the field of a lens. The compro-
mise surface between the S and T surfaces
is indicated by the dashed line.
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rays through the section of a single lens. Since these perpendicular fans of
rays focus at different distances from the lens, the two images are line images,
shown as T and S for the tangential and sagittal fans, respectively. The focal
line T lies in the sagittal plane, and the focal line S falls in the tangential
plane. If a screen held perpendicular to the principal ray is moved from S to
T, intermediate images will be elliptical in shape. Approximately midway be-
tween S and T, the focus will be circular, the circle of least confusion. The
locus of the line images S and T for various object points P are paraboloidal
surfaces, as illustrated in Figure 9c. The deviation between the two surfaces
along any principal ray from a given object point measures the magnitude of
the astigmatism for this object point, approximately proportional to the
square of the distance from the optical axis. When the T surface falls to the
left of the S surface, as shown, the astigmatic difference is taken as positive;
otherwise it is negative.

If points like P fall along a circle in an object plane perpendicular to
the optical axis, the corresponding line images in the T surface merge into a
well-focused image circle. In the S surface, however, the image of the circle
will not be sharp, having everywhere the width of the S focal line. On the
other hand, for object points along radial lines in the object circle, sharp ra-
dial images are produced only in the S surface, where the elongated radial
images merge to produce well-focused radial lines. Thus if the object plane
contains both circular and radial elements, the image distance for a good
focus will be different for each type of element, with a compromise image
somewhere between.

From the point of view of Figure 9c, the elimination of astigmatism re-
quires that the tangential and sagittal surfaces be made to coincide. When the
curvatures of these surfaces are changed by altering lens shapes or spacings
so that they coincide, the resulting surface is called the Petzval surface. In this
focal surface, for an aplanatic system, point images are formed. If the surface
is curved, then, although astigmatism has been eliminated, the associated
aberration called curvature of field remains. To record sharp images under
these conditions, the film must be shaped to fit the Petzval surface. A Petzval
surface can be determined for any optical system, even when the T and S sur-
faces do not coincide.

Unlike the T and S surfaces, the Petzval surface is unaffected by lens
bending or placement and depends only on the refractive indices and focal
lengths of the lenses involved. In third-order theory, the Petzval surface is al-
ways situated three times farther from the T surface than from the S surface
and always lies on the side of the S surface opposite to that of the T surface.
For example, two thin lenses (of respective indices of refraction and and
respective focal lengths and ) will have a flat Petzval surface, eliminating
curvature of field, if

In general, the Petzval surface for a number of thin lenses in air satisfies

(32)

where is the radius of curvature of the Petzval surface. Field flattening by this
condition cannot be accomplished for a single lens, but artificial field flattening
may be accomplished by use of an aperture stop positioned as in Figure 9d. In
this arrangement, oblique chief rays, now determined by the aperture, do not
penetrate the lens center. The S and T astigmatic surfaces then appear oppo-
sitely curved, and the surface of least confusion is flat, as shown. This inexpen-
sive method for artificially flattening the field has been used in simple box
cameras. In more difficult situations, where the Petzval condition cannot be
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satisfied without sacrificing other requirements, a low-power lens is some-
times used near the image plane. The lens helps to counteract curvature of
field without otherwise seriously compromising image quality. Finally, accord-
ing to fifth-order aberration theory, the T and S surfaces may actually be made
to come together again and intersect at some distance from the optical axis.
The result is less average astigmatism over the compromise focal plane. The
anastigmat camera objective is designed to take advantage of this.

6 DISTORTION

The last of the five monochromatic Seidel aberrations, present even if all the
others have been eliminated, is distortion, represented by the term

Even though object points are imaged as points, distortion
shows up as a variation in the lateral magnification for object points at differ-
ent distances from the optical axis. If the magnification increases with dis-
tance from the axis, the rectangular grid of Figure 10a, serving as object, will
have an image as shown in Figure 10b. This is descriptively called pincushion
distortion. On the other hand, if magnification decreases with distance from
the axis, the image appears as in Figure 10c, with barrel distortion. The image
in either case is sharp but distorted. Such distortion is often augmented due
to the limitation of ray bundles by stops or by elements effectively acting as
stops. To see this effect, refer to Figure 11a. Shown there is the image of an
off-axis point, formed by a single lens. Two pencils of rays are drawn—one
shaded, one clear—each limited by an aperture stop located (1) at some dis-
tance from the lens and (2) near the lens. As the aperture approaches the
lens, it permits a shorter average distance to the lens. Thus, it can be seen in
Figure 11a that for aperture position (1), the average distance PM for the
shaded pencil is greater than the average distance PN for the lower pencil.
Similarly, the image distance is less than the distance Thus, the
ratio (magnification for the upper pencil) is less than
(magnification for the lower pencil). Therefore, the lateral magnification is
less for aperture position (1) than for aperture position (2). This decrease in
lateral magnification due to the aperture position is more noticeable as the
object point recedes farther from the axis, so that the image suffers from bar-
rel distortion. The effect of placing the aperture stop on the image side of the
lens can also be seen from the same figure by reversing all rays and the roles
played by object and image. Now the ratio of effective object-to-image dis-
tance is smaller, and pincushion distortion appears in the image. When the
aperture stop is placed at the position of the lens, such distortion does not
occur. Also, a symmetric doublet with a central stop, combining both effects,
is free from distortion for unit magnification. Photographs of the effects of
stop location on distortion are reproduced in Figure 11b, c, and d.

7 CHROMATIC ABERRATION

The final aberration to be discussed is not one of the Seidel aberrations,
which are all monochromatic aberrations. Neither our first-order (Gaussian
or paraxial) approximations nor the third-order theory sketched briefly in
the preceding sections took into account an important fact of refraction: the
variation of refractive index with wavelength, or the phenomenon of dispersion.
Because of dispersion, an additional chromatic aberration appears, even for
paraxial optics, in which images formed by different colors of light are not coin-
cident. In terms of the monochromatic third-order aberrations of Eq. (25), we
could introduce chromatic effects by considering the wavelength dependence
of each of the coefficients of the terms.

NP¿>PN
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MP¿>PM
MP¿
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Figure 10 Images of a square grid (a)
showing pincushion distortion (b) and
barrel distortion (c) due to nonuniform
magnifications.
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Here we discuss chromatic aberration. Since the focal length f of a
lens depends on the refractive index n of the glass, f is also a function of
wavelength. Figure 12a shows convergence of parallel incident light rays
by a lens to distinct focal points for the red and violet ends of the visible
spectrum. Notice that a cone of violet light will form a halo around the red
focus at R. If the incident light contains all wavelengths of the visible
 spectrum, intermediate colors focus between these points on the axis. 
Just as for a prism, greater refraction of shorter wavelengths brings 
the violet focus nearer the lens for the positive lens shown. 

(a)

(b) (c)

(d)

(1) (2)

O

P

P�

I

M

N

Figure 11 (a) Effect of an aperture stop on the distortion of an image by a lens. The
aperture in position (1) produces more barrel distortion than it does in position (2).
If object and image are interchanged, the same system produces pincushion distor-
tion. (b) Image of a square grid by a positive lens. With the stop located between ob-
ject (far right) and lens, barrel distortion occurs in the image. (c) Image of a square
grid by a positive lens. With the stop located at the lens, the image is free from dis-
tortion. (d) Image of a square grid by a positive lens. With the stop located between
lens and image, pincushion distortion occurs in the image. (Figures 11b, c, and d
from M. Cagnet, M. Francon, and J. C. Thrierr, Atlas of Optical Phenomenon, Plate 5,
Berlin: Springer-Verlag, 1962.)
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Figure 12b illustrates chromatic aberration for an off-axial object point
and displays both longitudinal chromatic aberration (LCA) and lateral or
transverse chromatic aberration (TCA). Notice that if longitudinal chro-
matic aberration were absent, the transverse chromatic aberration could
be interpreted as a difference in magnification for different colors. The
longitudinal chromatic aberration of a convex lens may easily be compara-
ble to its spherical aberration for rays at widest aperture.

Chromatic aberration is eliminated by making use of multiple refracting
elements of opposite power. The most common solution is achieved with the
achromatic doublet (Figure 13), consisting of a convex and concave lens, of
different glasses, cemented together. The focal lengths and powers of the
lenses differ, through shaping of their surfaces, to produce a net power of the
doublet that may be either positive or negative. The dispersing powers of the
components are, through appropriate selection of glasses, in inverse propor-
tion to their powers. The result is a compound lens that has a net focal length
but reduced dispersion over a significant portion of the visible spectrum.

We consider next the quantitative details of this design. The general
shape of an achromatic doublet is shown in Figure 13. The powers of the two
lenses for the yellow center of the visible spectrum, conveniently represented
by the Fraunhofer wavelength, are

(33)

(34)

where the radii of curvature are designated in Figure 13. Here, refers to
the refractive index of each glass for the D Fraunhofer line, and we have in-
troduced constants and as an abbreviation for the curvatures. The
focal length f of a thin-lens doublet with lens separation L satisfies the 
relation

(35)

Here, and are the focal lengths of the two lenses in the doublet. Conse-
quently, the power of the doublet is

(36)

For a cemented doublet of thin lenses, and the powers of the lenses are
simply additive:

(37)

For the case of the cemented doublet, incorporating Eqs. (33) and (34) into
Eq. (37) gives

(38)

Chromatic aberration is absent at the wavelength if the power is indepen-
dent of wavelength, or Applied to Eq. (38), this condition is
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Figure 13 Achromatic doublet, consisting
of (1) crown glass equiconvex lens cement-
ed to (2) a negative flint glass lens. The four
radii of curvature are indicated.

Figure 12 Chromatic aberration (exagger-
ated) for a thin lens, illustrating the effect
on the focal length (a) and the lateral and
longitudinal misses (b) for red (R) and vio-
let (V) wavelengths.
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The variation of n with in the neighborhood of may be approximated using
the red and blue Fraunhofer wavelengths, and
respectively:

(40)

The dispersion constant for the glasses may be introduced by expressing the
terms of Eq. (39) as

(41)

(42)

where we have used Eqs. (33) and (34) as well as a dispersive constant V, de-
fined as the reciprocal of the dispersive power and given by

(43)

Substituting Eqs. (41) and (42) into Eq. (39), the condition for the absence of
chromatic aberration may be written as

(44)

Combining Eqs. (37) and (44), the powers of the individual elements may be
expressed in terms of the desired power of the combination:

(45)

The K curvature factors expressed in Eqs. (33) and (34) may then be calculat-
ed using

(46)

Finally, from the values of and the four radii of curvature of the lens
faces may be determined. For simplicity of construction, the crown glass
lens (1) may be chosen to be equiconvex. In addition, the curvature of the
two lenses must match at their interface. The radii of curvature thus satisfy

(47)

In the design of an achromatic doublet, the three indices of refraction
for each of the glasses to be used are taken from manufacturer’s specifica-
tions, like those presented in Table 1. One also inputs the desired overall focal
length of the achromat. In the series of calculations leading to the four radii
of curvature, a calculation that is easily programmed, Eqs. (43), (45), (46), and
(47) are employed in sequence. For example, if 520/636 crown glass and
617/366 flint glass are used in designing an achromat of focal length 15 cm,

l lD

r12 = -r11 , r21 = r12 , and r22 =

r12

1 - K2r12

K1 K2 ,

K1 =

P1D

n1D - 1
and K2 =

P2D

n2D - 1

lC = 656.3 nm lF = 486.1 nm,

P1D = PD
-V1

V2 - V1
and P2D = PD

V2

V2 - V1

PD

V2P1D + V1P2D = 0

V K

1
¢

=

nD - 1
nF - nC

K2
0n2D

0l
= K2a

n2F - n2C

lF - lC
b a

n2D - 1
n2D - 1

b =

P2D

1lF - lC2V2

K1
0n1D

0l
= K1a

n1F - n1C

lF - lC
b a

n1D - 1
n1D - 1

b =

P1D

1lF - lC2V1

0n

0l
�

nF - nC

lF - lC
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TABLE 1 SAMPLE OF OPTICAL GLASSES

Type Catalog code V

656.3 nm 587.6 nm 486.1 nm

Borosilicate crown 517/645 64.55 1.51461 1.51707 1.52262
Borosilicate crown 520/636 63.59 1.51764 1.52015 1.52582
Light barium crown 573/574 57.43 1.56956 1.57259 1.57953
Dense barium crown 638/555 55.49 1.63461 1.63810 1.64611
Dense flint 617/366 36.60 1.61218 1.61715 1.62904
Flint 620/380 37.97 1.61564 1.62045 1.63198
Dense flint 689/312 31.15 1.68250 1.68893 1.70462
Dense flint 805/255 25.46 1.79608 1.80518 1.82771
Fused silica 458/678 67.83 1.45637 1.45846 1.46313

nD-1

nF - nC

nD-1

10V

nFnDnC

these equations lead to lenses with radii of curvature given by

With these values, Eqs. (33) and (34) permit the calculation of focal lengths
for each of the Fraunhofer wavelengths. In this case, we find

f

6.3653 cm 15.0000 cm
6.3961 cm 15.007 cm
6.2966 cm 15.007 cm

For a thin lens, achromatizing renders focal lengths (nearly) equal, elim-
inating longitudinal and lateral aberration at the same time. In a thick lens or
an optical system of lens combinations, the second principal planes for differ-
ent wavelengths may not coincide as they do in a thin lens. When this is the
case, equal focal lengths for two wavelengths, measured as they are from their
respective principal planes, do not lead to a single focal point on the axis, and
longitudinal chromatic aberration remains (Figure 14a). If the focal lengths
for red and blue light are made unequal, such that they produce a single focus
(Figure 14b), the difference in and results in a difference of lateral mag-
nifications, and lateral chromatic aberration remains. Thus the condition for
removing lateral chromatic aberration is the coincidence of the principal
planes for the two corrected wavelengths.

Another solution for zero longitudinal chromatic aberration results if
one uses two separated lenses of the same glass The
condition applied to Eq. (36) now gives

Performing the differentiation and canceling there remains

(48)

which is the same result as for a double-lens eyepiece. Thus two lenses of the
same material, separated by a distance equal to the average of their focal
lengths, exhibit zero longitudinal chromatic aberration for the wavelength at
which the focal lengths are calculated.

L =

f1 + f2

2

0n>0l,

0P

0l
=

0

0l
[1n - 121K1 + K22 - 1n - 122K1K2L] = 0

0P>0l = 0
1L Z 02 1n1 = n2 = n2.

fB fR

lF -10.8485 cm
lC -11.147 cm
lD -11.0575 cm

f1 f2

r22 = -223.29 cm
r21 = -6.6218 cm
r12 = -6.6218 cm
r11 = 6.6218 cm

(a)

(b)

PPB

FR

FB

fB � fR

PPR

fB
fR

PPB PPR

fB
fR

Red
Blue

fB � fR

FB � FR

Figure 14 Doublet with second principal
planes separated for red and blue light. (a)
Equal focal lengths result in residual longitu-
dinal chromatic aberration. (b) Equal foci re-
sult in residual lateral chromatic aberration.
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1 Carry out the “rearranging” called for in arriving at Eq. (18).

2 If image and object distance for a spherical refracting 
surface—in addition to satisfying the equation

—also satisfy the relation show that

a. and
b. a(Q) for spherical aberration in Eq. (18) vanishes.
c. Show that a(Q) also vanishes for and for rays in-

tersecting with the spherical surface vertex. Such image
points are called aplanatic points.

d. Find the aplanatic points for a spherical surface of
separating two media of refractive indices 1.36

and 1.70, respectively.

3 A collimated light beam is incident on the plane side of a
plano-convex lens of index 1.50, diameter 50 mm, and radius
40 mm. Find the spherical wave aberration and the longitudi-
nal and transverse spherical ray aberrations.

4 Show that for a spherical concave mirror, a calculation like
that done for a refracting surface gives a third-order aber-
ration of

where R is the magnitude of the radius of curvature.

5 Using the result of problem 4, determine the wave aberra-
tion, transverse aberration, and longitudinal aberration for
a spherical mirror of 2-m focal length and 50-cm diameter,
when it forms an image of a distant point object.

6 A reflecting telescope uses a spherical mirror with a 3-m
focal length and an aperture given by f/3.75.

a. Using the results of problem 4, determine the magni-
tude of the spherical wave aberration for the telescope.

b. If a Schmidt-type correcting plane of refractive index
1.40 were installed to correct the spherical aberration,
what would be the required difference in thickness be-
tween the center and edge of the plate?

7 In forming an image of an axial point object, a
lens with a diameter of 6.0 cm gives a longitu-

dinal spherical aberration of If the object is 50 cm
from the lens, determine (a) the transverse spherical aber-
ration and (b) the diameter of the blur circle in the paraxi-
al focal plane.

8 Determine the longitudinal and lateral spherical ray aber-
ration for a thin lens of and

due to rays parallel to the axis and through a
zone of radius 

9 Using the equation for spherical aberration of a thin lens,
see problem 8, find the longitudinal spherical ray aberra-
tion of a lens as a function of ray height h. Do this by plot-
ting the longitudinal ray aberration as a function of ray
height for 1, 2, 3, 4, and 5 cm. The lens has a refrac-
tive index of 1.60 and radii and 
The incident light rays are parallel to the optical axis.

r1 = 36 cm r2 = -18 cm.
h = 0,

h = 1 cm.
r2 = -10 cm

n = 1.50, r1 = +10 cm,

+1.0 cm.
+4.0-diopter

a =

h4

4R
a

1
s

-

1
R
b

2

+8 cm

s¿ = R

s¿ = -1n1>n22s,

1>s¿ = 11>s2 + 11>R2,

10 An equiconvex thin lens of index 1.50 and radius 15 cm
forms an image of an axial object point 25 cm in front of the
lens and for rays through a zone of radius Deter-
mine the longitudinal and lateral spherical ray aberration.
(See problem 8.)

11 Show that if setting pro-
duces the condition for minimum spherical aberration:

12 A positive lens of index 1.50 and focal length 30 cm is
“bent” to produce Coddington shape factors of 0.700 and
3.00. Determine the corresponding radii of curvature for
the two lenses.

13 A positive thin lens of focal length 20 cm is designed to
have minimal spherical aberration in its image plane, 30 cm
from the lens. If the lens index is 1.60, determine its radii
of curvature.

14 A thin, plano-convex lens with 1-m focal length and index
1.60 is to be used in an orientation that produces less spher-
ical aberration while focusing a collimated light beam.
Prove that the proper orientation is with light incident on
the spherical side by comparing the Coddington shape fac-
tor for each orientation with the value giving minimum
spherical aberration.

15 A positive lens is needed to focus a parallel beam of light
with minimum spherical aberration. The required focal
length is 30 cm. If the glass has a refractive index of 1.50, de-
termine (a) the required Coddington factor and (b) the radii
of curvature of the lens. (c) If the lens is to be used instead
to produce a collimated beam, how do these answers
change?

16 Answer problem 15 when the lens is designed to reduce
coma.

17 A 20-cm focal length positive lens is to be used as an in-
verting lens; that is, it simply inverts an image without alter-
ing its size. What radii of curvature lead to minimum
spherical aberration in this application? The lens refractive
index is 1.50.

18 Answer problem 17 when the lens is designed to reduce
coma.

19 It is desired to reduce the curvature of field of a lens of 20-cm
focal length made of crown glass For this
purpose a second lens of flint glass is added.
What should be its focal length? Refractive indices are
given for sodium light of 589.3 nm.

20 A doublet telescope objective is made of a cemented posi-
tive lens and negative lens

a. Determine the radius of their Petzval surface.
b. What focal length for the negative lens gives a flat Pet-

zval surface?

1n2 = 1.6039, f2 = 5.391 cm2.
1n1 = 1.5736, f1 = 3.543 cm2

1n = 1.72002
1n = 1.52302.

s = -

21n2
- 12p

n + 2

L = 11>sœ

h2 - 11>sœ

p2, dL>ds = 0

h = 2 cm.

PROBLEMS

n1

s
-

n2

s¿

=

n1 - n2

R
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21 Design an achromatic doublet of 517/645 crown and
620/380 flint glasses that has an overall focal length of 20
cm. Assume the crown glass lens to be equiconvex. Deter-
mine the radii of curvature of the outer surfaces of the lens,
as well as its resultant focal length for the D, C, and F
Fraunhofer lines.

22 Design an achromatic doublet of 5-cm focal length using
638/555 crown and 805/255 flint glass. Determine (a) radii
of curvature; (b) focal lengths for D, C, and F Fraunhofer

lines; (c) powers and dispersive powers of the individual el-
ements. (d) Is Eq. (44) satisfied?

23 Design an achromatic doublet of focal length,
using 573/574 and 689/312 glasses. Assume the crown glass
lens to be equiconcave. Determine (a) radii of curvature of
the lens surfaces; (b) individual focal lengths for the Fraun-
hofer D line; (c) the overall focal lengths of the lens for the
Fraunhofer D, C, and F lines.

-10-cm

457



Fourier Optics

INTRODUCTION

Two rather extensive areas in which the Fourier transform is central to appli-
cations in optics are treated in this chapter, although, necessarily, somewhat
cursorily. The first is included under the general heading of optical data imag-
ing and processing and the second, Fourier-transform spectroscopy. Both are
included within a branch of physics referred to generally as Fourier optics, in
which the Fourier transform, convolution, and correlation are central concepts
of mathematical analysis.

Optical data processing takes advantage of the fact that the simple lens
constitutes a Fourier-transform computer, capable of transforming a complex
two-dimensional pattern into a two-dimensional transform at very high reso-
lution and at the speed of light. The diffraction pattern of a spatial object
formed by the lens is shown to be a two-dimensional Fourier transform, or
spectrum, of the input. This pattern may be manipulated in turn, using masks
or filters to modify the final image produced by a second lens in a process
called spatial filtering. Since various details of the image can be modified by
appropriate filtering, this technique is exploited in such areas as contrast
enhancement and image restoration. If the image is compared directly with a
second object, the two may be optically correlated. Such correlation is ap-
plied, for example, in the problem of pattern recognition. By such optical
means, two-dimensional pictures or text are processed at once, without the
necessity of sequential scanning of the object. Optical data processing repre-
sents a fruitful convergence of the fields of optics, information science, and
holography. As in many other fields, the availability of the laser as a coherent
light source has ensured rapid growth.

S

L1
L2 L3

Aperture Spectrum Image

f f f f
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Fourier-transform spectroscopy capitalizes on the fact that the spatial or
temporal variations of an irradiance pattern due to polychromatic radiation
can be Fourier-transformed into a spectral decomposition of the radiation.
This technique makes possible another application of interferometry with
distinct advantages for spectroscopy. Fourier-transform spectroscopy is the
subject of the second part of the present chapter.

1 OPTICAL DATA IMAGING 
AND PROCESSING

Fraunhofer Diffraction and the Fourier Transform
We wish to show that the Fraunhofer diffraction pattern is, within certain ap-
proximations, the Fourier transform of the amplitude distribution in
the object plane. Recall the one-dimensional Fourier transform pair:

(1)

(2)

Equation (1) states that an arbitrary, nonperiodic function f(x) can be synthe-
sized by summing a continuous distribution of plane waves with amplitude
distribution g(k) given by Eq. (2). The functions f(x) and g(k) are said to be a
Fourier-transform pair. Symbolically,

(3)

(4)

Here and represent, respectively, the Fourier-transform operation and
its inverse. The inverse transform of the transform of a function f(x) returns
the function f(x). That is,

(5)

in accordance with Eqs. (3) and (4).
In two dimensions, the transform pair takes the form

(6)

(7)

Any nonperiodic function of two variables f(x, y) can thus be synthesized
from a distribution of plane waves, each with amplitude and con-
stant phase, such that

(8)

The quantities and are the spatial frequency components needed in the
expansion to represent the desired function f(x, y). The individual plane

f1x, y2 =

1
12p22 O

+q

-q

g1kx , ky2e
-i1xkx + yky2 dkx dky

kx ky

g1kx , ky2 =

O

+q

-q

f1x, y2ei1xkx + yky2 dx dy

xkx + yky = constant

g1kx , ky2
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r0

Aperture
plane
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(x, y, Z)

P (X, Y, Z)

da

O (x, y, 0)

Figure 1 Fraunhofer diffraction in the
spectrum XY-plane due to an aperture in
the xy-plane.

waves in the continuous distribution intersect the xy-plane along the straight
lines defined by Eq. (8). As and vary, the slopes of these lines vary. Thus
the synthesis involves plane waves that vary in direction.

Consider the Fraunhofer diffraction pattern due to an arbitrary aper-
ture situated in an xy-plane, as shown in Figure 1. Plane monochromatic
waves diffract from the aperture (xy) plane. The diffraction pattern is ob-
served in the XY-plane, which we shall call the spectrum plane, a distance Z
along the axis.

The contribution at an arbitrary point P due to the light amplitude
from an elemental area da surrounding point O in the aperture is given by

(9)

where r is the distance from point O to point P. Neglecting the obliquity
 factor for small angles Eq. (9) represents a spherical wave whose amplitude
decreases with distance r. The quantity is the source strength, or amplitude
per unit area of aperture, in the neighborhood of point O. If the aperture is not
uniformly illuminated or is not uniformly transparent, then
and it is called the aperture function. In Eq. (9), and k refer to the properties
of the incident and diffracted radiation. The point P in the spectrum plane is
a distance from the origin of the xy-coordinate system in the aperture
plane. The distance r may be referred to the distance as follows. From the
geometry apparent in Figure 1,

and

so that

(10)

Although the dimensions X and Y in the spectrum plane may be appreciable,
the dimensions x and y are typically negligible in comparison with for far-
field diffraction. Accordingly, the terms and are ignored and Eq. (10) is
rewritten as

(11)r = r0 c1 - 2
1xX + yY2

r0
2 d

1>2

x2 y2
r0

r2
= r0

2
- 2xX - 2yY + 1x2

+ y22

r0
2

= X2
+ Y2

+ Z2

r2
= 1X - x22 + 1Y - y22 + 1Z - 022

r0

r0

v
EA = EA1x, y2

EA

u,

dEP = a
EA da

r
bei1vt - kr2

dEp

kykx
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In this form, Eq. (11) is immediately adaptable to approximation by the bino-
mial expansion so that, retaining only the first
two terms. we have,

(12)

In Eq. (9), the distance r appears in both the amplitude and the phase. In the
amplitude it can be safely approximated by the distance Z between planes,
but in the phase we use the approximate expression just derived. Then

(13)

so that, upon integration over the area of the aperture, we have

(14)

If we are interested in the relative amplitude distribution of the electric field
in the spectrum plane, it is convenient to define the relative amplitude function

(15)

Next, introducing the angular spatial frequencies,

(16)

corresponding to each point (X, Y) in the spectrum plane, Eq. (15) may be
 expressed as

(17)

In this form, Eq. (17) may be compared directly with Eq. (7), and our goal is
established. We see that and are related through a
Fourier transformation. The inverse transform, as in Eq. (6), is

(18)

Within the approximations made, we have shown that the Fraunhofer diffrac-
tion pattern described by is just the two-dimensional Fourier
transform of the aperture function described by The continuous
distribution of constituent multidirectional plane waves is responsible for the
redirection of the light into the various regions of the two-dimensional dif-
fraction pattern.

Optical Spectrum Analysis
The Fraunhofer diffraction pattern of a given aperture is most conveniently
displayed using a positive lens, as in Figure 2. Light from a monochromatic
(temporally coherent) point source (spatially coherent) is collimated by lens
L1 and illuminates, in the input or aperture plane, a two-dimensional pat-
tern whose transmittance varies across the aperture. Lens L2 forms the Fraun-
hofer pattern in the spectrum plane. We shall neglect lens aberrations and 

dEP = a
EA dx dy

Z
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=
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Figure 2 Fraunhofer diffraction of a Ronchi
ruling.

also assume that the aperture is large enough so that its own boundaries do not
 appreciably modify the diffraction pattern. The aperture function
may thus be formed by any photographic negative. For simplicity we shall
imagine the aperture function to vary like a square wave, such as would be
produced by a Ronchi ruling, a grating of parallel straight lines with large
grating space, whose opaque and transparent regions are of equal width.

Since the Fourier transform is an amplitude (not an irradiance) trans-
form, we describe the square wave in Figure 3 by the amplitude of the trans-
mitted light. We refer to the ratio of transmitted to incident amplitudes
as the transmission, in contrast with the ratio of irradiances which we
have called the transmittance. Transmittance is then just the square of the
transmission. The aperture function involving amplitudes, may also
be called the transmission function. Lens L2 acts as a Fourier-transform lens.
With a transmission function in its first focal plane, the Fraunhofer
diffraction pattern which is its Fourier transform, is produced in
the second focal plane, the spectrum, or output, plane. The Ronchi ruling acts
as a coarse grating, producing a series of bright spots that correspond to the
various orders of diffraction. Since the Ronchi rulings are aligned parallel to
the x-axis in the aperture plane, the spectrum of bright spots in the output
plane occurs along the Y-direction, as shown. Now, according to the grating
equation,

(19)

where d is the spatial period of the ruling. Spots appear at distances from
the optical axis given by

(20)Ym = ma
lf

d
b

Ym

ml = d sin u = d
Ym

f

AP1kX , kY2,
EA1x, y2

EA1x, y2,

It>I0 ,
Et>E0

EA1x, y2

1d

y

Et/E0

Figure 3 Transmission function of period d
due to a Ronchi ruling, in which opaque and
transmitting widths are equal.

462 Chapter 21



We wish to show now that this series of bright spots is, in fact, the spec-
trum of frequencies required in a Fourier representation of the aperture or
transmission function of Figure 3. The angular spatial frequencies required in
the Fourier integral were introduced in Eq. (16). In the Y-direction these are
given by

(21)

Since the transmission function for the Ronchi ruling is a periodic square func-
tion, it is represented by a discrete set of frequencies in a Fourier series rather
than by a continuous distribution of frequencies in a Fourier integral. Let us
introduce a wave number or “normalized” form of the spatial frequencies in
the Fourier series by

(22)

Then, substituting for from Eq. (21) and for Y from Eq. (20), we have, for the
spectrum of spatial frequencies displayed in the diffraction pattern,

(23)

The central spot with thus corresponds to a normalized spatial fre-
quency the DC component, in analogy with electrical frequencies.
The first-order spots above and below the central spot represent the
fundamental frequency Higher-order spots represent
higher harmonics given by We see that when the frequency of the
square wave is larger (more closely spaced rulings with smaller d), the funda-
mental frequency in the Fourier spectrum is also larger, and the separation

is increased—a fact that should already be familiar from our study
of the diffraction grating.

A Fourier analysis of the square function gives the Fourier series

(24)

Here we find a constant term of corresponding to the DC compo-
nent or central spot of the diffraction pattern; a term with fundamental (spa-
tial) frequency, and terms with higher odd harmonics,
The absence of the even harmonics might at first be puzzling, on the basis of
Eq. (23), since it would lead us to expect all the higher harmonics in the repre-
sentation. The even harmonics, however, are just those corresponding to the
missing orders in the grating diffraction. These missing orders are expected
when the slit separation is twice the width of the slit opening, precisely the case
in the Ronchi ruling. The squares of the coefficients in the Fourier series are
proportional to the irradiances of the corresponding diffraction spots.

Example 1

Consider a Ronchi ruling with slits of width 0.1 mm illuminated by light of
wavelength 488 nm. A lens of focal length 40 cm is used in a configuration
like that shown in Figure 2.
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a. Find the distances of the m = 1 and m = 3 spots from the central DC
spot in the diffraction pattern on the screen in the spectrum plane.

b. Find the angular spatial frequencies associated with the and
spots.

Solution

The ruling period d is twice the slit width, so 

a. Using Eq. 20, the distances from the central spot are

b. From Eq. (22) Using Eq. (23) then gives

For the angular spatial frequency is

For the angular spatial frequency is

Suppose now that the transmission function is not a square wave but a
sine wave. If the lines of the Ronchi ruling have gradually changing opacity,
such that the amplitude transmitted varies sinusoidally, we have the sinusoidal
grating. Arguing from the Fourier series required to represent this kind of aper-
ture function, it is clear that orders in the diffraction spectrum higher than

do not appear. Clearly, only one frequency is required to represent a sine
wave. Why then does the spectrum also show a central spot, the DC component
with A little thought will make clear that an amplitude aperture func-
tion cannot be produced with both positive and negative portions, like the
pure sine wave of Figure 4a. A photographic negative, at points of ideal
opacity, may produce an amplitude but cannot provide negative val-
ues. Thus the sinusoidal grating produces a transmission function like that
of Figure 4b, in which the sine wave is offset by a DC bias. It is precisely
the component in the figure that accounts for the zeroth-order dif-
fraction signal.

Optical Filtering
We have seen that the back focal plane of the transform lens is the spectrum
plane in which a Fourier transform of the aperture or transmission function is
located. If this spectrum plane now serves in turn as a new aperture function
for a second lens L3, a focal length away (Figure 5), the back focal plane of
the second lens L3 receives the Fourier transform of the new aperture func-
tion. This second Fourier transform is thus the transform of the transform of
the original aperture function and so returns the original aperture function;
that is, an image of the original aperture is formed there. This conclusion also
follows from an application of the laws of geometrical optics, evident from
the ray diagram included in Figure 5.

Each diffraction spot in the spectrum plane, with coordinates (X, Y),
represents spatial frequencies present in the aperture function, as we have
pointed out. Each diffraction spot now helps to illuminate the image of the
aperture in the image plane. How is this image affected if the light from one
or more of these diffraction spots is blocked so that its contribution to the
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mission functions including negative
 displacements.
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image is subtracted out? From our knowledge of Fourier series, we conclude
that the finer features of the image disappear when spots corresponding to
the higher spatial frequencies are blocked. If all spots are blocked except the
DC component, or undeviated diffraction beam—say by an iris diaphragm
centered on the central spot—the image plane is illuminated but no image
details appear. As the circular opening of the diaphragm is gradually
widened, higher spatial frequencies are admitted and the image gradually
sharpens. The physical operation of opening the diaphragm is thus analogous
mathematically to the systematic inclusion of higher and higher frequency
terms in the Fourier series representing the aperture function.

Optical filtering is the process of intentionally blocking certain por-
tions—that is, certain spatial frequencies—present in the diffraction pat-
tern, to manipulate the image. Suppose, for example, that the aperture
function is the superposition of two sine waves that are produced by back-
to-back sinusoidal gratings with parallel rulings but different line spacings
or spatial frequencies. The diffraction pattern consists, in addition to the
direct beam, of two pairs of light spots, each pair due to one of the spatial
frequencies present. If one of these pairs is blocked, that frequency is elim-
inated, or filtered from the illumination. The image is a sinusoidal pattern
of the other frequency.

This example shows how optical filtering is applied to the extraction of
desired periodic signals from background noise or, on the other hand, to the
elimination of periodic noise from a desirable signal. As another example,
suppose the aperture function is a television picture in which horizontal
raster lines are visible. The diffraction pattern due to this function may be
quite complicated, but the raster lines, like a Ronchi ruling, produce a series
of diffraction spots along the vertical direction in the spectrum plane. If a rec-
tangular-shaped, opaque shield is used to block the contribution of these
spots, the raster line frequencies are filtered out and the final image is a repro-
duction of the TV picture but without the raster lines present. A technique like
this was used to remove a sawtooth pattern from the video micrograph of a di-
atom frustule, as shown in Figure 6.

From the point of view of optical filtering, then, it should be clear that a
diaphragm, which blocks all but those frequencies near the direct beam, func-
tions as a low-pass optical filter. A diaphragm, which blocks only those fre-
quencies near the direct beam, functions as a high-pass optical filter; and a
clear annular ring, which blocks the lowest and the highest frequencies, func-
tions as a band-pass filter. A case in point is the suppression of low spatial fre-
quencies, or high-pass optical filtering, to enhance the contrast in a photograph.
(Recall the importance of the high-frequency components in a Fourier series
when synthesizing the fine features of a function, like the corners of a square

S

L1
L2 L3

Aperture Spectrum Image

f f f f
Figure 5 Optical filter.
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wave.) More complex filtering has also been used in image restoration, for
 example, in the deblurring of lunar photographs.

Optical Correlation
As we have seen, an image of the two-dimensional object situated in the aper-
ture plane is formed in the image plane of the optical filter (Figure 5). Suppose
now that in the position of the image plane we insert a mask containing a
 pattern which transmits light at certain positions and blocks light at other posi-
tions. The image of the object in the aperture plane is thus superimposed over
the pattern on the partially transparent mask. At a given point, the amount of
light passed by the mask depends both on the amount of light available in the
image and the transparency of the mask at that point. Let the light so transmit-
ted be intercepted by an additional lens L4, as shown in Figure 7. The transmit-
ted light is then monitored by a light detector placed in the second focal plane
of L4 , labeled Output in Figure 7. We have, in effect, added an optical spec-
trum analyzer to the optical filter of Figure 5. In the output plane where the
detector is placed, we expect to measure the spectrum or Fourier transform
of the transmission function represented by the light transmitted through
the mask located in the image plane of Figure 7. This system provides an
 experimental means of comparing, or correlating, the light pattern in the
image of the  object in the aperture plane and the pattern contained on
the mask. If the two patterns are identical, for example, and so situated that

(a) (b)

(c) (d)

Figure 6 (a) Video image of a diatom
frustule imaged in dark field illumination
with a superimposed sawtooth pattern.
(b) Fourier transform power spectrum for
the image. (c) Image of the frustule after
applying a spatial filter as indicated in (d).

f f f f f f

S

L1

L2 L3 L4

Aperture Spectrum Image Output

Optical filter Spectrum analyzer

Figure 7 Optical correlator formed by the
combination of an optical filter and a spec-
trum analyzer.
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the image of the object in the aperture plane coincides with the transmission
pattern on the mask, then maximum light throughput occurs, a case of maxi-
mum correlation. If one pattern is translated relative to the other, however,
the bright points of the image no longer all coincide with the transparent re-
gions of the mask, and light throughput and correlation are reduced. If the
object in the aperture plane is a photographic image of the block letter A
and the mask in the image plane contains a pattern of similar shape, a high
degree of correlation should be obtained when the objects are properly
positioned. On the other hand, if the mask contains a pattern of the letter B,
the maximum light throughput and correlation should be significantly re-
duced. This technique of pattern recognition is applied, for example, to the
recognition and counting of small particles with different shapes, as in the
case of blood cells, or to the search for characteristic patterns in aerial pho-
tographs, medical X-rays, and fingerprint files.

Let us express the situation more precisely in mathematical terms. Let the
object in the aperture plane be illuminated uniformly by light of unit ampli-
tude, and let its transmission function be described by The transmit-
ted light, amplitude modulated and imaged at the position of the mask in the
image plane of Figure 7, is then represented by The change to
negative coordinates is required by the inversion of the real image relative to
the object. If the function representing the transmission of the mask alone is

then the light transmitted through the mask is the product function
The Fourier transform or spectrum of this composite

transmission function is formed in the output plane, that is, the diffraction
pattern there is described by

(25)

To concentrate only on the direct beam, or DC component, in the pattern, we
set the spatial frequencies and equal to zero so that

(26)

Both transmission functions and have been referred to
xy-coordinate system origins that differ only by translation along the z-, or
optical, axis. If the object in the aperture plane is shifted by an arbitrary trans-
lation given by components for instance, its transmission function
must reflect a translation of origin within the xy-plane, and Eq. (26) is ex-
pressed more generally by

(27)

The integral in Eq. (27) is an example of the two-dimensional convolution
function,

(28)r121qx , qy2 =

O
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If the transmission function possesses inversion symmetry, that is, if

then the negative signs in the integrand of Eq. (28) may be written as positive
signs, and the integral is instead the correlation function,

(29)

Further, when and are merely shifted versions of the same function, we
speak instead of the autocorrelation function,

(30)

Transmission functions with inversion symmetry are imaged in such a way
that the actual image inversion due to the lens is not apparent. Let us briefly ex-
amine the autocorrelation integral of Eq. (30). The integrand is a product of
two functions and is nonzero only at those (x, y) points where both functions
have nonzero values. With fixed, the integral is the area under a curve
representing the product of the two functions. This area, which we call the cor-
relation, clearly depends on the choice of If are large enough
so that there is no overlap of the functions, the area and correlation are zero.
When and are both zero, the functions coincide, yielding a product curve
with the maximum area and correlation. As an example, Figure 8, we have
chosen as a function the top half of a circle. As one such curve (dashed semi-
circle) is translated along the x-axis relative to the other, their autocorrelation

varies as a function of the parameter B, the displacement of their y-axes.
The example illustrates a one-dimensional correlation.

We see from Eq (29) that the correlation is given by the DC component,
or zeroth-order spectral point of the Fourier transform, or spectrum. Thus
a detector, placed on axis at the output plane in the optical correlation
 system of Figure 7, measures the correlation. More precisely, since it is

f11-x, -y2 = f11x, y2

£111qx , qy2 =
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f1x + qx , y + qy2f1x, y2 dx dy
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1qx , qy2. 1qx , qy2
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Figure 8 One-dimensional autocorrela-
tion of a semicircle with as
a function of the displacement parameter B.
Several points on the correlation curve are
referred to the specific translations that pro-
duce them. Note that £1-62 = 0.

radius = 3£1B2
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1See, for example, E. G. Steward, Fourier Optics: An Introduction, 2d ed. (New York: Halsted
Press, 1987). Chaps. 4, 5, and Joseph W. Goodman, Introduction to Fourier Optics (New York: McGraw-
Hill Book Company, 1968).

 sensitive only to irradiances, the detector measures a quantity proportional to
the square of the correlation. As the object in the aperture plane is translated
along its x-axis, the light energy in the direct beam varies, producing the cor-
relation function The transmission function of a given object in the
aperture plane can be simultaneously correlated with many different refer-
ence functions by separating the reference functions as horizontal strips, or
channels, on the mask. The DC spectral components corresponding to each
reference channel are kept separated in the output plane by using a cylindri-
cal lens as the final transform lens.

The method of pattern recognition just described is perhaps the sim-
plest to understand, but many other techniques with various advantages have
been developed. In this introduction, we briefly describe one other approach
that makes use of a hologram as a spatial filter. The technique was introduced
by Vander Lugt in 1963. First, a hologram is made of a particular pattern to be
“recognized.” Let us refer to its amplitude distribution by the function f. The
holographic plate is situated in the Fourier-transform plane—the spectrum
plane. The resulting hologram is called a matched filter or a Vander Lugt filter,
after its originator. This holographic filter is subsequently used in the Fourier-
transform plane, together with various test patterns having amplitude distrib-
utions in the object plane. It can be shown1 that, in general, three
angularly distinct beams result so that three distinct spots appear in the
image plane. One of these is centered on the optical axis, and the other two,
off-axis, represent, respectively, the convolution and the correlation of the f
and g pattern functions. When the test pattern g matches the desired pattern f,
the correlation image appears with a bright, central spot, and pattern recogni-
tion is achieved.

Optical correlation techniques have been developed that allow recogni-
tion of a pattern independently of its size or orientation. Matched filtering
techniques using incoherent light have also been devised to reduce the signal-
to-noise background that is typical in coherent light systems.

Another Model of Imaging: Convolution
In the preceding sections, we have presented imaging as (1) a result of dif-
fraction or Fourier analysis, producing a spectrum of spatial frequencies; and
(2) their subsequent recombination, or Fourier synthesis, to form the image.
We wish now to introduce some of the mathematical formalism and termi-
nology commonly used to discuss Fourier transformations in another ap-
proach to imaging.

Consider a two-dimensional aperture (xy-plane) and its image (XY-
plane) formed by some intervening optical system. We assume that the two sets
of axes are similarly oriented, as in Figure 1. In the case of a perfect optical
 system, there is established a one-to-one correspondence between conjugate
object and image points. For simplicity, we shall assume a lateral magnifica-
tion of 1. Let the irradiance of such a (hypothetical) perfect image be given
by In reality, light from each object point is spread out
over its conjugate image point, due to diffraction and aberration. In this
model, the resultant image is considered to be the overlapping of such
“blurred” image points. In a linear system, these elementary irradiance pat-
terns are simply additive. Let the actual irradiance over the image plane be
given by The transformation from to clearly
characterizes the optical system and is accomplished by a third function,
called the point spread function, G (x, y, X, Y). For example, in the case of an

Ii1X, Y2. I01X, Y2 Ii1X, Y2

I01X, Y2 K I01x, y2.

£121qx2.
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2If the light is coherent, the sum is a vector sum of complex electric field amplitudes.
3This integral has other important applications in physics. It requires the multiplication of one

function at each point by the whole of another function and then the summation of the results. Hence
it is also called a folding or superposition integral.

aberration-free system, G is just the function describing the Airy 
pattern.

Now, if we assume the point spread function to be space-invariant (in-
dependent of object point coordinates), it can only depend on the relative
displacement of conjugate points:

Further, if the light from the object plane is incoherent, irradiances add,2 and
we can write for the irradiance at the image point (X, Y) due to all object
points (x, y):

(31)

The integral in Eq. (31) is called the convolution3 of the functions and G,
usually abbreviated by

(32)

Suppose that we calculate the Fourier transform of each of these functions,
represented by and The convolution theorem (see prob-
lems) states that the Fourier transform of the convolution of two functions is
equal to the product of their individual transforms. Symbolically,

(33)

The content of Eqs. (32) and (33) can be succinctly summarized by stating
that convolution in real space corresponds to multiplication in Fourier space.
Combining this result with our understanding of the equivalence of Fourier
transform and spatial frequency spectrum (or Fraunhofer diffraction func-
tion) of an aperture function, we can read Eq. (33) as follows: The spatial fre-
quency spectrum of image irradiance is equal to the product of the spatial
 frequency spectrum of object irradiance and the spatial frequency spectrum of
the point spread function. The last of these, is called the optical transfer
function (OTF), because it transfers or changes the object spectrum into the
image spectrum. Thus the OTF is used to characterize the performance of an
optical system.

As an example of the convolution theorem, recall the results for the
Fraunhofer diffraction of a grating. There we found that the two product
functions could be interpreted separately as diffraction from a single slit and
interference from multiple (negligible width) slits. Since these functions are
the Fourier transforms of their respective aperture functions, we can say ei-
ther that (1) in Fourier space, the grating diffraction pattern is given by the
product of the Fourier transform of the single-aperture function and the
transform of the array of line sources defining the grating; or (2) in real space,
the grating aperture function is a convolution of the slit-array aperture
 function with the single-slit aperture function. The second formulation is
 suggested by Figure 9. Practically speaking, if one knows the Fourier
transform of simple aperture functions, one can more easily calculate the
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Fraunhofer pattern that results from more complicated aperture functions by
using the convolution theorem.

System Evaluation Using the Transfer Function
Characterization of the imaging capacity of an optical system by simply citing
its resolving power does not give an adequate assessment of the system’s per-
formance. The preferred criterion of performance is the optical transfer func-
tion (OTF). To test an optical system properly, objects having both high and
low spatial frequencies are required. As usual, low spatial frequencies are suf-
ficient to image the gross details of an object, whereas high spatial frequen-
cies are required to reproduce the finer details.

One technique for testing an optical system is to use a series of test pat-
terns with sinusoidally varying darkness, each at a different spatial frequency
K. When illuminated, incoherent imaging of the test pattern takes place. Let
us assume a system magnification of 1. The image produced by a linear optical
system is also sinusoidal at the same spatial frequency, but with a modification
of amplitude and phase, as shown in Figure 10a. The OTF encompasses both
modifications when it is written in complex form:

(34)

where MTF is the modulus and PTF is the phase. When either is known as a
function of frequency, MTF is the modulation transfer function and PTF is the
phase transfer function. The sinusoids corresponding to object O and image I
are described by their contrast modulation given by

(35)

Then the MTF and OTF are given, simply, by

(36)

where is illustrated in Figure 10a. Determination of MTF at various spatial
frequencies, like the curves shown in Figure 10b, allows a more complete eval-
uation of system performance than resolution alone. Three systems are shown
characterized. All approach a MTF of 1 as the spatial frequency approaches
zero but indicate different resolution limits as MTF becomes zero. System A
clearly shows the best performance. System B has a lower frequency limit than
system C, but better performance at lower frequencies.

2 FOURIER-TRANSFORM
SPECTROSCOPY

Fourier-transform spectroscopy represents an elegant alternative to traditional
methods of spectrum analysis. The special advantages of this technique have
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Figure 9 Symbolic representation of the
convolution theorem for a grating.
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Figure 10 (a) Irradiance sinusoids of object
and image, both of spatial frequency K. The
optical system has unit magnification. (b)
Modulation transfer function (MTF) for
three optical systems plotted against spatial
frequency.
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led to widespread applications in research and industry. Employing as a spec-
trometer an instrument such as the Michelson interferometer, these advan-
tages derive both from the use of a large aperture at signal input and from the
presence of the entire spectrum at signal output. The large energy throughput
that results from the use of a large aperture is called the Jacquinot advantage,
whereas the simultaneous processing of the entire spectral range during a
 single scan of the instrument is referred to as the Fellgett, or multiplex, advan-
tage. Thus the Fourier-transform spectrometer is not limited, as are prism and
grating spectrometers, by the presence of narrow slits that restrict both the
wavelength interval and irradiance available at any one time. In addition, the
technique is capable of high resolution, limited in principle only by the sam-
ple width of the input data and the wavelength region under analysis.

The large aperture and integrated throughput of the Michelson interfer-
ometer make it useful as a Fourier-transform spectrometer. It will be shown in
the following treatment that the spectral distribution, or spectrogram (irradi-
ance versus wave number), of the light incident on a Michelson interferometer
is just the Fourier transform of the irradiance distribution, or interferogram
(irradiance versus path difference), of its two-beam interference as a function
of mirror movement. Figure 11 schematically shows the Michelson interfer-
ometer, which uses a beam splitter SP to separate equal-amplitude portions
of a spectral input beam from source S and reunite them again after reflec-
tion from mirrors M1 and M2. The interfering beams are collected at detector
D. Let the electric fields, and of the interfering beams for a particular
wave number component in the light source, on arrival at the
 detector, be represented by

(37)

and

(38)

where the two beams have experienced a physical path difference of
between separation and recombination.

The time-averaged irradiance for the k component at the detector is then

which gives,

(39)

where represents the time-averaged irradiance of one beam. The minus
sign in Eq. (39) stems from the fact that the reflection coefficients from
 opposite sides of the beam splitter differ by a factor of Since there will
be a spread of k values in the source, can be interpreted as irradiance
I(k) per unit k interval at k, giving an integrated irradiance over all wave-
lengths of

(40)

The first term in the result behaves as a bias term, representing the constant
integrated irradiance due to all wavelength components in the two noninter-
fering beams added together. The second term represents interference be-
tween the two beams and can be considered as a positive or negative deviation
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Figure 11 Elements of a Michelson inter-
ferometer used as a Fourier-transform
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from the constant term, dependent upon the path difference x. Irradiance
fluctuations about the constant bias comprise the spectral distribution (inter-
ferogram) given by

(41)

which is the (cosine) Fourier transform of the spectrogram,

(42)

Thus, detection of the interferogram output I(x), as a function of path differ-
ence x, at a point on the optical axis of the system enables one to calculate the
spectral irradiance distribution I(k) as a function of wavenumber by the
Fourier-transform integration indicated in Eq. (42). In Figure 12, three exper-
imental sample interferograms are shown, produced by a Michelson interfer-
ometer using various spectral inputs. Such interferograms are approximated,
for the purposes of Fourier-transform calculations, by periodic sampling.
When the function I(x) is such a discrete set of sample points, the continuous
Fourier transform goes over into sums and is referred to as a discrete Fourier
transform. The use of finite sampling intervals across a finite total sample
width or window leads to limitations both in the resolving power of the
 instrument and in the minimum wavelength that is unambiguously handled
by the transform calculation. It can be shown that the restriction of data to a
finite window limits the resolution of the spectral distribution so that the
minimum resolvable wavelength interval is given by
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Figure 12 Interferograms produced by a
Michelson interferometer using different
light sources. (a) He-Ne laser. (b) Hg source,
violet filter. (c) Hg source, unfiltered.
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yielding a resolving power of

(44)

One sees that the resolution is improved by using large sample widths.
For example, a mirror movement of 0.5 cm, producing a total path difference
or window of 1 cm, results in a resolving power at 500 nm of 20,000 and a res-
olution of 0.025 nm. Spectrometers have been built with relative mirror dis-
placements of a meter or more, yielding resolving powers of or greater.
However, another important limitation must be taken into account. Because
the true interferogram is only approximated at a specific sampling interval
(nm/reading), a well-known phenomenon in sampling theory called aliasing
places a limit on the smallest wavelength that can be unambiguously processed
by this method. Wavelengths present in the input radiation, which are smaller
than a particular show up as longer wavelengths in the transformed
spectrum. Such overlapping of wavelengths can be avoided by observing the
Nyquist criterion of sampling theory: The signal must be sampled at a rate at
least twice as high as its highest-frequency component. It is interesting to
note that this criterion is also used in the production of modern digital audio
recordings, where an audio signal sampling rate of 50 kHz ensures accurate
reproduction of the maximum audio frequency of 20 kHz. Expressed in terms
of our experimental parameters, the criterion states equivalently that, to
avoid aliasing, the sampling interval must be less than half the smallest wave-
length present in the source. Thus the minimum wavelength is given by

(45)

where N is the total number of samples, giving sampling intervals. One
sees now that a large which is beneficial in producing good resolution, may
also be detrimental in limiting the spectral range of the spectrometer, unless N
is also suitably large. The maximum number of data points, however, is limit-
ed by computer data-storage requirements and by computer time in handling
the calculations. The number of operations performed by a computer in cal-
culating the spectral distribution I(k) is roughly equal to Use of the
Cooley-Tukey algorithm for carrying out this series of calculations reduces
the number of calculations to about and is known as the fast  Fourier
transform. For example, a transform using 1000 data points would be reduced
from 1,000,000 operations to around 10,000, a considerable saving of comput-
er time and expense. In the example just discussed, if the input radiation
 includes wavelengths in the visible and near ultraviolet, then N could not be
less than about 67,000 without jeopardizing the correct analysis of wave-
lengths as small as 300 nm.
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PROBLEMS

1 a. Calculate the distances from the axis of the first three
bright spots produced by a Ronchi ruling with transmit-
ting slits of width 0.25 mm, as in Figure 2. Assume laser
 irradiation of 632.8 nm and a 50-cm focal length lens.

b. What is the wavelength corresponding to the funda-
mental frequency?

c. Determine the three lowest angular spatial frequencies,
apart from the DC component, required in a Fourier
representation of the Ronchi aperture function.

d. What are the ratios of irradiance of the first three spots,
relative to the irradiance of the “fundamental”?

2 a. When two transmission functions are put together, by
physically placing two transparencies back-to-back in
the aperture plane, how must the combined transmission
function relate to the individual transmission functions?

b. Consider an aperture function formed by two perpen-
dicularly crossed Ronchi rulings. What would you ex-
pect to see in the spectrum plane?
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3 The optical density of film is defined as the common loga-
rithm of its opacity. The opacity, in turn, is just the recipro-
cal of the transmittance, T.

a. Thus, show that optical density is equal to 
b. Show that the total optical density of several film layers

is just the sum of their individual optical densities.
c. What is the transmittance of five layers of film, each

with an opacity of 1.25? What is the net optical density
of the combined layers?

4 The sinusoidal transmission of a grating varies as 5 sin(ay),
in arbitrary units.

a. To produce faithfully the sinusoidal variation in the
transmittance of the grating, what bias is required in
the transmission function, assuming 100% maximum
transmission?

b. Sketch the aperture function with and without the bias
term.

c. What is the irradiance function at the detector for unit
irradiance incident at the grating?

5 Prove the convolution theorem, that is, prove that if

then

6 Plot the convolution in one dimension of two identical
square pulses, of unit height and of 6 units length.

7 Determine the one-dimensional autocorrelation function
for the sinusoidal function £111t2 y = A sin1vt + a2.

�[h1x2] = �[f1x2]�[g1x2]

h1x2 = f1x2 z g1x2

- log10 T.

8 a. The output of a Michelson spectrometer is fed to a pho-
todetector. The input is mercury green light of 546.1 nm.
If one mirror translates at a speed of 5 mm/s, what is the
frequency of modulation of the photocurrent?

b. What is the beat frequency of the photocurrent when
the input is the yellow light of sodium, at 5889.95 Å, and
5895.92 Å? 

9 The mirror translation in a Michelson spectrometer is 5 cm.
What is the minimum resolvable wavelength at (a) 632.8 nm
and at (b) 

10 Light from a mercury lamp falls on the beam splitter of a
student Michelson spectrometer. Wavelengths shorter than
360 nm are filtered from the light. The mirror translation
rate is 71.5 nm/s. The rate at which spectrogram data is
sampled is 1.28 readings/s. A total of 256 data points is fed
to the computer for Fourier-transform analysis. Find the
(a) window width (b) minimum resolvable wavelength
interval at 400 nm; (c) minimum wavelength that is not sub-
ject to aliasing; (d) minimum sampling rate according to the
Nyquist criterion.

11 The total path difference executed by a Fourier-transform
spectrometer operating in the infrared is 2.78 mm. Its range
is from 4400 to 

a. What is its resolution in wave number?
b. How many data points must be taken over the scan to

avoid aliasing within this range?
c. What is the scan rate if one run is completed in 30 s?

400 cm-1.

xw ;

1 mm?
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Theory of Multilayer Films

INTRODUCTION

The physics of interference in single-layer dielectric films, in its essentials,
should already be familior to you. Many useful and interesting applications of
thin films, however, make use of multilayer stacks of films. It is possible to
 evaporate multiple layers while maintaining control over both refractive index
(choice of material) and individual layer thickness. Such techniques provide a
great deal of flexibility in designing interference coatings with almost any
specified frequency-dependent reflectance or transmittance characteristics.
Useful applications of such coatings include antireflecting multilayers for use
on the lenses of optical instruments and display windows; multipurpose broad
and narrow band-pass filters, available from near ultraviolet to near infrared
wavelengths; thermal reflectors and cold mirrors, which reflect and transmit
 infrared, respectively, and are used in projectors; dichroic mirrors consisting of
band-pass filters deposited on the faces of prismatic beam splitters to divide
light into red, green, and blue channels in color television cameras; and highly
reflecting dielectric mirrors for use in gas lasers and in Fabry-Perot interferom-
eters.

Computer techniques have made routine the rather detailed calcula-
tions involved in the analysis of multilayer film performance. The design of a
multilayer stack that will meet arbitrary prespecified characteristics, however,
remains a formidable task. In this chapter we develop a transfer matrix to rep-
resent the film and characterize its performance. The approach differs from
that used in treating multiple reflections from a thin film. There we added the
amplitudes of all the individual reflected or transmitted beams to find the
 resultant reflectance or transmittance. It will be more efficient, in the general
treatment that follows, to consider all transmitted or reflected beams as
 already summed in corresponding electric fields that satisfy the general
boundary conditions required by Maxwell’s equations.
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Theory of Multilayer Films

The relationships we require from electromagnetic theory are summa-
rized here. The energy of a plane, electromagnetic wave propagates in the
 direction of the Poynting vector, given by

(1)

The magnitudes of electric and magnetic fields in the wave are related by

(2)

where the wave speed is related to the the refractive index n by

(3)

The wave speed in vacuum is a constant, equal to

(4)

where and are the permittivity and permeability, respectively, of free
space. Combining Eqs. (2), (3), and (4), the magnitudes of the magnetic and
electric fields can also be related by

(5)

1 TRANSFER MATRIX

Our analysis is carried out in terms of the quantities defined in Figure 1. An
incident beam is shown, with chosen for the moment in a direction perpen-
dicular to the plane of incidence. (Keep in mind, however, that at normal
 incidence and are equivalent since a unique plane of incidence cannot
be specified.) The beam undergoes external reflection at the plane interface (a)
separating the external medium of index from the nonmagnetic
film of index The transmitted portion of the beam undergoes an internaln1 .

n0 1m = m02

E7E�

E
B

B =

E
y

= a
n
c
bE = n1e0m0E

m0e0

c =

1
1e0m0

n =

c
y

E = yB

S
B

= e0c
2E
B

* B
B

x

y

z

E E
E

E

E

E

B

B

B

B

B

B

Er1 Er2Ei1

E0 Ei2 Et2Et1

u0

u0

ut1

ut2

(a) (b)

n1

Film

ns

Substrate

n0

t

Figure 1 Reflection of a beam from a sin-
gle layer. The diagram defines quantities
used in applying boundary conditions to
write Eqs. (6)–(9). Note that a bold dot is
used to denote directions perpendicular to
the plane of incidence.
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Theory of Multilayer Films

reflection and transmission at the plane interface (b) separating the film from
the substrate of index Along each beam the is shown—by the
usual dot notation—to be pointing out of the page and the

is shown in a direction consistent with Eq. (1). Notice that the y-
component of must reverse on reflection. The insets define a terminology 
for the magnitudes of the electric fields at the boundaries (a) and (b). For ex-
ample, represents the sum of all the multiply reflected beams at interface
(a) in the process of emerging from the film, represents the sum of all the
multiple beams incident at interface (b) and directed toward the substrate,
and so on. In this way, we account for multiple beams in the interference.

We assume that the film is both homogeneous and isotropic. We assume
further that the film thickness is of the order of the wavelength of light, so
that the path difference between multiply reflected and transmitted beams
remains small compared with the coherence length of the monochromatic
light. This ensures that the beams are essentially coherent. The width of the in-
cident beam, finally, is assumed to be large compared with its lateral displace-
ment due to the many reflections that contribute significantly to the resultant
reflected and transmitted beams.

Boundary conditions for the electric and magnetic fields of plane waves
incident on the interfaces (a) and (b) follow from Maxwell’s equations and are
simply stated: The tangential components of the resultant and are
continuous across the interface: that is, their magnitudes on either side are
equal. For the case considered in Figure 1, is everywhere tangent to the
planes at (a) and (b), whereas consists of both a tangential component (y-
direction) and a perpendicular component (x-direction). Thus the boundary
conditions for the electric field at the two interfaces become

(6)

(7)

Corresponding equations for the magnetic field are

(8)

(9)

Rewriting Eqs. (8) and (9) in terms of electric fields with the help of Eq. (5),

(10)

(11)

where we have written

(12)

(13)

(14)

Now differs from only because of a phase difference that develops
due to one traversal of the film. The optical path length associated with two
traversals of the thin film is Thus the optical path length¢ = 2n1t cos1ut12. ¢1

¢

Ei2 Et1 d

gs K ns1e0m0 cos ut2

g1 K n11e0m0 cos ut1

g0 K n01e0m0 cos u0

Bb = g11Ei2 - Er22 = gsEt2

Ba = g01E0 - Er12 = g11Et1 - Ei12

Bb = Bi2 cos ut1 - Br2 cos ut1 = Bt2 cos ut2

Ba = B0 cos u0 - Br1 cos u0 = Bt1 cos ut1 - Bi1 cos ut1

Ei2

Er1

B
B

B
B

-field
1-z-direction2,

E
B

-fieldns .

Eb = Ei2 + Er2 = Et2

Ea = E0 + Er1 = Et1 + Ei1

B
B

E
B

B
B

-fieldsE
B

-
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associated with one traversal is and phase difference
that develops due to one traversal of the film is

(15)

Thus,

(16)

In the same way,

(17)

Using Eqs. (16) and (17), we may eliminate the fields and in the
boundary conditions at (b), expressed by Eqs. (7) and (11), as follows:

(18)

(19)

Disregarding for the moment the rightmost members, these equations may
be solved simultaneously for and in terms of and yielding

(20)

(21)

Finally, substituting the expressions from Eqs. (20) and (21) into the Eqs. (6)
and (10) for boundary (a), the result is

(22)

(23)

where we have used the Euler identities

Equations (22) and (23) relate the net fields at one boundary with those at
the other. They may be written in matrix form as

(24)

The matrix is called the transfer matrix of the film, represented in
general by

(25)

¢1 = ¢>2 = n1t cos1ut12,
d

M = c
m11 m12

m21 m22
d

2 * 2

CEa

Ba

S = C cos d
i sin d
g1

ig1 sin d cos d
S CEb

Bb

S

2 cos d K eid
+ e-id and 2i sin d K eid

- e-id

Ba = Eb1ig1 sin d2 + Bb cos d

Ea = Eb cos d + Bba
i sin d
g1
b

Ei1 = a
g1Eb - Bb

2g1
be-id

Et1 = a
g1Eb + Bb

2g1
beid

Et1 Ei1 Eb Bb ,

Ei2 Er2

Ei1 = Er2e
-id

Ei2 = Et1e
-id

d = k0¢1 = a
2p
l0
bn1t cos ut1

Bb = g11Et1e
-id

- Ei1e
id2 = gsEt2

Eb = Et1e
-id

+ Ei1e
id

= Et2
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If boundary (b) is the interface of another film layer, rather than the substrate,
Eq. (24) is still valid. The fields and are then related to the fields and
at the back boundary of the second film layer by a second transfer matrix. Gen-
eralizing, then for a multilayer of arbitrary number N of layers,

An overall transfer matrix, representing the entire multilayer stack is the
product of the individual transfer matrices, in the order in which the light en-
counters them,

(26)

We return now to Eqs. (6), (7), (10), and (11) to make use of those mem-
bers previously ignored in first finding the transfer matrix. Those remaining
equations are

(27)

(28)

(29)

(30)

For the fields represented by Eqs. (27) to (30), Eq. (24) takes the form,

(31)

where in the last equality we have used the generic form of the transfer
matrix given in Eq. (25). The last equality in Eq. (31) defines the transfer
 matrix elements, and for the case at hand.

Equation (31) is equivalent to the two equations,

Dividing through these two equations by and making use of the reflection
coefficient r and transmission coefficient t, defined as

(32)

we obtain

(33)

(34)g011 - r2 = m21t + m22gst

1 + r = m11t + m12gst

g01E0 - Er12 = m21Et2 + m22gsEt2

E0 + Er1 = m11Et2 + m12gsEt2

Eb Bb

r K

Er1

E0
and t K

Et2

E0

E0

m11 , m12 , m21 , m22

C E0 + Er1

g01E0 - Er12

S = C cos d
i sin d
g1

ig1 sin d cos d
S C Et2

gsEt2

S = c
m11 m12

m21 m22
d c

Et2

gsEt2
d

Bb = gsEt2

MT = M1M2M3
Á MN

MT ,

c
Ea

Ba
d = M1M2M3

Á MN c
EN

BN
d

BcEc

Ba = g01E0 - Er12

Eb = Et2

Ea = E0 + Er1
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Equations (33) and (34) can be solved for the transmission and reflection
 coefficients in terms of the transfer-matrix elements to give

(35)

(36)

Equations (35) and (36), together with the transfer-matrix elements, defined
by Eqs. (24) and (31), now enable one to evaluate the reflective and transmis-
sive properties of a single or multilayer film represented by the transfer
 matrix.

Before continuing with applications of these equations, we must take into
account the necessary modification of the theory that results when the incident
electric field of Figure 1 has the other polarization, that is, in the plane of inci-
dence. Suppose that is chosen in the original direction of and is rotated
accordingly to maintain the same wave direction. If the equations are developed
along the same lines, one finds that only a minor alteration of the transfer matrix
becomes necessary: In the expression for Eq. (13), the cosine factor now
 appears in the denominator rather than in the numerator. Summarizing,

(37)

Notice that for normal incidence, where and are indistinguishable, we
have and the expressions are equivalent. For oblique incidence,
however, results must be calculated for each polarization. An average can be
taken for unpolarized light. For example, the reflectance becomes

(38)

2 REFLECTANCE AT NORMAL 
INCIDENCE

We apply the theory now for normally incident light, the case most commonly
found in practice. Results apply quite well also to cases of near-normal inci-
dence. The beam remains normal at all interfaces, so that all angles of inci-
dence, reflection, and refraction are zero. In Eqs. (12) to (14), the cosine
factors in the are all unity. The matrix elements from Eq. (24), appro-
priately modified to become

(39)

are substituted into Eq. (36). After cancellation of the constant and
some simplification, we find

(40)r =

n11n0 - ns2cos d + i1n0ns - n1
22sin d

n11n0 + ns2cos d + i1n0ns + n1
22sin d

g1 = n1
1e0m0

cos ut1
E
B
7 plane of incidence:

1e0m0

m21 = in11e0m0 sin d m22 = cos d

m11 = cos d m12 =

i sin d
n11e0m0

g-terms

R =
1
21R7 + R�2

cos ut1 = 1,
E
B

� E
B

7

E
B

� plane of incidence: g1 = n11e0m0 cos ut1

E
B
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B

r =

g0m11 + g0gsm12 - m21 - gsm22

g0m11 + g0gsm12 + m21 + gsm22

t =

2g0

g0m11 + g0gsm12 + m21 + gsm22

B
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g1 ,
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The reflectance R, which determines the reflected irradiance, is defined by

(41)

To calculate R, first notice that the reflection coefficient r is complex and that
it has the general form

so that

By inspection then, we may write

(42)

Example 1

A 400-Å-thick film of is deposited on glass De-
termine the normal reflectance for sodium light of wavelength 

Solution

The phase difference is given by

so that and Then, substituting into Eq. (42),

That is, the irradiance of the reflected beam is 17.4% of the irradiance of
the incident beam.

A plot of reflectance versus the optical path difference associat-
ed with one traversal of the film is shown in Figure 2, where the abscissa is cal-
ibrated in ratios of with being the wavelength in the film. Each
curve corresponds to a different film index, but the glass substrate index has
been chosen in all cases. The magnitude of the film index evidently
determines whether the reflectance is enhanced (for ) or reduced (for

) from that for uncoated glass. The curves show that quarter-wave
thicknesses, or odd multiples thereof, lead either to optimum enhancement
(high-reflectance coating) or to maximum reduction (antireflection coating).
These minima or maxima points in R can be made to occur at various wave-
lengths by changing through selection of the film thickness. Notice that for

or any even multiple of a quarter-wavelength, the reflectance is just
that from the uncoated glass. An antireflecting single coat, with never
reflects more than the uncoated glass at any wavelength. The periodic variation
in R with which is proportional to the film thickness, provides a practical
way of monitoring film thickness in the course of a film deposition.

¢1 ,

n1 6 ns ,
¢1 = l>2
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n1 6 ns

n1
n1 7 ns
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¢1>l, l = l0>n1

¢1 = n1t
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The important case of quarter-wave film thickness,

makes the phase difference, Eq. (15), so that
and In this case, Eq. (42) reduces to

(43)

From Eq. (43), it follows that a perfectly antireflecting film can be fabricated
with a coating of thickness and refractive index If the sub-
strate is glass, with the ideal index for a nonreflecting coating is

assuming an ambient with A compromise choice among
available coating materials is a film of with For this film,
Eq. (43) predicts a reflectance of 1.3% in the visible region, where the
 uncoated glass (set ) would reflect about 4.3%. This difference repre-
sents a significant saving of light energy in an optical system where multiple
surfaces occur. For example, after only six such interfaces, or three optical
components in series, 93% of the incident light survives in the case of
coatings, compared with 77% in the case of uncoated glass.

3 TWO-LAYER ANTIREFLECTING FILMS

Durable coating materials with arbitrary refractive indices are, of course, not
immediately available. Practically speaking then, single films with zero re-
flectances cannot be fabricated. By using a double layer of quarter-wave-thick-
ness films, however, it is possible to achieve essentially zero reflectance at one
wavelength with available coating materials. At normal incidence, the transfer

normal incidence quarter-wave thickness R = a
n0ns - n1

2

n0ns + n1
2 b

2

MgF2

n1 = n0

MgF2, n1 = 1.38.
n1 = 1.23, n0 = 1.

ns = 1.52,
l>4 n1 = 1n0ns .

sin d = 1.
d = 2pn1t>l0 = p>2, cos d = 0
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4
=
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Figure 2 Reflectance from a single film
layer of index of refraction versus nor-
malized path difference. The dashed line
represents the uncoated glass substrate of
index ns = 1.52.

n1
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matrix of a single film of quarter-wave thickness is

The transfer matrix M for two such layers is found, according to Eq. (26), by
forming the product

Matrix components are and
Using these values in Eq. (36), the result is

(44)

Incorporating the refractive indices through the use of Eqs. (12) to (14) and
then squaring to get the reflectance,

(45)

Zero reflectance is predicted by Eq. (45) when or

(46)

For a glass substrate and incidence from air the
ideal ratio for the two films is The requirement is met quite
well using zirconium dioxide and cerium trifluoride
both good coating materials. The ratio of refractive indices for and

of 1.27 produces a reflectance of only 0.1% according to Eq. (45). The
arrangement is shown in Figure 3 and is plotted as curve (a) in Figure 4.
Achieving zero reflectance at some wavelength may not satisfy the very
common need to reduce reflectance over a broad region of the visible spec-
trum. Curve (a) is rather steep on both sides of its minimum at 550 nm. Broad-
er regions of low reflectance result for coatings when the substrate
index is larger than that of the adjacent film layer, that is, In such
cases, the index is “stepped down” consistently from substrate to ambient. In-
dices high enough to satisfy this condition are possible in infrared applications
where large values of are available, as in the case of germanium with
A list of useful refractive indices is given in Table 1. Broader regions of low
 reflectance also become possible in the visible region of the spectrum, once the
restriction of using equal coatings is relaxed. For example, curves (b) and
(c) of Figure 4 show two such solutions to the problem, where the inner coat-
ing has a thickness of as illustrated in Figure 5. At the wavelength of
550 nm, for which the and thicknesses are determined, the layerl>2l>4 l>2

l>2,

l>4

ns = 4.ns

ns 7 n2 .
l>4–l>4

CeF3
ZrO2

1n2 = 2.12 1n1 = 1.652,
n2>n1 = 1.23.

1ns = 1.522 1n0 = 12,

n2

n1
=

A

ns

n0

n0n2
2

= nsn1
2,

normal incidence quarter-wave thickness R = a
n0n2

2
- nsn1

2

n0n2
2

+ nsn1
2 b

2

r =

g2
2g0 - gsg1

2

g2
2g0 + gsg1

2

M1 = J 0
i
g1

ig1 0 K

m12 = m21 = 0.m11 = -g2>g1 , m22 = -g1>g2 ,
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i
g1

ig1 0 K J
0
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ig2 0 K = D-
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4

n1 � 1.65

ns � 1.52

ZrO2 n2 � 2.1

Air n0 � 1

Glass

Low index

High index

CeF3

Figure 3 Antireflecting double layer,
using thickness films.l>4–l>4
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TABLE 1 REFRACTIVE INDICES FOR SEVERAL COATING MATERIALS

Material Visible Near infrared

Cryolite 1.30–1.33 —
1.38 1.35
1.46 1.44

SiO 1.55–2.0 1.5–1.85
1.60 1.55
1.65 1.59
1.8 1.75
2.0 1.95
2.1 2.0
2.35 2.2

ZnS 2.35 2.2
2.4 —

Si — 3.3
Ge — 4.0

1�2 mm2

TiO2

CeO2

ZrO2

Nd2 O3

ThO2

CeF3

Al2 O3

SiO2

MgF2

1�550 nm2
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Figure 4 Reflectance from a double-layer
film versus wavelength. In all cases 
and Thicknesses are  determined
at (a) 

(b) n2 = 1.6.n1 = 1.38,n2 = 2.1. l>4–l>2:
n1 = 1.65,l>4–l>4;l = 550 nm.

ns = 1.52.
n0 = 1

n1 � 1.38

ns � 1.52

n0 � 1

l
4
l
2

n2 � 1.6 (b); 1.85 (c)

Figure 5 Antireflecting double layer using
thickness films. Reflectance

curves are shown in Figure 4.
l>4–l>2

has no effect on the reflectance and the double layer behaves like a single 
layer with %. At nearby wavelengths, however, the layer helps to
keep R below values attained by a single layer alone. For [curve
(c)], two minima near appear. Although reflectance at 550 nm is about
1.3%, greater than for the coating of curve (a), it remains at values
less than this over the broad range of wavelengths from about 420 to 800 nm.
For [curve (b)], the spectral response of the double layer, while more
reflective, is flatter over the visible spectrum. Still other practical solutions for
double-layer antireflecting films become possible if the thicknesses of the lay-
ers are allowed to have values other than multiples of 

The curves of Figure 4 have been calculated using the theory presented
in this chapter. The overall transfer-matrix elements are first determined
by forming the product of the transfer matrices of the individual layers.
In these elements, the phase difference is expressed as a function of andl,d

l>4.

n2 = 1.6

l>4–l>4

n = 1.85
R = 0

l>4

l>4
R = 1.3 l>2

(c) , n2 = 1.85.l>4–l>2: n1 = 1.38
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Figure 7 Reflectance from triple-layer films
versus wavelength. In all cases and

Thicknesses are determined at
(a) 

(b) 
n1 = 1.38, n2 = 2.2, n3 = 1.7.

l>4–l>2–l>4:n2 = 2.02, n3 = 1.8.
l>4–l>4: n1 = 1.38,l = 550 nm.

ns = 1.52.
n0 = 1

the film thickness is determined by the or requirement at a single
wavelength. These matrix elements are then used in Eq. (36) for the reflec-
tion coefficient. When squared, the reflectance as a function of wavelength is
determined. Although the calculations can be tedious, they are easily done
using a programmable calculator or computer.

4 THREE-LAYER ANTIREFLECTING 
FILMS

The procedure just outlined can be used to calculate the spectral reflectance
of three-layer films as well. The use of three or more layer coatings makes
possible a broader, low-reflectance region in which the response is flatter. If
each of the three layers is of thickness, one can show that a zero reflectance
occurs when the refractive indices satisfy

(47)

One such practical solution is shown in Figure 6a and plotted as curve (a) in
Figure 7. Some improvement results when the middle layer is of thick-
ness, as in Figure 6b and curve (b) of Figure 7.

5 HIGH-REFLECTANCE LAYERS

If the order of the layers in a double-layer film optimized for antire-
flection is reversed, so that the order is air–high index–low index–substrate,
all three reflected beams are in phase on emerging from the structure, and the
reflectance is enhanced rather than reduced. A series of such double layers
increases the reflectance further, and the structure is called a high-reflectance
stack, or dielectric mirror.

l>4 l>2
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n1n3
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= 2n0ns
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n1 � 1.38

n2 � 2.2
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(a)

l
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l
4

l
4

n0 � 1

ns � 1.52

n2 � 2.02

n3 � 1.8

n1 � 1.38

Figure 6 Antireflecting triple layers. (a)
Quarter-quarter-quarter wavelength layers.
(b) Quarter-half-quarter wavelength layers.
Reflectance curves are shown in Figure 7.
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Theory of Multilayer Films

We derive now an expression for the reflectance of this type of struc-
ture, shown schematically in Figure 8, where High and Low signify high- 
and low-refractive indices, respectively. The transfer matrix for one double
layer of coatings at normal incidence is the product of the individ-
ual film matrices, just as in the case of the double-layer antireflecting films:

or

(48)

For N similar double layers in series,

(49)

Substituting the double-layer matrix, Eq. (48),

For normal incidence,

so that

(50)

The matrix elements of the transfer matrix representing N high-low double
layers of coatings in series are thus

(51)

Using these matrix elements in the expression for the reflection coefficient,
Eq. (36), we arrive at

(52)

MHL = MHML

l>4-thick

r =

n01-nL>nH2
N

- ns1-nH>nL2
N
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Figure 8 High-reflectance stack of double
layers with alternating high- and low-
 refractive indices. Reflectance curves are
shown in Figure 9.
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Theory of Multilayer Films

TABLE 2 REFLECTANCE OF A HIGH-LOW QUARTER-WAVE STACK

Reflectance for high-low layers Reflectance versus N when for
versus alternating double layers of and ZnS

R (%) N R (%)

1.0 4.26 1 39.71
0.91 21.01 2 73.08
0.83 40.82 3 89.77
0.77 57.77 4 96.35
0.71 70.44 5 98.72
0.67 79.35 6 99.56
0.625 85.48 7 99.85
0.59 89.67 8 99.95
0.56 92.55
0.53 94.56
0.50 95.97

nL>nH MgF2

nL>nH

nL>nH � 0.587N � 3

When the numerator and denominator of Eq. (52) are next multiplied by the
factor and the result is squared to give reflectance, we have

(53)

Example 2

A high-reflectance stack like that of Figure 8 incorporates six double layers
of and ZnS films on a glass sub-
strate. What is the reflectance for light of 550 nm at normal incidence?

Solution

Substituting directly into Eq. (53), we get

or 

Equation (53) predicts 100% reflectance when either N approaches
infinity or when approaches zero. Some data indicating these
tendencies are given in Table 2. One sees that the reflectance quickly
 approaches 100% for several double layers. Since the smallest ratio of
yields best reflectances, high-reflectance stacks may be fabricated from alternat-
ing layers of and ZnS or 

The reflectance given in Eq. (53) represents the maximum reflectance at
the wavelength for which the layers have optical thicknesses of For
other wavelengths the transfer matrix must be used in its general form, contain-
ing the wavelength-dependent phase differences. Spectral reflectance curves
for and double-layer stacks have been calculated and plotted
in Figure 9. Curve (c) shows the improvement in the maximum reflectance
that results for stacks when an extra high-index layer is inserted
 between the substrate and the last low-index layer. The width of the high-
 reflectance region in these curves is nearly independent of the number of
double layers used but increases when the ratio decreases. This ratio is
0.587 in Figure 9, representing alternating and ZnS layers on glass.
Outside the central stopband—the region of highest reflectance—the

MgF2

nL>nH

1-nL>nH2
N>ns

Rmax = c
1n0>ns21nL>nH2

2N
- 1

1n0>ns21nL>nH2
2N

+ 1
d

2

R = 99.1%.

R = c
11>1.48211.46>2.35212

- 1

11>1.48211.46>2.35212
+ 1
d

2

1n = 1.4821n = 2.352SiO2 1n = 1.462

N = 2

N = 6N = 2

l0>4.l0 ,

TiO2 1nH = 2.402.1nH = 2.352MgF2 1nL = 1.382

nL>nH

1nL>nH2
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Theory of Multilayer Films

PROBLEMS

1 Show that when the incident is parallel to the plane
of incidence, has the form given in Eq. (37).

2 A transparent film is deposited on glass of refractive index
1.50.

a. Determine values of film thickness and (hypothetical)
refractive index that will produce a nonreflecting film
for normally incident light of 500 nm.

b. What reflectance does the structure have for incident
light of 550 nm?

3 Show from Eq. (42) that the normal reflectance of a single
half-wave thick layer deposited on a substrate is the same
as the reflectance from the uncoated substrate.

R =

1n0 - ns2
2

1n0 + ns2
2

g1

E
B

-field 4 A single layer of is deposited to a thick-
ness of 137 nm on a glass substrate Determine
the normal reflectance for light of wavelength (a) 800 nm;
(b) 600 nm; (c) 400 nm. Verify the reasonableness of your
results by comparison with Figure 2.

5 A 596-Å-thick layer of ZnS is deposited on glass
Calculate the normal reflectance of 560 nm

light.

6 Determine the theoretical refractive index and thickness of
a single film layer deposited on germanium such
that normal reflectance is zero at a wavelength of 
What actual material could be used?

7 A double layer of quarter-wave layers of 
and cryolite are deposited in turn on a glass
substrate 1n = 1.522.

1n = 1.302
Al2O3 1n = 1.602

2 mm.
1n = 4.02

1n = 1.522.
1n = 2.352

1n = 1.522.
SiO2 1n = 1.462

350

10

20

30

40

50

60

70

80
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Wavelength (nm)
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R
 (

%
)

(a)

(b)

(c)

Figure 9 Spectral reflectance of a high-
low index stack for (a) and 
(b) double layers. Curve (c) repre-
sents an stack with an additional
high-index layer adjacent to the substrate.
Layers are thick at In all
cases, and
n0 = 1.00.

nH = 2.35, nL = 1.38, ns = 1.52,
l = 550 nm.l>4

N = 2
N = 6

N = 2

 reflectance oscillates between a series of maxima and minima. The center of
the stopband can be shifted by depositing layers whose thickness is at an-
other Except for light energy lost by absorption and scattering during pas-
sage through the dielectric layers, the percent transmission of the structure is
given by Thus such structures can be designed as
band-pass filters with high spectral transmittance in the wide region of low
spectral reflectance. Narrow band-pass filters that behave like Fabry-Perot
etalons can be fabricated by separating two dielectric-mirror, multilayer struc-
tures with a spacer of, say, film. Narrow wavelength regions that satisfy
constructive interference can be produced far enough apart in wavelength so
that all but one such region is easily filtered out by a conventional absorption
color filter. The result is a filter with a pass-band width of perhaps 15 Å and
40% transmittance.

MgF2

T1%2 = 100 - R1%2.

l>4
l.
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Theory of Multilayer Films

12 Using the materials given in Table 1, design a three-layer
multifilm of quarter-wave thicknesses on a substrate of ger-
manium that will give nearly zero reflectance for normal
 incidence of radiation.

13 Determine the maximum reflectance in the center of the
visible spectrum for a high-reflectance stack of high-low
index double layers formed using and 
on a substrate of index 1.52. The layers are of equal optical
thickness, corresponding to a quarter-wavelength for light
of average wavelength 550 nm. The high-index material is
encountered first by the incident light, as in Figure 8. As-
sume normal incidence and stacks of (a) 2; (b) 4; (c) 8 dou-
ble layers.

14 A high-reflectance stack of alternating high-low index lay-
ers is produced to operate at in the near infrared. A
stack of four double layers is made of layers of germanium

and each of optical
thickness. Assume a substrate index of 1.50 and normal in-
cidence. What reflectance is produced at 

15 What theoretical ratio of high-to-low refractive indices is
needed to give at least 90% reflectance in a high-re-
flectance stack of two double layers of quarter-wave layers
at normal incidence? Assume a substrate of index 1.52.

16 Show that in Eq. (53) approaches 1 when either N
 approaches infinity or when the ratio approaches
zero.

2 mm

nL>nH

Rmax

2 mm?

1n = 4.02 MgF2 1n = 1.352, 0.5-mm

2 mm

nL = 1.38 nH = 2.6

a. Determine the thickness of the layers and the normal
reflectance for light of 550 nm.

b. What is the reflectance if the layers are reversed?

8 Quarter-wave thin films of ZnS and
are deposited in turn on a substrate of silicon

to produce minimum reflectance at 

a. Determine the actual thickness of the layers.
b. By what percentage difference does the ratio of the

film indices differ from the ideal?
c. What is the normal reflectance produced?

9 By working with the appropriate transfer matrix, show that
a quarter-wave/half-wave double layer, as in Figure 5,
 produces the same reflectance as the quarter-wave layer
alone.

10 Write a computer program that will calculate and/or plot
reflectance values for a double layer under normal inci-
dence. Let input parameters include thickness and indices
of the layers and the index of the substrate. Check results
against Figure 4.

11 Prove the condition given by Eq. (47) for zero reflectance
of three-layer, quarter-quarter-quarter-wave films when
used with normal incidence. Do this by determining the
composite transfer matrix for the three quarter layers and
using the matrix elements in the calculation of the reflection
coefficient in Eq. (36).

3.32
1n =1.352
1n =MgF2

2 mm.

1n = 2.22
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INTRODUCTION

The basic laws of reflection and refraction in geometrical optics were derived
earlier on the basis of either Huygens’ or Fermat’s principles. In this chapter
we regard light as an electromagnetic wave and show that the laws of reflec-
tion and refraction can also be deduced from this point of view. More impor-
tantly, this approach also leads to the Fresnel equations, which describe the
fraction of incident energy transmitted or reflected at a plane surface. These
quantities will be seen to depend not only on the change in refractive index
and the angle of incidence at the surface but also on the polarization of the
incident light. Finally, the important differences between internal and external
reflection are clarified.

1 THE FRESNEL EQUATIONS

Consider Figure 1, which shows a ray of light incident at point P on a plane
interface—the xy boundary plane—and the resulting reflected and refracted
rays. The plane of incidence is the xz-plane. Let us assume the incident light
consists of plane harmonic waves, expressed by

(1)

where the origin of coordinates is taken to be point O. The wave vector of
the incident wave is chosen in the so that the wave is linearly+y-direction,

E
B

E
B

= E
B

0e
i1k

B
#rB -vt2

Fresnel Equations

Circularly polarized
light

Incident light

u

u

u
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polarized. The direction of the corresponding magnetic field vector is then
determined to ensure that the direction of is the direction of wave
propagation This mode of polarization, in which the is perpendicu-
lar to the plane of incidence and the lies in the plane of incidence, is
called the transverse electric (TE) mode. If instead is transverse to the plane
of incidence, a case to be considered later, the mode is a transverse magnetic
(TM) mode. An arbitrary polarization direction represents some linear com-
bination of these two special cases. The reflected and transmitted waves in
Figure 1 can be expressed, respectively, in forms like that of the incident 
wave of Eq. (1):

(2)

(3)

In the boundary plane xy, where all three waves exit simultaneously,
there must be a fixed relationship between the three wave amplitudes (and
thus their irradiances) that has yet to be determined. Since such a relation-
ship cannot depend on the arbitrary choice of a boundary point nor a time
t, it follows that the phases of the three waves, which depend on and t, must
themselves be equal:

(4)

In particular, at the boundary point of Figure 1,

or
(5)

so that all frequencies are equal. On the other hand, at within thet = 0

B
B
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B

* B
B
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Figure 1 Defining diagram for incident,
reflected, and transmitted rays at an xy-
plane interface when the electric field is
perpendicular to the plane of incidence, the
TE mode.
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boundary plane, Eq. (4) yields:

(6)

Several conclusions can be drawn from the relations of Eq. (6). First notice
that by subtracting any two members, these relations are equivalent to

(7)

Equation (7) requires that the vectors and lie in the plane determined 
by the vectors and Thus all three propagation vectors are coplanar in
the xz-plane, and we conclude that the reflected and refracted waves lie in 
the plane of incidence. Next, consider the first two members of Eq. (6), which
govern the relationship between the incident and reflected waves. In terms of
the angles designated in Figure 1, they are equivalent to

Since both waves travel in the same medium, their wavelengths are identical
and so Therefore, we have the

(8)

Finally, the last two members of Eq. (6) are equivalent to

(9)

Writing and Eq. (9) becomes Snell’s

(10)

We continue now to specify further the situation at the boundary with
the help of boundary conditions arising out of Maxwell’s equations and treated
in texts on electricity and magnetism. We employ them here without proof.
These boundary conditions require that the components of both the electric and
magnetic fields parallel to the boundary plane be continuous as the boundary is
crossed.

Boundary Conditions for TE Waves
As mentioned earlier, TE waves have electric fields that are perpendicular to
the plane of incidence and therefore are parallel to the boundary plane sepa-
rating the two media. In terms of the choices made for the direction of the
electric fields in Figure 1, the vector amplitudes of the complex fields of 
Eqs. (1)–(3) can be written as

(11)

Here, and are the complex field amplitudes associated, respectively,
with the incident, reflected, and transmitted waves. The requirement that the
component of the electric field parallel to the boundary plane be continuous
at the boundary then gives

(12)E + Er = Et

k
B

rB.

k
B

# rB = k
B

r
# rB = k

B

t
# rB

k
B

r k
B

t

1k
B

- k
B

r2 # rB = 1k
B

- k
B

t2 # rB = 1k
B

r - k
B

t2 # rB = 0

krr sin ur = ktr sin ut

law of reflection: u = ur

k = kr .

kr sin u = krr sin ur

EtE, Er

E
B

0 = EyN E
B

0r = EryN E
B

0t = EtyN

law of refraction: nr sin ur = nt sin ut

kt = ntv>c,kr = v>yr = nrv>c
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The magnetic fields associated with the electric fields of Figure 1 have the
form,

(13)

Continuity of the parallel components of the magnetic field requires that the
field amplitudes be related by

(14)

where we have made use of Eq. (8). Equations (12) and (14) are correct for
the and vectors as chosen in Figure 1. If a different choice is made, for
example, by reversing the vector of the incident wave (and also to 
keep the direction of wave propagation the same), Eqs. (12) and (14) appear
with a change of signs. However, the physical import of these equations is
the same when they are interpreted in terms of their original figures.

Boundary Conditions for TM Waves
Before pursuing the significance of Eqs. (12) and (14) for the TE mode, we
parallel their development for the TM mode pictured in Figure 2. The electric
and magnetic fields in this figure can be written as

(15)
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Figure 2 Defining diagram for incident,
reflected, and transmitted rays at an xy-
plane interface when the magnetic field is
perpendicular to the plane of incidence, the
TM mode.
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and

(16)

Requiring continuity of the components of the electric and magnetic fields
that are parallel to the boundary gives, in this case,

(17)

(18)

Reflection and Transmission Coefficients
The magnetic field amplitudes of Eqs. (14) and (17) can be expressed 
in terms of the corresponding electric field amplitudes through the generic
relation

(19)

Writing the index of refraction for incident and refracting media as and 
respectively, Eqs. (12), (14), (17), and (18) can be recast as follows:

(20)
(21)

(22)
(23)

Next, eliminating from each pair of equations and solving for the reflection
coefficient

(24)

(25)

where we have introduced a relative refractive index Note that we
use subscripts to distinguish between the TE and TM cases. Finally, since n
and are related to through Snell’s law, may be elimi-
nated using

(26)

The results are then

(27)rTE =

Er

E
=

cos u - 2n2
- sin2 u

cos u + 2n2
- sin2 u

B
B

r = BryNei1k
B
#rB -vt2

n cos ut = n21 - sin2 ut = 2n2
- sin2 u
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B
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ut u sin u = n sin ut , ut
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#rB -vt2
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1Some texts use a different convention, in which the positive direction of the reflected electric field
for the TM case is opposite to that shown in Figure 2, leading to an expression for the reflection coef-
ficient for the TM case that differs from ours by a factor of Of course, both conventions lead to the
same physical result since the extra factor of simply reverses the direction of the reflected electric field.-1

-1.

(28)

Returning to Eqs. (20) through (23), if is eliminated instead of similar
steps lead to the following equations describing the transmission coefficient

(29)

(30)

Eqs. (29) and (30) can also be found more quickly by using Eqs. (20) and (22)
written in the form

into which the results expressed by Eqs. (27) and (28) can be conveniently
substituted. Equations (27) through (30) are the Fresnel equations, giving reflec-
tion and transmission coefficients, the ratio of both reflected and transmitted

amplitudes to the incident amplitude. Note that, for normal 
incidence, the reflection and transmission coefficients for the TE case are
identical to those for the TM case. This is sensible since for normal incidence
there is no distinction between the two cases.1 In practice, measured reflection
and transmission coefficients also depend on scattering losses from a  nonplanar
surface.

Example 1

Calculate the reflection and transmission coefficients for both TE and TM
modes of light incident from air at 30° onto glass of index 1.60.

Solution

Using Eqs. (27) and (28),

Using the relations below Eq. (30),

tTM =

1 - rTM

n
=

1 + 0.1866
1.60

= 0.7416

tTE = 1 + rTE = 1 - 0.2740 = 0.7260

rTM =

-1.62 cos130°2 + 21.62
- sin2130°2

1.62 cos130°2 + 21.62
- sin2130°2

= -0.1866

rTM =

Er

E
=

-n2 cos u + 2n2
- sin2 u

n2 cos u + 2n2
- sin2 u

Er Et ,

tTM =

Et

E
=

2n cos u

n2 cos u + 2n2
- sin2 u

tTE =

Et

E
=

2 cos u

cos u + 2n2
- sin2 u

t = Et>E:

E
B

-fieldE
B

-field

ntTM = 1 - rTM

tTE = 1 + rTE

rTE =

cos130°2 - 21.62
- sin2130°2

cos130°2 + 21.62
- sin2130°2

= -0.2740
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Figure 3 Reflection and transmission co-
efficients for the case of external reflection,
with n = n2>n1 = 1.50.

2 EXTERNAL AND INTERNAL
REFLECTIONS

When interpreting these equations, it is useful to distinguish between two
physically different situations:

Figure 3 is a plot of Eqs. (27) through (30) for the case of external 
reflection with Notice that at both normal and grazing incidence—
angles of 0° and 90°, respectively—TE and TM modes have reflection coeffi-
cients of the same magnitude and transmission coefficients of the same
magnitude. Negative values of r for both the TE and TM modes indicate a
phase change of the or vectors on reflection and will be discussed
presently. The fraction of power P in the incident wave that is reflected or
transmitted, called the reflectance and the transmittance, respectively, de-
pends on the ratio of the squares of the amplitudes.

(31)

(32)

These expressions are justified later in this chapter.
In Figure 4, reflectance is plotted as a function of the angle of inci-

dence The curve for the case of external reflection, TM mode, indicates that 
no wave energy is reflected when the angle of incidence is near 60°. The angle

at which is known as Brewster’s angle or the polarizing angle and
takes the value,

up = tan-11n2 = tan-11n2>n12

up RTM = 0

u.

n = 1.50.

internal reflection: n1 7 n2 or n =

n2

n1
6 1

external reflection: n1 6 n2 or n =

n2

n1
7 1

transmittance = T =

Pt

Pi
= na

cos ut

cos u
b t2

reflectance = R =

Pr

Pi
= r2

= a
Er

E
b

2

B
B

-fieldE
B

-
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Figure 4 Reflectance for both external
and internal reflection when and
n2 = 1.50.

n1 = 1

This condition is also evident in the vanishing of in Figure 3 and the 
vanishing of the numerator of Eq. (28). See problem 1. For the case
used in Figures 3 and 4, does not go to zero under this con-
dition, so reflected light contains only the TE mode and is linearly polarized,
with At normal incidence for both TE and TM modes,
Eqs. (24) and (25) simplify to give

(33)

Equation (33) gives a reflectance of 4% from an air/glass interface with
Keep in mind, however, that n is a function of wavelength. As the

angle of incidence increases to grazing incidence both and
become unity, although remains quite small until Brewster’s angle

has been exceeded.
The reflection coefficient for the case of internal reflection is shown in

Figure 5 with as when light encounters a glass/air interface 
from the glass side. Evidence of phase changes and of a polarizing, or Brew-
ster’s, angle may also be seen here. For the case of internal reflection we give 
Brewster’s angle the symbol Examination of Figures 4 and 5 shows that,
for the case of internal reflection, both and reach 
values of unity before the angle of incidence reaches 90°. This is the 
phenomenon of total internal reflection, which occurs at the critical angle

For the example of glass used in
Figure 5, and When the radical 

is negative and both and are complex. Their magnitudes,
however, are easily shown to be unity in this range, giving total reflection
for u 7 uc .

up = 56.31°.
n = 1.50

2n2
- sin2 u rTE rTM

RTE

rTM

n = 1.5.

R = r2
= a

1 - n

1 + n
b

2

1u = 0°2,RTE = 15%.

RTE1u = 90°2,
RTM RTM

up
œ .

n = 1>1.50,

sin uc 7 n,uc = 41.8°.up
œ

= 33.7°
1n = 1>1.52uc = sin-11n2 = sin-11n2>n12.

u

RTM = rTM
2RTE = rTE

2
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Figure 5 Reflection coefficient for the case
of internal reflection with 
1>1.50.

n = n1>n2 =

3 PHASE CHANGES ON REFLECTION

The negative values of the reflection coefficient in Figures 3 and 5 indicate that
in certain situations. Evidently, the electric field vector may reverse

direction on reflection. Equivalently, in such cases there is a shift of E
on reflection, as the following mathematical argument demonstrates:

Thus in the case of external reflection, Figure 3, a shift of E occurs 
at any angle of incidence for the TE mode and for for the TM mode.
When reflection is internal, Figure 5, we conclude that a shift occurs
for the TM mode for However, the situation in the region 
where r is complex, requires further investigation. When the 
radical in Eqs. (27) and (28) becomes imaginary, and the equations may be
written in the form

(34)

(35)

The reflection coefficients can be written in polar form as and we
shall refer to as the phase shift on reflection. In Eq. (34), the reflection 
coefficient takes the form Since the real and imagi-
nary parts of the numerator and denominator are the same, except for a sign,
the magnitudes of the numerator and denominator are equal, and has
unit amplitude. The phase of may be investigated by expressing Eq. (34)
in complex polar form, as

where So, for the TE case, the phase shift on
reflection is A similar analysis (see problem 6) can be used tofTE = -2a.

tan a = 2sin2 u - n2>cos u.

rTE =

e-ia

eia = e-i12a2

Er = - ƒ r ƒ E

rTE

u 6 up

p-phase

Er = - ƒ r ƒ E = eip
ƒ r ƒ E0e

i1k
B
#rB -vt2

= ƒ r ƒ E0e
i1k

B
#rB -vt +p2

p-phase

rTE

rTE = 1a - ib2>1a + ib2.
f

r = ƒ r ƒ eif

rTM =

-n2 cos u + i2sin2 u - n2

n2 cos u + i2sin2 u - n2

rTE =

cos u - i2sin2 u - n2

cos u + i2sin2 u - n2

u 7 uc = sin-11n2,
u 7 uc ,up

œ

6 u 6 uc .
p-phase
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Figure 6 Phase shift on reflection of the
electric field for internally reflected rays,
with n = n1>n2 = 1>1.5.

f

show that like has unit magnitude when the angle of incidence ex-
ceeds the critical angle and enables one to find the phase shift on total internal
reflection for the TM case. The phase shifts on total internal reflection
for the two cases have the form,

(36)

(37)

Clearly, the phase shift on reflection, for total internal reflection, may take on
values other than 0 and depending on the angle of incidence. The phase
shift as determined from Eqs. (36) and (37), is plotted in Figure 6. 

rTM , rTE ,

tana
fTE

2
b = -

2sin2 u - n2

cos u

fTM

f,
p,

tana
fTM - p

2
b = -

2sin2 u - n2

n2 cos u

It happens that the relative phase shift is about at an
angle of incidence near 53°. Two consecutive internal reflections thus pro-
duce a relative phase shift of (equivalently, ) be-
tween the perpendicular components of the Recall that circularly
polarized light consists of equal amplitude components with phases that differ
by Thus linearly polarized incident light with equal TM and TE compo-
nents, after two internal reflections at 53°, will be transformed into circularly
polarized light. This technique is utilized in the Fresnel rhomb (Figure 7).

Summarizing these results for the case of internal reflection,

(38)

(39)

Phase shifts for both TM and TE modes and for both internal and external re-
flection are summarized in Figure 8.

fTE = c 0, u 6 uc

-2 arctana
2sin2 u - n2

cos u
b , u 7 uc

fTM = d 0, u 6 up
œ

p, up
œ

6 u 6 uc

-2 arctana
2sin2 u - n2

n2 cos u
b + p, u 7 uc

;p>2.

E
B

-field.
21-3p>42 = -3p>2 +p>2

fTE - fTM -3p>4
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Figure 7 The Fresnel rhomb. With the 
incident light polarized at 45° to the plane of
incidence, two internal reflections produce
equal-amplitude TE and TM amplitudes
with a relative phase of or circularly
polarized light. For the angle
should be The device is effective
over a wide range of wavelengths.
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Figure 8 Phase changes on reflection 
between incident and reflected rays versus
angle of incidence. Discontinuities occur at

and for
refractive indices of and n2 = 1.50.n1 = 1

up
œ

= 33.7°uc = 41.8°, up = 56.3°,

f

Example 2

What is the phase shift of the TM and TE rays reflected both externally and
internally for the situation discussed in Example 1?

Solution

For this interface,

Since the angle of incidence of 30° is less than either or Eqs. (38) and
(39) or Figure 8 require that for internal reflection, and
while Figure 8 shows that for external reflection, and fTE = p.

fTE = 0,
fTM = p

fTM = 0
up

œ uc ,

up
œ

= tan-1a
1

1.6
b = 32.0°

up = tan-111.62 = 58.0°

uc = sin-1a
1

1.6
b = 38.7°
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A general conclusion can be drawn from the phase changes for the TE
and TM modes under internal and external reflection: Near normal inci-
dence, for both TE and TM modes, the phase shift for an internally reflected
beam differs from that of an externally reflected beam by For a thin film in
air, we are interested in the relative phase shift between rays reflected from
the first surface (external) and the second surface (internal). Inspection of
Figure 8 shows that a relative phase shift of occurs in the TE mode for 
internal angles of incidence less than and in the TM mode for internal
angles of incidence less than The corresponding ranges of external angles
of incidence at the first surface are 0° to 90° (TE mode) and 0° to (TM
mode). Thus in the TE mode a relative phase shift of occurs for all external
angles of incidence, but in the TM mode this is true only for external angles
less than 

4 CONSERVATION OF ENERGY

To conserve energy, at a given boundary, it must be true that the power inci-
dent on the boundary be equal to the sum of the power reflected at that
boundary and the power transmitted through the boundary. That is,

(40)

If we represent the reflectance R as the ratio of reflected to incident power
and the transmittance T as the ratio of transmitted to incident power,

(41)

then Eq. (40) takes the form

(42)

The irradiance I is the power density so that we may write, in place
of Eq. (40),

(43)

The cross-sectional areas of the three beams (see Figure 9) that appear in Eq. (43)
are all related to the area A intercepted by the beams in the boundary plane
through the cosines of the angles of incidence, reflection, and refraction. We
may then write

Of course, by the law of reflection. Also using the relation between ir-
radiance and electric field amplitude,

and the facts that and since they correspond to the same
medium, we arrive at the equation

(44)E0
2

= E0r
2

+ a
ytet

yiei
b a

cos ut

cos u
bE0t

2

yi = yr , ei = er ,

I = a
ey

2
bE0

2

u = ur

Ii1A cos u2 = Ir1A cos ur2 + It1A cos ut2

IiAi = IrAr + ItAt

1W>m22,

1 = R + T

R =

Pr

Pi
and T =

Pt

Pi

p.

p
up

up
œ .

uc

p

Pi = Pr + Pt

up .
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Figure 9 Comparison of cross sections of
incident, reflected, and transmitted beams.

The quantity is just a complicated way of expressing the relative re-
fractive index n, which we can show as follows:

(45)

In arriving at this result we have used

for nonmagnetic materials and the relation

for the velocity of a plane electromagnetic wave. Incorporating Eq. (45) in
Eq. (44),

(46)

Dividing the equation by the left member, it becomes

(47)

where the reflection and transmission coefficients r and t have been intro-
duced. Now the quantity is just the reflectance R:

Comparing Eq. (47) with Eq. (42), it follows that the transmittance T is expressed
by the relation

(48)T = na
cos ut

cos u
b t2

R =

Pr

Pi
=

Ir

Ii
= a

E0r

E0i
b

2

= r2

r2

1 = r2
+ na

cos ut

cos u
b t2

E0i
2

= E0r
2

+ na
cos ut

cos u
bE0t

2

y2
=

1
me

mi = mt = m0

ytet

yiei
=

yt

yi

yi
2mi

yt
2mt

=

yi

yt
= n

1ytet>yiei2

Fresnel Equations 503



Notice that T is not simply since it must take into account a different
speed and direction in a new medium. The change in speed modifies the rate
of energy propagation and thus the power of the beam; the change in direc-
tion modifies the cross section and thus the power density of the beam. How-
ever, for normal incidence, Eq. (48) reduces to and Eq. (47) becomes

(49)

Note that throughout this section we have assumed that the reflection and
transmission coefficients are real, as they will be for all external reflections
and all internal reflections with angles of incidence less than the critical angle.

Example 3

Calculate the reflectance R and transmittance T for both TE and TM modes
of light incident at 30° on glass of index 1.60.

Solution

The reflection and transmission coefficients for this situation are given in
the solution to Example 1. Using these, the reflectance and transmittance
are found to be

5 EVANESCENT WAVES

In discussing the propagation of a light wave by total internal reflection
(TIR) through an optical fiber, we mentioned the phenomenon of cross talk,
the coupling of wave energy into another medium when it is brought close
enough to the reflecting wave. This loss of energy is described as frustrated
total internal reflection. The theory presented in this chapter allows us to 
describe this phenomenon quantitatively.

The transmitted wave at a refraction can be represented as

where, according to the coordinates chosen in Figure 1,

We can express as

where we have used Snell’s law, in writing the last equality. At
the critical angle, and For angles such that

when TIR occurs, becomes purely imaginary and we can write

cos ut = iB
sin2 u

n2 - 1

k
B

t
# rB = kt 1-sin ut xN -cos utNz2 # 1x Nx + z Nz2

sin u 7 n, cos ut

sin u = n cos ut = cos190°2 = 0.
n sin ut = sin u

cos ut K 21 - sin2 ut = B1 -

sin2 u

n2

cos ut

k
B

t
# rB = kt 1-x sin ut - z cos ut2

Et = E0te
i1k

B

t
#rB -vt2

RTM = rTM
2

= 1-0.186622 = 0.035 and TTM = 1 - RTM = 0.965

RTE = rTE
2

= 1-0.274022 = 0.075 and TTE = 1 - RTE = 0.925

normal incidence: 1 = r2
+ nt2

T = nt2

t2
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Thus the exponential factor

In writing the last equality we have noted that, for the situation depicted in
Figure 1, the transmitted wave exists in the region for which and so 
in this region With the definition of the real, positive number,

the transmitted wave may be expressed as

The last factor on the right-hand side of this relation describes an exponential
decrease in the amplitude of the wave as it enters the medium of lesser re-
fractive index along the negative z-direction. When the wave penetrates into
the medium of lesser refractive index by an amount

(50)

the amplitude is decreased by a factor of 1/e. The energy of this evanescent
wave returns to its original medium unless a second medium is introduced
into its region of penetration. Although detrimental in the case of cross talk
in closely bound fibers lacking sufficient thickness of protective cladding, the
frustration of the total internal reflection is put to good use in devices such as
variable output couplers, made of two right-angle prisms whose separation
along their diagonal faces can be carefully adjusted to vary the amount of
evanescent wave coupled from one prism into the other. Another application
involves a prism face brought near to the surface of an optical waveguide so
that the evanescent wave emerging from the prism can be coupled into the
waveguide at a given angle (mode) of propagation.

Example 4

Calculate the penetration depth of an evanescent wave undergoing TIR at
a glass- interface, such that the amplitude is attenuated to
1/e of its original value. Assume light of wavelength 500 nm is incident on the
interface at an angle of 60°.

Solution

Since TIR occurs at 60°. The penetration depth is
given by Eq. (50):

ƒ z ƒ =

0.500 mm

2pB
sin2 60

11>1.522
- 1

= 0.096 mm

k
B

t
# rB = -ktx

sin u
n

- iktzB
sin2 u

n2 - 1 = -ktx
sin u

n
+ ikt ƒ z ƒ B

sin2 u

n2 - 1

uc = sin-111>1.52 = 41.8°,

1n = 1.502 to-air

ƒ z ƒ =

1
a

=

l

2pB
sin2 u

n2 - 1

z = - ƒ z ƒ .
z 6 0,

a K ktB
sin2 u

n2 - 1

Et = E0te
i1k

B

t
#rB -vt2

= E0te
-ivte-ixkt sin u>ne-a ƒz ƒ
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6 COMPLEX REFRACTIVE INDEX

We wish now to show that when the reflecting surface is metallic, the Fresnel
equations we have derived continue to be valid, with one important modifi-
cation: The index of refraction becomes a complex number, including an
imaginary part that is a measure of the absorption of the wave. 

When the reflecting surface is that of a homogeneous dielectric—the
case we have been discussing in this chapter—the conductivity of the mate-
rial is zero. The conductivity is the proportionality constant in Ohm’s law,

where is the current density produced by the field In such cases,
both the and satisfy a differential wave equation of the form

(51)

We have written harmonic waves satisfying Eq. (51) in the form

(52)

Now if the material is metallic or has an appreciable conductivity, the funda-
mental Maxwell equations of electricity and magnetism lead to a modifica-
tion of Eqs. (51) and (52). The differential wave equation to be satisfied by
the is then

(53)

Note that, compared with Eq. (51), the new wave equation, given as Eq. (53),
includes an additional term involving the conductivity and the first time deriva-
tive of E. As a result, when a harmonic wave in the form of Eq. (52) is substitut-
ed into Eq. (53), we find that the propagation vector must have the complex
magnitude

(54)

Since the refractive index n is related to k by the refractive index
is now the complex number

(55)

or we write, in general,

(56)

where Re and Im Combing Eqs. (55) and (56) and equat-
ing their real and imaginary parts, the optical constants and can be nR nI

1n
'

2 = nR 1n
'

2 = nI .

n
'

= nR + inI

n
'

= c1 + ia
s

e0v
b d

1>2

n = 1c>v2k,

k
'

=

v

c
c1 + ia

s

e0v
b d

1>2

k
B

§
2E = a

1

c2 b
0

2E

0t2 + a
s

e0c
2 b

0E

0t

E
B

-field

E = E0e
i1k

B
#rB -vt2

s

j
B

= sE
B

E
B

- B
B

-fields
j
B

1A>m22 E
B

.
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1
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0
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found in terms of the conductivity by the equations

(57)

Furthermore, if the complex character of k in the form

(58)

is introduced into the harmonic wave, Eq. (52), the result is

(59)

where s is the directed distance along the propagation direction. We conclude
from Eq. (59) that the wave propagates in the material at a wave speed
and is absorbed such that the amplitude decreases at a rate governed by the
exponential factor Thus, Re must behave as the ordi-
nary refractive index, and Im called the extinction coefficient, 
determines the rate of absorption of the wave in the conductive medium. This
absorption, due to the energy contributed to the production of conduction
current j in the material, is usually described by the decrease in power density I
with distance, given by

(60)

By comparison with the power density as determined from Eq. (59), where

(61)

Thus, the absorption coefficient is related to the extinction coefficient by

(62)

7 REFLECTION FROM METALS

Replacing n by in the Fresnel equations, Eqs. (27) and (28), we have for metals,

(63)

(64)

Introducing as into Eqs. (63) and (64) gives

(65)

nR
2

- nI
2

= 1

TE:
Er

E
=

cos u - 21nR
2

- nI
2

- sin2 u2 + i12nRnI2

cos u + 21nR
2

- nI
2

- sin2 u2 + i12nRnI2

2nRnI =

s

e0v

n
'

nR + inI

TM:
Er

E
=

-n
' 2 cos u + 2n

' 2
- sin2 u

n
' 2 cos u + 2n

' 2
- sin2 u

TE:
Er

E
=

cos u - 2n
'2

- sin2 u

cos u + 2n
'2

- sin2 u

n
'

a =

2vnI

c
=

4pnI

l

a nI

I = I0e
-2vnIs>c

I r ƒ E ƒ
2,

I = I0e
-as

k
'

= a
v

c
bn

'

= a
v

c
b [nR + inI]

E = E0e
-1vnIs>c2eiv1nRs>c - t2

c>nR

1n
'

2 = nI ,
e-1vnIs>c2. 1n

'

2 = nR
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(66)

In calculating the reflectance the complex quantity can
first be reduced to a ratio of complex numbers in the form
so that

In the process, we must take the square root of a complex number, which is
done by first putting it into polar form. For example, if then, in
polar form,

and the square root becomes

(67)

The complex expression in Eq. (67) can then be returned to the general com-
plex form using Euler’s equation. These mathematical steps are easily 
performed with a programmable calculator or a computer. In Figure 10, the 
results of such calculations are shown for two metal surfaces, solid sodium and
single-crystal gallium. High reflectance in the visible spectrum is characteristic
of metallic surfaces, as shown by the curves for solid sodium at a wavelength of
589.3 nm. Strong discrimination between the TE and TM modes in the inci-
dent radiation is exhibited by the curves for single-crystal gallium surfaces.

TM:
Er

E
=

- [nR
2

- nI
2

+ i12nRnI2] cos u +21nR
2

- nI
2

- sin2 u2 + i12nRnI2

[nR
2

- nI
2

+ i12nRnI2] cos u +21nR
2

- nI
2

- sin2 u2 + i12nRnI2

C + iD

z1>2
= 1A2

+ B221>4ei[11>22 tan-11B>A2]

z = 1A2
+ B221>2ei[tan-11B>A2]

z = A + iB,

R = 1a2
+ b22>1c2

+ d22

1a + ib2>1c + id2,
R = ƒ Er>E ƒ

2, Er>E

TM

TM

Single-crystal gallium:
nR � 3.7, nI � 5.4
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Solid sodium:
nR � 0.04, nI � 2.4

Figure 10 Reflectance from metal sur-
faces by using Fresnel’s equations. The val-
ues of and are given for sodium light
of l = 589.3 nm.

nInR

PROBLEMS

1 Show that the vanishing of the reflection coefficient in
the TM mode, Eq. (28), occurs at Brewster’s angle,

2 The critical angle for a certain oil is found to be 
What are its Brewster’s angles for both external and inter-
nal reflections?

33°33¿.

up = tan-11n2.

3 Determine the critical angle and polarizing angles for (a)
external and (b) internal reflections from dense flint glass
of index 

4 For what refractive index are the critical angle and (ex-
ternal) Brewster angle equal when the first medium is
air?

n = 1.84.
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5 Show that the Fresnel equations, Eqs. (27) to (30), may also
be expressed by

6 Show that Eq. (37) follows from Eq. (35).

7 Using Eqs. (27) through (30) and a computer program 
or a computer algebra system, reproduce Figures 3 and 5.
Also, change the value of n to produce graphs for the case
of external and internal reflection from diamond

8 Use a computer to calculate and plot the reflectance curves
of Figure 4. Also plot the corresponding transmittance.

9 Use a computer to calculate and plot the phase shifts on re-
flection as a function of angle of incidence for Take

to reproduce Figure 6 and then make similar
plots for and 

10 A film of magnesium fluoride is deposited onto a glass sub-
strate with optical thickness equal to one-fourth the wave-
length of the light to be reflected from it. Refractive indices for
the film and substrate are 1.38 and 1.52, respectively. Assume
that the film is nonabsorbing. For monochromatic light inci-
dent normally on the film, determine (a) reflectance from the
air–film surface; (b) reflectance from the film–glass surface;
(c) reflectance from an air–glass surface without the film;
(d) net reflectance from the combination.

11 Calculate the reflectance of water for both
(a) TE and (b) TM polarizations when the angles of inci-
dence are 0°, 10°, 45°, and 90°.

12 Light is incident upon an air–diamond interface. If the
index of diamond is 2.42, calculate the Brewster and critical
angles for both (a) external and (b) internal reflections. In
each case distinguish between polarization modes.

13 Calculate the percent reflectance and transmittance for
both (a) TE and (b) TM modes of light incident at 50° on a
glass surface of index 1.60.

14 Derive Eqs. (29) and (30) for the transmission coefficients
both by (a) eliminating from Eqs. (20) to (23) and by 
(b) using the corresponding equations for the reflection 
coefficients, together with the relationships between reflec-
tion and transmission coefficients implied by Eqs. (20) 
and (22).

Er

n = 1>2.42.n = 1>1.3

1n = 1.332

n = 1>1.5
u 7 uc .

1n = 2.422.

TM: r = -

tan 1u - ut2

tan 1u + ut2
t =

2 cos u sin ut

sin 1u + ut2 cos 1u - ut2

TE: r = -

sin 1u - ut2

sin 1u + ut2
t =

2 cos u sin ut

sin 1u + ut2

15 Unpolarized light is reflected from a plane surface of fused
silica glass of index 1.458.

a. Determine the critical and polarizing angles.
b. Determine the reflectance and transmittance for the

TE mode at normal incidence and at 45°.
c. Repeat (b) for the TM mode.
d. Calculate the phase difference between TM and TE

modes for internally reflected rays at angles of incidence
of 0°, 20°, 40°, 50°, 70°, and 90°.

16 A Fresnel rhomb is constructed of transparent material of
index 1.65.

a. What should be the apex angle as in Figure 7?
b. What is the phase difference between the TE and TM

modes after both reflections, when the angle is 5% below
and above the correct value?

17 Determine the reflectance for metallic reflection of sodi-
um light (589.3 nm) from steel, for which and

Calculate reflectance for (a) TE and (b) TM
modes at angles of incidence of 0°, 30°, 50°, 70°, and 90°.

18 Determine the reflectance from tin at angles of incidence
of 0°, 30°, and 60°. Do this for the (a) TE and (b) TM modes
of polarization. Real and imaginary parts of the complex
refractive index are 1.5 and 5.3, respectively, for light of
589.3 nm.

19 a. What is the absorption coefficient for tin, with an imagi-
nary part of the refractive index equal to 5.3 for 589.3-nm
light?

b. At what depth is 99% of normally incident sodium light
absorbed in tin?

20 a. From the power conservation requirement, as ex-
pressed by Eq. (47), show that for an external reflec-
tion the transmission coefficient t must be less than 1,
but for an internal reflection may be greater than 1.

b. Show further, using the Fresnel Eqs. (29) and (30), that
as the angle of incidence approaches the critical angle,

must approach a value of 2 in the TE mode and 2/n in
the TM mode.

c. Plot the transmission coefficient for an interface be-
tween glass and air.

21 A narrow beam of light is rotated through
90° by TIR from the hypotenuse face of a 45°–90°–45°
prism made of glass with 

a. What is the penetration depth at which the amplitude
of the evanescent wave is reduced to 1/e of its value at
the surface?

b. What is the ratio of irradiance of the evanescent wave
at beyond the surface to that at the surface?1 mm

n = 1.60.

1l = 546 nm2

1n = 1.52
t¿

t¿

t¿

nI = 1.381.
nR = 2.485

u,
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Nonlinear Optics and the 
Modulation of Light

INTRODUCTION

Much of the optics you are familiar with, including the processes of transmis-
sion, reflection, refraction, superposition, and birefringence, fall in the category
of what is called linear optics. When we speak of linear optics, we assume that
an optical disturbance propagating through an optical medium can be de-
scribed by a linear wave equation. As a consequence of this assumption, two
harmonic waves in the medium obey the principle of superposition, traveling
without distortion due to the medium itself or as a result of the mutual inter-
ference of the waves, regardless of the intensity of the light. Only the wave-
length and velocity of a light beam in a transparent material are required to
describe its behavior.

When the light irradiance becomes great enough, linear optics is not ade-
quate to describe the situation. With the advent of the more intense and coher-
ent light made available by the laser, we find that the optical properties of the
medium, such as its refractive index, become a function of the electric field of
the light. When two or more light waves interfere within the medium, the princi-
ple of superposition no longer holds. The light waves interact with one another
and with the medium. These nonlinear phenomena require an extension of the
linear theory that allows for a nonlinear response of optical materials to the
electromagnetic radiation.

In this chapter we define more precisely the area of nonlinear optics, de-
scribe and categorize some nonlinear phenomena, and discuss some of their
practical applications.

u1

Incident
light Zero order
beam

Piezoelectric
crystal

AM signal

First-order diffraction

Modulated
beam
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1 THE NONLINEAR MEDIUM

Nonlinear phenomena are due ultimately to the inability of the dipoles in the
optical medium to respond in a linear fashion to the alternating associ-
ated with a light beam. Atomic nuclei are too massive and inner-core elec-
trons too tightly bound to respond to the alternating at the frequency
of light Thus the outer electrons of the atoms in a material
are primarily responsible for the polarization of the optical medium by the
beam’s 1 When the oscillations of these electrons in response to the
field are small, the polarization is proportional to the . However, as 
the strength of the increases, strict proportionality begins to fail, just
as the harmonic oscillations of a simple spring become increasingly anhar-
monic as the amplitude of the oscillations increases. Another means of excit-
ing nonlinear behavior without using high beam irradiances is to choose the
exciting optical frequency near a resonant frequency of the oscillating
dipoles, a technique widely utilized in nonlinear spectroscopy and known as
resonance enhancement.2

The polarization of a linear medium by an electric field is usually writ-
ten in the form

(1)

where is the susceptibility and is the vacuum permittivity. When depar-
tures from linearity are small, it is possible to represent the modification of
the susceptibility in a nonlinear medium by a power series in the form

(2)

When substituted into Eq. (1), the polarization strength takes the form

(3)

or

where the subscripts on match the powers of E and reflect the decreasing

magnitude of the higher-order terms. The linear and nonlinear susceptibility

coefficients characterize the optical properties of the medium, and this rela-

tion between P and E completely characterizes the response of the optical

medium to the field. We note that in linear media, where only the contri-

bution is important, it is common to define the permittivity of the medium to

be so that The speed of light in a linear nonmagnetic ma-

terial can be written as and the index of refraction of such a ma-

terial is .
The first term in Eq. (3) represents linear optics in which the polariza-

tion of the medium is simply proportional to the Unless the
amplitude is very large, the of the higher-power E-terms are too
small to allow these terms to influence the polarization appreciably. Only with
the availability of intense, coherent light have these higher-order terms become
important. The high coherence of laser light allows the beam to be focused onto

E
B

-field

1'1014–1015 Hz2.
E
B

-field

E
B

-field
x-coefficients

E
B

-field
E
B

-field.

E
B

-field.
P1

n = c>y = 1em0>1e0m0 = 1e>e0

y = 1>1em0

P1 = eE.e = e0x1

x1

x

P = P1 + 1P2 + P3 +
Á 2

()* (''')'''*

linear small nonlinear terms

P = e01x1E + x2E
2

+ x3E
3

+
Á 2

x = x1 + x2E + x3E
2

+
Á

e0x

P
B

= e0xE
B

E
B

E
B

-field

1We speak here of the electric polarization, rather than wave polarization.
2P. N. Butcher, and D. Cotter, The Elements of Nonlinear Optics (New York: Cambridge Uni-

versity Press, 1990), Ch. 6.
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3P. A. Franken, A. E. Hill, C. W. Peters, and G. Weireich. “Generation of Optical Harmonics,”

Phys. Rev. Letters, 7, 1961: 118.

small spots with wavelength dimensions, producing electric field strengths ex-
ceeding —on the order of the strengths of the fields binding electrons
to nuclei in the optical medium. Peter Franken and his associates are credited
with the first nonlinear coherent optics experiment,3 conducted at the Univer-
sity of Michigan in 1961. The team focused the coherent 694.3-nm output from
a pulsed ruby laser onto a quartz crystal and detected second harmonic genera-
tion, the presence in the output of a weak ultraviolet coherent radiation com-
ponent at 347.15 nm, twice the frequency or half the wavelength of the exciting
light. This nonlinear phenomenon is discussed in the next section. Materials
used in electro-optic applications typically have second-order nonlinear sus-
ceptibility constants in the range of to and third-order
nonlinear susceptibilities in the range of to In the fol-
lowing example we estimate the field strengths and irradiances required to
make the nonlinear contributions to the polarization sizeable compared to the
linear contribution.

Example 1

a. Estimate the electric field amplitude and irradiance that would cause

the second-order nonlinear contribution to the polarization to be 1%

of the linear contribution in KDP KDP has an index of re-

fraction of about 1.5 and a second-order nonlinear susceptibility of

about 

b. Estimate the electric field amplitude and irradiance that would cause

the third-order nonlinear contribution to the polarization to be 1% of

the linear contribution in a certain mix of in ethanol. This

mix has an index of refraction of about 1.3 and a third-order nonlinear

susceptibility of about 

Solution

a. The linear susceptibility for KDP can be found from the relation given

earlier,

Therefore, Then for the term of the polar-

ization to be 1% of the linear term, the electric field amplitude must

satisfy the relation

or

This electric field strength corresponds to an irradiance of

12.25 * 101022 W>m2
L 1018 W>m2

= 1014 W>cm2

I =

1

2
e0cnE0

2
=

1

2
18.85 * 10-12213 * 108211.52

10-17 m2>V2 10-22 m2>V2.

10-13 m>V,10-10 m>Vx2

1010 V>m

E0

E0 =

10.012x1

x2
=

10.01212.252

10-12 m>V
= 2.25 * 1010 V>m

x2E0
2

= 10.012x1E0

E0

x2x1 = n2
= 1.52

= 2.25.

n =

c
y

= A
e

e0
= A

e0x1

e0
= 1x1

10-20 m2>V2.x3

b-carotene

10-12 m>V.

x2

1KH2PO42.
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This irradiance would result, for example, from a pulsed laser field of

power 100 MW focused to a spot of radius about While achiev-

able, this is a very large irradiance.

b. Following the routine used in part (a), the linear susceptibility of

in ethanol is Then for the term

of the polarization to be 1% of the linear term,

or,

The corresponding irradiance is about

2 SECOND HARMONIC GENERATION 
AND FREQUENCY MIXING

In this section we will discuss the manner in which a nonlinear crystal can be
used to convert energy in an electromagnetic wave of a given frequency—or
from several electromagnetic waves of given frequencies—to energy in an
electromagnetic wave at a different frequency. Such processes provide a
means of producing intense and coherent electromagnetic radiation at fre-
quencies at which there are no efficient laser transitions.

Second Harmonic Generation
Second harmonic generation results from the contribution of the second-
order term in Eq. (3):

(4)

in which the second-order polarization term of the optical medium is pro-
portional to the square of the electric field. Figure 1 shows the polarization as
a function of the electric field for the linear case and the deviation from lin-
earity due to this second-order term.

It can be shown that the second-order term makes no contribution to
polarization in an isotropic optical material or one having a center of symme-
try. A crystal having a center of symmetry is characterized by an inversion
center, such that if the radial coordinate r is changed to the crystal’s
atomic arrangement remains unchanged and so the crystal responds in the
same way to a physical influence. In such a crystal, reversing the applied field
should not—except for a change in sign—change any physical property, such
as its polarization. Thus we should have both

Because the E-field is squared, which can only be true if
The quartz crystal used by Franken, and many other crystals as well, do not
possess inversion symmetry. They can, therefore, manifest second harmonic
generation in addition to other second-order phenomena to be described
presently.

The appearance of a second harmonic in the polarization is expected
from the following mathematical argument. If the applied electric field, or

P2 = -P2 , P2 = 0.

P2 = e0x21+E22 and -P2 = e0x21-E22

5 mm.

-r,

b-carotene x1 = n2
= 1.32

= 1.69. x3

x3E0
3

= 10.012x1E0

11.3 * 10922 W>m2
L 3 * 1015 W>m2

= 3 * 1011 W>cm2

P2

P2 = e0x2E
2

I =

1

2
e0cnE0

2
=

1

2
18.85 * 10-12213 * 108211.32

E0 = A10.012
x1

x3
= A10.012

1.69

10-20
V>m = 1.3 * 109 V>m

�E0

�E0

�P0

�P0

E

P

Figure 1 Linear and typical nonlinear 

response of polarization P to an applied

electric field E. For equal positive and nega-

tive fields, the response of the optical medi-

um is not symmetrical in the case of the

nonlinear (curved line) response. In this

case, the negative field produces a greater

polarization than a positive field of the same

magnitude.

E0
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one of its Fourier components, is of the form

substitution into Eq. (4) gives

where we have substituted the double-angle identity for Then

(5)

Evidently, the second-order polarization consists of a term of twice the fre-
quency of the applied optical field as well as a constant or DC component
that represents optical rectification. Optical rectification results in a time-
independent polarization in the medium that manifests itself as a DC voltage,
in a direction transverse to the field propagation, across the nonlinear crystal.
The component of oscillating at corresponds to dipole oscillations in
the medium at this same frequency. These dipole oscillations generate elec-
tromagnetic radiation of angular frequency which is present in the resul-
tant field, together with the stronger first-order field at the fundamental
frequency Second harmonic generation is commonly used, for example, to
produce light of wavelength 532 nm by passing the 1064-nm light produced
by a Nd:YAG laser through a nonlinear crystal.

Phase Matching
The same nonlinear interaction that allows conversion of energy in the funda-
mental electromagnetic wave of frequency into energy in the second har-
monic electromagnetic wave of frequency also allows for energy conversion
in the other direction. That is, the nonlinear interaction can convert energy
from the second harmonic wave into the fundamental wave. The direction of
energy flow depends critically on the phase of the fundamental field, which
drives the nonlinear polarization, relative to the phase of the second harmon-
ic field, which is absorbed and emitted by the dipole oscillations comprising
the nonlinear polarization. Because of dispersion, the light continuously gen-
erated at frequency travels at a different speed in the optical material than
the light at frequency Thus, the two waves are periodically in and out of
step as they traverse the crystal. One can show4 that the irradiance in the sec-
ond harmonic field is proportional to the irradiance factor

where L is the distance into the crystal and k is the wave propagation con-
stant, equal to Here, When we say the fields
are phase matched in the crystal and the irradiance factor above is a maxi-
mum. Because dispersion is present in materials, is not typically zero and
the irradiance factor describes the consequent reduction in the irradiance of
the generated second harmonic field due to the phase difference that devel-
ops between the two fields as they propagate through the nonlinear crystal.
The coherence length is defined by the relation Thus,

When the sinc-squared intensity factor is reduced to about 0.4 of its
maximum value and so represents an estimate of the useful length of a crystal

L = LC ,

LC = p>¢k

LC ¢kLC = p.

¢k

nv>c. ¢k = k2v - 2kv . ¢k = 0

sinc2a
¢kL

2
b

E = E0 cos vt

v.
2v

2v
v

v.

2v,

P2 2v

P2

P2 =
1
2
e0x2E0

2
+

1
2
e0x2E0

2 cos 2vt

cos2 vt.

P2 = e0x2E0
2 cos2 vt = e0x2E0

2 [
1
2
11+ cos 2vt2]
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designed for efficient second harmonic generation using light with a phase
mismatch The coherence length can also be expressed as

(6)

where we have used

In Eq. (6), is the vacuum wavelength of the fundamental and the
amount the index of refraction of the fundamental differs from that of the
second harmonic.

Example 2

Consider a situation in which an incident fundamental field of wavelength

is incident on a KDP crystal with refractive indices 1.4802 for

the second harmonic and 1.5019 for the fundamental. What is the maximum

crystal thickness useful in generating second harmonic light?

Solution

Substitution into Eq. (6) gives

This calculation shows that the maximum crystal thickness useful in gener-

ating second harmonic light is typically quite small, in this case around 10

times the wavelength of the fundamental. Crystals with thicknesses equal to

their coherence length are impractically small.

Birefringent Phase Matching
A technique commonly used to circumvent the small coherence length of
nonlinear crystals makes use of their birefringence. The refractive index (and
so the velocity) of the extraordinary (E) ray varies with direction through the
crystal. If a direction through the crystal is chosen such that for the E-ray
equals for the ordinary (O) ray, the fundamental and second harmonic
waves remain in step and the crystal can be a centimeter or so thick. This
technique is called index matching or birefringent phase matching and is clar-
ified by Figure 2a, which shows how the ellipsoids representing the velocity
versus crystal direction for the E- and O-rays intersect along the direction of
matching.

Quasi-Phase Matching
An alternative to birefringent phase matching is so-called quasi-phase matching,
QPM. In this technique a phase mismatch between the fundamental and
second harmonic fields can be compensated for by using a nonlinear crystal with
a periodic structure such that the sign of changes every coherence length
of the crystal. Such a periodic structure could be constructed by slicing a crystal
into many thin slabs, each having a width equal to and then placing the slabs
back together in a manner such that each slab is rotated 180° relative to its
neighbors. Since materials with nonzero second-order susceptibilities lack in-
version symmetry, the resulting crystal will have a second-order susceptibility
that changes sign each coherence length of the crystal, as shown in Figure 2b.
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l0 = 0.8 mm

l0 ¢n

k =

nv
c

and ¢k =

n2v12v2

c
-

2nv1v2

c
=

2v

c
¢n

Nonlinear Optics and the Modulation of Light 515



The coherence length of the crystal is the length over which the direction of en-
ergy flow is from the fundamental field to the second harmonic field. Thus, just
as the direction of energy flow in the crystal is about to switch so as to cause at-
tenuation of the second harmonic field, the sign of changes. This change in
sign restores the proper phase relation between the dipoles and the second har-
monic field and so ensures continued amplification of the second harmonic
field. The small coherence length associated with the phase mismatch in many
crystals (see Example 2) makes the construction of a QPM crystal by the
method just described somewhat impractical. Instead, external fields can be
used to perform a periodic poling of a nonlinear ferroelectric material or a non-
linear polymer. This permanent periodic poling produces the alternating sign of

needed for QPM. A common structure of this type is commonly referred to
as periodically poled lithium niobate, or PPLN.

Frequency Mixing
When two or more incident beams with different frequencies are allowed to
interfere within a nonlinear dielectric material, frequency mixing can occur.
For example, consider two interfering incident waves of frequencies and

represented in the form

or, in the equivalent exponential form,

The second-order nonlinear polarization is proportional to
the square of this incident field and so evidently produces harmonic fields at

and 
A special case of frequency mixing is the process known as parametric am-

plification. Instead of as in second harmonic generation, it is possible
to have sum frequency generation such that or difference fre-
quency generation such that In common parlance, the two wave
components input into a nonlinear crystal are called the pump and signal waves.
The generated difference wave is known as the idler wave. Suppose, then, that a
small signal wave at and a powerful pump wave at interact
within a nonlinear medium. A difference or idler frequency
can be produced. This idler frequency can in turn beat with the pump frequency
to enhance the signal frequency, In this process, therefore, both
idler and signal waves can be amplified, drawing power from the pump wave.
When signal and idler frequencies correspond to resonant frequencies in the
nonlinear crystal acting as a tuned Fabry-Perot cavity, the parametric oscillator
is a tunable source of coherent radiation. Tuning the cavity is accomplished by
varying the refractive index of the cavity through control of temperature or an
applied DC field. 

vs = vp - vi .

v3 = vi = vp - vs

vp = v2vs = v1

v1 - v2 : v3 .
v1 + v2 : v3

2v1 : v3 ,

2v1 , 2v2 , v1 - v2 , v1 + v2 .

P2 = e0x2E
2

E =
1
2
E011e

iv1t
+ e-iv1t2 +

1
2
E021e

iv2t
+ e-iv2t2

E = E01 cos v1t + E02 cos v2t

v2

v1

x2

x2

Figure 2 Phase matching techniques. (a)

Velocity ellipsoids for orthogonally polar-

ized light beams in a birefringent medium.

The O-ray ellipsoid is spherical and inter-

sects the E-ray ellipsoid along a direction

(shown relative to the optic axis) for which

both rays have the same velocity. (b) QPM

crystal.

E-ray velocity
surface

O-ray velocity
surface

Optic axis
Direction of
matching

� �� � � ��

Propagation
direction

Sign of x2

Lc

(a) (b)

Nonlinear Optics and the Modulation of Light516 Chapter 24



Second harmonic generation is not the only nonlinear phenomenon
that results from the quadratic dependence of the polarization on the electric
field. Table 1 lists others, as well as several that depend on the third-order
contribution to the polarization of the medium, For example,
notice that for third-order nonlinear processes, third harmonic generation can
occur. We describe several of the nonlinear phenomena listed in Table 1 in
the remaining sections of this chapter.

3 ELECTRO-OPTIC EFFECTS

Nonlinear electro-optics effects result from the application of a DC (or low-
frequency) electric field to a medium. In this section we discuss two such ef-
fects, the Pockels effect and the Kerr effect, and show that these effects can be
used in light modulators. By light modulation, we mean the modification of
the amplitude (AM), frequency (FM), phase, polarization, or direction of a
light wave. One purpose of modulation is to render the wave capable of car-
rying information. Of course, light choppers and shutters can accomplish some
modulation mechanically. We are interested here in describing the modulation
that is accomplished by varying the refractive index of a material through the
use of an applied electric field. In subsequent sections of this chapter, we exam-
ine so-called magneto-optic and acousto-optic devices.

The basic equation describing nonlinear behavior was given as Eq. (3), a
relation between the polarization of the medium and the applied electric field.
In dealing with crystalline media, which represent most of the useful electro-
optic materials, it is customary to express nonlinearity of the refractive index n
by an equation5 analogous to Eq. (2) for the susceptibility:

(7)

where r and R are the linear and quadratic electro-optic coefficients,6 respec-
tively, and we assume that there is no other effect present (like crystal strain)
that can modify n. The refractive index in the absence of an applied field is
In general, the refractive index depends on the propagation direction and wave
polarization relative to the crystal axes. Since is a vector field, the coefficients
r and R are tensors that reflect the crystal symmetry. Depending on the degree

E
B

P3 = e0x3E
3.

n0 .

1

n2
=

1

n0
2

+ rE + RE2

TABLE 1 LINEAR AND NONLINEAR PROCESSES

Linear first order: Nonlinear second order: Nonlinear third order:

Classical optics: Materials lacking inversion Materials with inversion 

symmetry: symmetry:

Superposition Second harmonic generation Third harmonic generation

Reflection Three-wave mixing Four-wave mixing

Refraction Optical rectification Kerr effect

Birefringence Parametric amplification Raman scattering

Absorption Pockels effect Brillouin scattering

Optical phase conjugation

P3 = e0x3E
3P2 = e0x2E

2P1 = e0x1E

5Ivan P. Kaminov, An Introduction to Electrooptic Devices (New York: Academic Press, 1974),

Ch. 3.
6It is important to distinguish the “order” of an electro-optic process as determined from

Eq. (3) for the polarization and as determined from Eq. (7) for or For example, the Pockels

effect is a second-order effect (involving ) by the first criterion and a first-order effect (involving r)

by the second. Both criteria are used.

x2

¢n.1>n2
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7The linear electro-optic tensor is defined by the relation with

and For example, in crystals of triclinic symmetry, all the 18 possible ten-

sor elements are required; in zinc blende (GaAs), only one is required; in centrosymmetric crystals, all

elements are zero. See for example, Ammon Yariv, Optical Electronics, 3d ed. (New York: Holt, Rine-

hart and Winston, 1985), Ch. 9.
8Single crystals can be divided into 32 symmetry classes; of these, 20 show the Pockels effect.

j = x, y, z.i = 1, 2, 3, Á , 6

¢11>n22i = ©jpijEj ,pij

of symmetry, many tensor components may vanish or become equal to others,
reducing the total number of independent elements7 required to represent a
particular crystalline material.

The Pockels Effect
The Pockels effect results from the linear term in Eq. (7), where E is an applied
DC field. This effect can be considered a special case of two-wave mixing, where
one of the waves is the incident optical wave and the other a field of zero fre-
quency. The optical electric field can be small, since the DC field is itself large
enough to produce nonlinear behavior. In general, the DC field redistributes
electrons in such a way that birefringence is induced in an otherwise isotropic
material, or new optic axes appear in naturally birefringent crystals. Since the
Pockels effect is a second-order effect relative to the polarization [Eq. (3)], it is
not found in isotropic materials having inversion symmetry. All crystalline
materials exhibiting a Pockels effect8 are also piezoelectric; that is, they show
induced birefringence due to mechanical strain. Since the effect was discovered
in 1893, long before the discovery of the laser, it was well known even before in-
tense optical fields became available.

In one configuration of the Pockels cell, the natural optic axis of the crys-
tal is aligned parallel to the applied field. Fast and slow axes are induced in a
plane normal to the applied field, as shown in Figure 3. If the Pockels cell crys-
tal is rotated until the FA and SA are at 45° to the x- and y-axes, a vertically
polarized light wave incident on the crystal along the field direction has
equal amplitude components on FA and SA. These components experience
different refractive indices and different speeds through the crystal. The

E
B

0

V

E0

Incident
field

y

x

FA

SA

45�
45�

z

Figure 3 Pockels cell schematic. The retar-

dation action due to an applied voltage V is

suggested by an on-axis separation of the

polarized components transmitted by the

fast and slow axes of the crystal.
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crystal therefore behaves as a phase retarder, and the component waves
emerge with a phase difference. One component advances in phase by
and the other lags in phase by while traversing the crystal of length L, so
that their relative phase on emerging is given by Now

where is the vacuum wavelength and represents
the optical-path difference induced in each component by the applied field. We
find from Eq. (7), which, for small changes, can be approximated by

The term is considered negligible in the Pockels effects. Thus,

Substituting into the phase equations, we find

where is the voltage applied across the length L of the cell. Notice
that the phase difference is independent of the crystal length. For example,
if the Pockels cell is to behave as a half-wave plate, we need to make 
The half-wave voltage required is then

(8)

Example 3

Suppose the Pockels cell is made from a crystal of 1-cm thickness

and the optical wave has a wavelength of 633 nm. What half-wave voltage

is required?

Solution

From Table 2, we find and a refractive index of 1.51.

Then,

Thus an applied voltage of 3.8 kV transforms the crystal into a half-wave plate.
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TABLE 2 LINEAR ELECTRO-OPTIC COEFFICIENTS FOR REPRESENTATIVE MATERIALS

Linear electro-optic 

Material (wavelength if not 633 nm) coefficienta r (pm/V) Refractive index n0

(KDP) 11 1.51

24.1 1.51

(ADP) 8.56 1.48

(lithium niobate) 30.9 2.29

(lithium tantalate) 30.5 2.18

GaAs (gallium arsenide) 1.51 3.3

ZnS (zinc sulfide) 2.1 2.36

Quartz 1.4 1.54

on crystalline symmetry, materials have more than one electro-optic coefficient. Only one

has been listed here for use in a Pockels cell. These and others may be found in standard references.9

aDepending

l = 0.6 mm

l = 10.6 mm

LiTaO3

LiNbO3

l = 0.546 nm1NH42H2PO4

KD2PO4 1KD*P2
KH2PO4

9For example, see Amnon Yariv, Optical Electronics, 3d ed. (New York: Holt, Rinehart and Win-

ston, 1985), Ch. 8.

Nonlinear Optics and the Modulation of Light 519



10J. Wilson, and J. F. B. Hawkes, Optoelectronics: An Introduction (London: Prentice-Hall Inter-

national, 1983).

Recall that for a half-wave plate the linear polarization of the emergent
light is rotated by 90° relative to the linear polarization of the incident light.
If a linear polarizer with TA along the x-direction intercepts the emergent
light, as in Figure 4, the transmittance of the system is zero when and
maximum when Variations in V therefore modify the polarization
state of the emergent light, rendering it elliptical, in general, with an x-
component that can be transmitted by the analyzer. In effect, the polarizer-
analyzer pair transforms phase modulation into amplitude modulation. Thus
we see that the transmittance of the system can be modulated by variations in
the applied voltage. Variations of a signal voltage superimposed on V are
transformed into variations in light intensity in such a device, known as a
Pockels electro-optic modulator.

The Pockels cell can be used also with the field oriented orthogonally to
the beam direction, an arrangement that simplifies placement of the elec-
trodes. In the geometry we have been describing, the electrodes are usually
endrings that allow the light beam to pass through and still provide a reason-
ably uniform field in the crystal.

The transmittance of the beam can be expressed by the relation10

(9)

and is plotted in Figure 5. To take advantage of the more linear region of the
transmittance, a quarter-wave plate is often inserted between the initial 
polarizer and the Pockels crystal. This has the effect of producing 50% trans-
mittance when so that the operating point is located at P in the figure,
rather than at the origin. Variations in modulating voltage, if not too large,
then occur with a system response that is linear.

Two other closely related applications of the Pockels cell are illustrated 
in Figures 6 and 7. In Figure 6, the cell is used as a Q-switch that allows 

V = 0
V = VHW .

I = Imax sin2a
p

2

V

VHW
b

V = 0

TA

TA

y

x

VHW

Unpolarized
light

Linear
polarizer

Linear
polarizer

Pockels
crystal

AnalyzerFigure 4 The effect of applying a half-

wave voltage to a Pockels cell when the

system includes a crossed polarizer and

analyzer. The vertically polarized beam in-

cident on the Pockels cell is transmitted as a

horizontally polarized beam. For other val-

ues of applied voltage, the beam incident

on the analyzer is elliptically polarized and

is only partially transmitted.
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sudden dumping of the energy stored in a laser. Without an applied voltage, the
Pockels crystal transmits the horizontally polarized beam from a laser cavity
without changing its state of polarization. A Glan-laser prism, tuned to pass
vertically polarized light, rejects the horizontally polarized beam. With half-
wave voltage applied, the horizontally polarized beam from the laser cavity is
rotated by 90° and is accordingly passed by the Glan-laser prism, allowing the
beam to be backreflected from a high-reflectance mirror. The configuration
now permits rapid traversal of the beam back and forth through the laser cavity,
and stimulated emission occurs, producing an energetic pulse of laser radiation.
In Figure 7, the Pockels cell is used to initiate cavity dumping. When half-
wave voltage is applied, the polarization state of the laser radiation is rotated
by 90°, so that it can be extracted with the help of the polarizing prism, as
shown.

The Kerr Effect
When the optical medium is isotropic, as in the case of liquids and glasses,
the Pockels effect is absent and the polarization is modified by the third-
order [in the expansion of the polarization of the medium, see Eq. (3)]
electro-optic effect, better known as the Kerr effect. This effect, like all
third-order effects, occurs whether or not a material possesses inversion
symmetry. Actually, the Kerr effect was the first electro-optic effect to be
discovered (1875). Kerr cells usually contain nitrobenzene or carbon disul-
fide in the space between two electrodes across which a voltage is applied,
as indicated in Figure 8. The applied electric field induces birefringence
with an optic axis parallel to the applied field. Light traversing the cell thus
encounters two refractive indices, and for polarizations parallel and
perpendicular to the optic axis, and phase retardation results. In this case,
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Figure 5 Transmittance curve for the

Pockels cell modulator. Without a quarter-

wave plate, the transmittance is zero when

the applied voltage is zero. Using a quarter-

wave plate between polarizer and modula-

tor, the transmittance is 50% at operating

point P when the applied voltage is zero.

Under these conditions, the modulator re-

sponds more linearly to an input signal.

Nonlinear Optics and the Modulation of Light 521



Pockels
cell

HR mirror HR mirror
Polarizing

prism

Laser rod

Output
beam

Other pulse-
shaping components
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Pockels cell, used as a cavity dumper. When
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polarizing prism.

Figure 6 Light-controlling action of a

Pockels cell, used as a Q-switch. The config-

uration in (a) produces low transmission at

zero-cell voltage and in (b) high transmis-

sion at half-wave voltage. In (b), the inci-

dent and reflected beams are separated for

clarity. Repeated reentries of the beam into

the laser cavity initiates stimulated emis-

sion that produces the laser pulse.
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Eq. (7) becomes

(10)

Experimentally, the difference between and is found to obey a relation
of the form

(11)

where K is the Kerr constant.
Equating Eqs. (10) and (11), we find the relationship between K and R

to be

As explained for the Pockels cell, the relative phase retardation for the ordi-
nary and extraordinary components is

Introducing the Kerr constant through Eq. (11),

where we have set and d is the interelectrode distance. To function
as a half-wave plate, and we find that the required voltage is
given by

(12)

Example 4

Consider a nitrobenzene Kerr cell for which (see

Table 3) at room temperature and If and

what half-wave voltage is needed?

Solution

Substituting into Eq. (12),

Thus the Kerr cell behaves as a half-wave plate at a voltage of around

26 kV, considerably higher than for a typical Pockels cell.

VHW =

0.01

212212.4 * 10-12210.032
= 26.4 kV

L = 3 cm,l = 589 nm. d = 1 cm

K = 2.4 * 10-12 m>V2

VHW =

d

22KL

£ = p, VHW

V = Ed

£ =

2pKV2L

d2

£ =

2p

l
L ¢n

K =

Rn0
3

2l

¢n = KE2l

ne no

1

n2
=

1

n0
2

+ RE2 or ƒ ¢n ƒ =

R

2
n0

3E2

TABLE 3 KERR CONSTANT FOR SELECTED MATERIALS

Material ( room temperature) K (pm V2)

Nitrogen (STP)

Glass (typical) 0.001

Carbon disulfide 0.036

Water 0.052

Nitrotoluene 1.4

Nitrobenzene 2.4

>

1C6H5NO22
1C5H7NO22

1H2O2
1CS22

4 * 10-6

l = 589 nm,

Nonlinear Optics and the Modulation of Light 523



Kerr cells can be used as modulators in the manner described for Pock-
els cells. Because of the higher voltages required, and because of the toxic
and explosive nature of nitrobenzene, Pockels cells are usually preferred.
Nevertheless, Kerr cells find application as high-speed shutters and as a sub-
stitute for mechanical light choppers. They are capable of response to fre-
quencies in the range of and they can often be found operating as
Q-switches in pulsed lasers.

4 THE FARADAY EFFECT

In contrast to the electro-optic effects discussed to this point, the Faraday effect
is a first-order (i.e., ) magneto-optic interaction.11 When a transpar-
ent material is placed in a magnetic field and linearly polarized light is passed
through it along the direction of the magnetic field, the emerging light is
found to remain linearly polarized, but with a net rotation of the plane of
polarization that is proportional both to the thickness d of the sample and the
strength of the magnetic field B, according to the empirical relation,

(13)

Here V is the Verdet constant for the material, usually expressed in minutes of
angle per Gauss-cm (G-cm). The Verdet constant is both temperature and
wavelength dependent.

An interesting aspect of the Faraday rotation is that the sense of rota-
tion relative to the magnetic field direction is, for a given material, indepen-
dent of the propagation direction of the light. Thus, repeated forward and
backward traversals of the material by a light beam has a cumulative effect
on the angle of rotation This behavior contrasts with that exhibited in the
closely related phenomenon of optical activity.

The optical rotation of the polarized light can be understood as circular
birefringence, the existence of different indices of refraction for left-circularly
and right-circularly polarized light components. Recall that linearly polarized
light is equivalent to a combination of right- and left-circularly polarized com-
ponents. Each component is affected differently by the applied magnetic field
and traverses the sample with a different speed, since the refractive index is
different for the two components. The end result consists of left- and right-
circular components that are out of phase and whose superposition, upon
emerging from the Faraday rotator, is linearly polarized light with its plane of
polarization rotated relative to its original orientation.

A classical derivation12 of the angle of rotation predicts a relation of
the form

(14)

with e and m the electronic charge and mass, c the speed of light, the wave-
length, and the rotatory dispersion. By comparison with Eq. (13), the
theory predicts a dependence of the empirical Verdet constant V given by

(15)

b

b

V =

e

2mc
l

dn

dl

dn>dl
l

b = a
e

2m

l

c
dn

dl
bBd

b.

1010 Hz

b = VBd

¢n r B

11The magnetic field analogs of the Kerr effect (where ) are the Voigt effect (in gases)

and the Cotton-Mouton effect (in liquids), in which a constant magnetic field is applied normal to the

light-beam direction. Both are very small effects and will not be discussed further here.
12Frank L. Pedrotti, and Peter Bandettini. “Faraday Rotation in the Undergraduate Advanced

Laboratory,” Am. J. Phys., 58, June 1990: 542.

¢n r E2
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When the constants are evaluated and V is expressed in the standard units of
min/G-cm, Eq. (15) becomes

We note that the Verdet constant is proportional to both the wavelength of
the light and the induced rotatory dispersion in the medium. Measured val-
ues for V at 589 nm are given in Table 4.

The Faraday effect can be used for light modulation, although it is diffi-
cult, practically speaking, to modulate a magnetic field at very high frequen-
cies. Figure 9 shows schematically the Faraday rotator, a crystal or liquid cell
whose axis of symmetry is aligned with a magnetic field. The figure shows a
field B established by current windings and indicates a rotation of the polariza-
tion in the same sense as the current producing the field. This particular geom-
etry defines a positive Verdet constant. Figure 10 illustrates the principal

V = 1.0083l
dn

dl

TABLE 4 VERDET CONSTANT FOR SELECTED MATERIALS

Material V (min/G-cm) 

0.0131

Crown glass 0.0161

Flint glass 0.0317

0.0423

0.0160

NaCl 0.0359

KCl 0.02858

Quartz 0.0166

ZnS 0.225

CCl4

CS2

H2O

l = 589 nm
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Figure 9 Faraday effect producing rota-
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Figure 10 Faraday rotator used between a

polarizer-analyzer pair to produce optical

isolation of the optical system providing the

incident light.
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application of the Faraday rotator as an optical isolator. The isolator consists
of a Faraday rotator situated between a polarizer-analyzer pair. As shown, the
incident vertically polarized light is rotated 45° counterclockwise by the Fara-
day rotator and in this orientation is fully transmitted by the analyzer. Optical
elements (not shown) farther down the line are responsible for undesirable
back reflections (retropulses) of this radiation along the optical axis. In tra-
versing the Faraday rotator a second time, the polarization vector of the re-
flected light is rotated an additional 45° in the same rotational sense, so that it
emerges horizontally polarized and encounters the polarizer at an angle of
90° with the polarization direction of the original beam. In this state, it is re-
jected by the polarizer, preventing it from continuing back into the optical
system, where, in high-power laser systems, it can damage optical compo-
nents. Thus the optical isolator effectively isolates the optical system from
stray retropulses.

Example 5

Let us calculate the required length of SF58 flint glass, having a Verdet con-

stant of 0.112 min/G-cm for 543.5-nm light, if it is to produce the 45° rotation

of the polarization vector required in an optical isolator when the magnetic

field has a value of 9 kG.

Solution

Using Eq. (13), we have

5 THE ACOUSTO-OPTIC EFFECT

Photoelasticity is the change in refractive index of a crystal due to mechanical
stress. This phenomenon makes possible the AO or acousto-optic effect—the
interaction of optical and acoustic waves—in which a longitudinal acoustic wave
launched by means of a piezoelectric transducer produces a periodic mechanical
stress in the crystal. The acoustic wave (see Figure 11) consists of a series of com-
pressions and rarefactions (longitudinal vibrations) in atomic density and so a
periodic—although small—variation of the refractive index about its normal
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Figure 11 Variations in the refractive

index of a medium due to the passage of a

harmonic acoustic wave (left) and the scat-

tering of an incident optical beam by the in-

duced “planes” (right). The inset shows the

relationship of wave vectors required by

momentum conservation when the acoustic

wave has the propagation direction indicated.
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13Robert Guenther, Modern Optics (New York: John Wiley and Sons, 1990), Ch. 14.
14An important difference between X-ray diffraction and light diffraction in the Bragg regime

is that light scattering occurs in a continuous manner from a thick, sinusoidal grating, rather than from
discrete planes. As a consequence, only the first-order diffraction, occurs in the acousto-optic
effect. 

m = 1,

value. Light incident on this structure is scattered to a greater extent from re-
gions of higher refractive index. The scattering is called Brillouin scattering and
is another third-order effect that does not require a medium possessing inver-
sion symmetry.

If the crystal is thin enough, variations in refractive index along its 
length lead to corresponding variations in the speed of light so that the crys-
tal  behaves as a transmission phase grating. Some of the incident light beam 
is diffracted into various orders, according to the diffraction grating equa-
tion, where the grating constant d in this case should be 
taken to be the acoustic wavelength and is the angle of diffraction in
mth order. This is the so-called Raman-Nath regime.13 If the crystal is thicker,
regions of higher refractive index represent planes normal to the direction of
the acoustic wave, as suggested in Figure 11. In this case, the light wave is dif-
fracted in a way similar to that of X-rays from crystalline planes in Bragg
scattering (the Bragg regime). The light wave traverses the crystal with a
speed that is around five orders of magnitude greater than the speed of the
acoustic wave. This means that the induced grating is essentially stationary
relative to the light wave.

A diffracted light beam appears in any direction in which portions of
the wavefront reflected (1) from different parts of a given plane and (2)
from successive planes obey the usual condition for constructive interfer-
ence; that is, the path difference must be an integral number of wavelengths.
The first requirement is satisfied by an angle of scatter that is equal to the
angle of incidence. This condition is shown satisfied in Figure 11. The second
requirement is the Bragg condition. The path difference between the incident
and diffracted waves is made up of the two segments indicated in the figure.
By geometry, each has a magnitude of This leads to the equation

(16)

a relation worked out in this context by Brillouin in 1921 and identical to
the Bragg equation for X-ray diffraction.14 In Eq. (16), the angles and opti-
cal wavelength are those measured within the medium. (However, see
problem 15.)

The Bragg condition for diffraction maxima can be found by an alterna-
tive argument that makes use of the particle nature of waves. The incident
light beam with wave vector can be considered a flux of photons, each of
energy and momentum where is the angular frequency and is the
Planck constant divided by In the same way, the acoustic wave with
wave vector can be considered a flux of quantized particles called
phonons, each of energy and momentum The acousto-optic interaction
then consists of the interaction or collision of these particles in which both en-
ergy and momentum are conserved. The two wave vectors and as well as
the wave vector of the diffracted light beam, are also shown in Figure 11.
The acoustic waves are shown propagating downward in the figure. Conser-
vation of momentum in a collision between a photon and a phonon requires
that as indicated in the inset vector triangle. On the other hand,
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if the acoustic wave is reversed in direction, the corresponding vector triangle
is satisfied by In general,

(17)

With the plus sign, we interpret this to mean that an incident photon com-
bines with a phonon to produce the diffracted photon; with the negative sign,
the incident photon is considered to yield an additional phonon to the
acoustic wave, as well as a photon to the diffracted beam. Thus Eq. (17) de-
scribes both the emission and the absorption of a phonon by the crystal lattice.

We now show that Eq. (17) is equivalent to the Bragg diffraction condi-
tion. Since light frequencies are of the order of while acoustic fre-
quencies are generally less than both and are much greater than

that is,

The vector triangle (Figure 12) for the wave vectors then shows that,
or, in terms of wavelength,

(18)

which is Bragg’s equation, with 
Conservation of energy of the interacting particles requires that

or

(19)

This result shows that the diffracted photon differs in frequency—however
little—from the incident photon by the amount greater or less, depending
on the direction of the acoustic wave. This turns out to be another way of
arriving at the Doppler effect for light. When the incident light encounters an
approaching wave, the scattered frequency is greater, and when it encounters
a receding wave (as in Figure 11), the scattered frequency is less.

Example 6

To get an idea of the magnitude of the diffraction angle in first order, let us

consider a typical case in which the incident light has a wavelength of 550 nm

and the acoustic wave has a frequency of 200 MHz and a speed of 3000

m/s.

Solution

Then,

Using Eq. (16),

so that

The acousto-optic (AO) effect can be applied to the modulation of a
light beam by controlling its amplitude (AM), its frequency (FM), or its di-
rection. Figure 13 illustrates one means of achieving AM modulation using 
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a thin AO material in the Raman-Nath regime. The fraction of light re-
moved from the zero-order diffracted beam depends on the magnitude of
the induced stress and so on the amplitude of the modulating RF signal. The slit
allows only the modulated zero-order beam to be transmitted. Other applica-
tions make use of the beam deflection capabilities of the AO effect. Referring
back to Figure 11, it should be evident that both a change in frequency and 
a change in direction of the acoustic wave cause a change in the direction of
the diffracted beam. If the frequency-sensitive position of the output beam is
detected by a photodetector array, the AO device can be used as a spectrum
analyzer. Again, because the frequency of the diffracted beam is shifted by an
amount equal to the acoustic frequency, the beam can be frequency modulat-
ed. In this case, the design aims to minimize the angular spread of the dif-
fracted light; when used as a spectrum analyzer, the design aims instead to
maximize it.

Another application of the device as a beam deflector to initiate laser-
cavity dumping is illustrated in Figure 14. When no acoustic wave is applied,
the beam (1) bounces back and forth in the laser cavity, building up energy 
to a maximum value. Turning on the acoustic wave causes a deflection of 
the beam (2) out of the cavity, thereby dumping the energy stored in the 
cavity.

6 OPTICAL PHASE CONJUGATION

Optical phase conjugation (OPC) represents another third-order, nonlinear
phenomenon with some fascinating applications. It was first observed in
1971–1972 by researchers in the Soviet Union. It is so named because the
nonlinear interaction produces a light beam that is the spatial complex conju-
gate of one of the waves incident on the nonlinear medium. A process called

Figure 13 Modulation of a light beam by

an acousto-optic grating in the Raman-

Nath regime. The modulated signal driving

the piezoelectric crystal is transferred to

the output beam in zero order. Only the

zero- and first-order diffracted beams are

shown.
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Incident
light Zero order
beam

Piezoelectric
crystal

AM signal

First-order diffraction

Modulated
beam

Figure 14 Cavity dumping of a laser using

an acousto-optic beam deflector. Turning on

the acoustic wave deflects the beam outside

the laser cavity and initiates cavity dumping.
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degenerate four-wave mixing, illustrated in Figure 15, can be used to produce
the phase conjugate beam. In this process, two strong, counterpropagating
pump beams of complex amplitude and interact with a third, weaker
signal or probe beam of complex amplitude in a nonlinear medium 
with inversion symmetry. In such a medium, the lowest-order contribution to
the nonlinear polarization of Eq. (3) will be proportional to the cube of the
total electric field in the medium. If the two pump beams and the signal beam
have the same frequency (that is, are degenerate), a fourth beam of this fre-
quency will be produced. This fourth beam, pictured with complex amplitude

in Figure 15, will be the spatial complex conjugate of the signal beam, 
A detailed analysis of this interaction15 shows that the phase conjugate

output beam has an amplitude that is proportional to the product of the am-
plitudes of the pump beams and the complex conjugate of the amplitude of
the signal beam:

(20)

Now, since the two pump beams are oppositely directed, the complex ampli-
tudes on the right-hand side of Eq. (20) can be written as

so that

Thus, and is proportional to the complex conjugate of Note
that the representing the two pairs of counterpropagating waves
comprising the degenerate four-wave mixing process satisfy the phase match-
ing condition,

We have seen that the phase conjugate wave exactly reverses the
direction and overall phase factor of the signal wave Thus the phase
conjugate wave precisely retraces the path of the original beam and, at each
position, reproduces the exact shape of the original wavefront. Thus optical
phase conjugation can be viewed as a unique type of reflection, and we refer
to the nonlinear medium that creates the phase conjugate wave as a phase
conjugate mirror (PCM). To appreciate the uniqueness of the process, consider
Figure 16, which shows reflections from ordinary mirrors. In Figure 16a, a plane
wave is reflected from an ideal (infinite) plane mirror. The reflected wave is
also a plane wave. To express mathematically the reversal in direction of the
incident wave, the sign of the kz term is changed from minus to plus. Notice
then that, except for the sign of the term, the reflected wave is the complex
conjugate of the original wave and has the properties of a phase conjugate
wave as described above: It retraces the path of the incident beam and is its
phase-reversed replica. Figure 16b shows the same process for an incident
spherical wave. All that is needed to produce the phase-reversed replica on
reflection is a concave spherical mirror whose curvature exactly matches that
of the wavefront at incidence. For an arbitrary incident wavefront, as shown
in Figure 16c, the amplitude is complex and includes the amplitude and
phase factors that describe its deviation from a plane wave. We imagine such
a wave as a plane wave that has been shaped by passing through a distorting
medium, by diffraction, or by modulation. Its phase-reversed replica is ex-
pressed by taking the complex conjugate of both and ikz, in other°1r2

°1r2

vt

1A32.
1A42

k
B

1 + k
B

2 + k
B

3 + k
B

4 = k
B

1 - k
B

1 + k
B

3 - k
B

3 = 0

k
B

-vectors
k
B

4 = -k
B

3 A4 A3 .

A4 = ƒ A1 ƒ ƒ A2 ƒ ƒ A3 ƒ e-ik
B

3
#rB

A1 = ƒ A1 ƒ eik
B

1
#rB, A2 = ƒ A2 ƒ e-ik

B

1
#rB, A3 = ƒ A3 ƒ eik

B

3
#rB

A4 r A1A2A3
*

A4 A3 .

A3

A1 A2
Signal

PC output

Pump beam

A3

A4
A4 � A1 A2 A3

A2

Pump beam

Nonlinear
medium

A1

Figure 15 Conventional geometry for
phase conjugation by four-wave mixing.
Pump beams and are antiparallel and
are much stronger than the signal beam 
The phase conjugate output of the signal
beam is the beam shown as A4 .

A3 .
A2A1

15Amnon Yariv, Optical Electronics, 3d ed. (New York: Holt, Rinehart and Winston, 1985), Ch. 16.
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words, the spatial part of the wave equation. To produce this wave with 
ordinary mirrors, we would need to construct a mirror surface that matched
exactly the wavefront of the incident wave at the instant of reflection. The
uniqueness of the PCM is that the phase conjugate replica is produced 
regardless of the shape of the incident wavefront, as long as the PCM has an
aperture large enough to receive the entire wavefront. Unlike an ordinary
mirror, the PCM is able to respond immediately to varying spatial and tem-
poral features of an incident wave such that a phase conjugate wave is con-
tinually produced.

Applications of OPC include aberration correction and pointing and
tracking. These properties follow from the basic nature of the PC wave, as de-
scribed above. First, consider a transparent, distorting medium like frosted
glass, which is placed in the path of a light wave on its way to a PCM. The
wave is modified by the frosted glass in a nonuniform manner, but its phase
conjugate—after reflection by the PCM—exactly retraces its path and reverses
its modifications, so that the return passage through the distorting medium
undoes or “heals” the original distortion. This means that a beam distorted by
passing through an optical system with severe aberrations can be recovered
by “reflection” from a PCM that sends it back through the same system. It
also means that, if the light beam originates from a point source, divergence
and diffraction effects are reversed when the beam is returned through the
system, so that the PC beam converges to the original point. Furthermore, if
the source point moves, the returning beam adjusts so that it continues to
point to the source, the pointing and tracking property.

7 OPTICAL NONLINEARITIES IN FIBERS

We conclude this chapter with a survey of some aspects of the nonlinear in-
teraction of light waves propagating in optical fibers. We begin by dis-
cussing some nonlinear effects that inhibit the successful transmission, at
high rates, of information through fibers and then describe a nonlinear fiber
amplifier.

M

M

(a) Plane wave (b) Spherical wave

E1(z, t) � E0ei(vt � kz)

E2(z, t) � E0ei(vt � kz)

E0
rE1(z, t) �         ei(vt � kr)

E0
rE2(z, t) �         ei(vt � kr)

M

(c) "Nearly plane" wave

E2(r, t) � Re[�*(r)ei(vt � kz)]

E1(r, t) � Re[�(r)ei(vt � kz)]

Figure 16 Three examples of a phase-
reversed replica of an incident wavefront pro-
duced by an ordinary mirror. In each case, the
rays corresponding to the wavefront are
everywhere normal to the mirror surface on
reflection. A phase-conjugate mirror handles
all cases and also responds to instantaneous
changes in the incident wavefront.
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Stimulated Raman Scattering
When light of frequency is scattered from a molecule, the scattered light
consists of a strong component at frequency and components of lesser
strength at frequencies above or below The scattered light at is elastic or
Rayleigh scattering. An inelastic process leading to scattered light at frequen-
cies different from the incident light is known as spontaneous Raman scatter-
ing. The inelastically scattered light of frequency less than is known as the
Stokes field, and that component with frequency greater than is known as
the anti-Stokes field. In the Raman process the energy lost or gained by the
electromagnetic field is accounted for by a change in energy of the molecule.
The photons scattered in the spontaneous Raman process can act as seed
photons, which in turn stimulate additional Raman scattering processes. The
predominant frequencies in the Stokes and anti-Stokes fields are characteris-
tic of the molecule and so their detection can be used to determine the com-
position of, for example, the gases in a particular combustion process.
Classically, Raman scattering can be described as arising from the third-order
nonlinear polarization of Eq. (3). The nonlinearity of silica molecules in opti-
cal fibers leads to the generation of, primarily, a Stokes field shifted from the
fundamental frequency by an amount in the range The attenu-
ation, due to stimulated Raman scattering, of the power carried by an optical
fiber is typically not significant unless the power carried by the fiber 
approaches 1 W. Most fiber-optical communication systems use signals of
powers significantly less than this and so do not suffer significantly from
Raman-induced attenuation. Unfortunately however, the Stokes frequency
shift is comparable to the frequency spacing between channels in a wavelength-
division-multiplexed (WDM) fiber. The Stokes field can couple the ideally
separate channels in the WDM fiber, leading to the degradation of the signal
carried by each channel. This effect begins to be important at signal powers of
only a few mW.

Stimulated Brillouin Scattering
In Section 5 we discussed ordinary Brillouin scattering in which light is scat-
tered by an acoustic wave. Stimulated Brillouin scattering is a nonlinear inter-
action in which light from an incident field is scattered by an acoustic wave,
which in turn was generated in the medium by the incident electromagnetic
field. The scattered light has a frequency that differs from that of the incident
light by an amount equal to the frequency of the acoustic waves in the medi-
um. In optical fibers this frequency shift is typically too small to couple the
different channels in a WDM fiber. However, stimulated Brillouin scattering
results in a wave that is scattered in the backward direction and so both 
attenuates and mixes with the forward-traveling signal wave. In contrast to
the stimulated Raman process, stimulated Brillouin scattering can lead to sig-
nificant attenuation and distortion of signal power in a given fiber channel
when the signal power is just a few mW.

Self-Phase Modulation and Cross-Phase Modulation
In order to carry information in a fiber, the irradiance of the signal wave must
vary in time at a given point in the fiber. Due to fiber nonlinearities, this irra-
diance variation induces a time-varying index of refraction at this given point.
This time-varying index of refraction in turn gives rise to a time-dependent
phase shift of the signal. This process is known as self-phase modulation and
leads to what is known as frequency chirping. Generally, this phenomenon al-
ters the shape of the information-carrying pulses in a communications sys-
tem. This effect becomes increasingly important as the pulse width is reduced
and the propagation length is increased, and so may be important in long-
haul, high-bit-rate systems. Similarly, irradiance variations in one frequency
channel of a WDM fiber affect the index of refraction seen by the light signals
in the other frequency channels, leading to cross-phase modulation.

1012–1013 Hz.

v
v

v. v
v

v
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Raman Amplification in Fibers
The stimulated Raman effect can be used to amplify the signal in an optical
fiber, thus counteracting attenuation and increasing the length of fiber that
can carry a usable signal. This can be accomplished by propagating a pump
laser field through the fiber. The pump field will induce a Stokes field at a fre-
quency less than that of the pump field. In fact, the Stokes field is generated
in a range of frequencies known as the Raman bandwidth of the fiber. If the
signal field input into the fiber has a frequency that is near the peak of the
Raman bandwidth, it will strongly stimulate the Raman process and transfer
energy from the pump field into the signal field. Raman amplification in
fibers is attractive in part because it utilizes the entire unaltered fiber in the
amplification process. Competing amplification technologies require either
that the signal exit the fiber and be amplified before being inserted into a sec-
ond fiber or that portions of the fiber be doped with an amplifying medium
like erbium. The gain in the Raman process is sufficient to produce a Raman
laser in which the Raman gain compensates for the attenuation in a fiber
loop, and a self-sustained oscillation at the overlap between a fiber ring mode
frequency and the peak of the Raman gain bandwidth occurs.

Nonlinear effects in optical fibers can lead also to optical pulse com-
pression and to the propagation of pulses of unchanging shape, solitons,
through an optical fiber. Nonlinear optics is a burgeoning field driven by the
availability of high-power/short-pulse electromagnetic fields. In this chapter
we have discussed but a few of the many important effects and applications
associated with the nonlinear interaction of light and matter.

PROBLEMS

1 Write out the third-order terms of the polarization for a

single beam described by a plane wave with amplitude 

and frequency What frequencies appear in the polariza-

tion wave?

2 Write out the third-order terms of the polarization for two-

beam interaction, where the beams are plane waves having

amplitudes and and frequencies and respec-

tively. What frequencies are radiated by the polarization

wave?

3 Write out the second-order terms of the polarization for

three-beam interaction, where the beams are plane waves

having amplitudes and and frequencies 

and respectively. What frequencies are radiated by the

polarization wave?

4 Arguing from Eq. (7), show that the linear electro-optic ef-

fect is found only in crystals lacking inversion symmetry.

5 a. Determine the coherence length for second harmonic

generation in KDP when subjected to pulsed ruby laser

light at Appropriate refractive indices

are and 

b. The measured coherence length of barium titanate at

is Calculate the expected change

in refractive index at 

6 Determine the half-wave voltage for a longitudinal Pockels

cell made of ADP (ammonium dihydrogen phosphate) at

What is its length?

7 A longitudinal Pockels cell is made from lithium niobate.

Determine the change in refractive index and the phase

difference produced by an applied voltage of 426 V when

l = 546 nm.

l = 0.53 mm.

l0 = 1.06 mm 5.8 mm.

n1347 nm2 = 1.534.n1694 nm2 = 1.505

l0 = 694 nm.

v1 , v2 ,

v3 ,

E01 , E02 , E03

v2 ,v1E02E01

v.

E0

the light beam is from a He-Ne laser at 632.8 nm. The

length of the crystal is 1 cm.

8 Using Eq. (9), show that the transmittance of a Pockels cell

can also be written as 

a. At what values of V and (greater than zero) is the

transmittance zero?

b. If the Pockels cell is preceded by an ordinary half-wave

plate, what is the irradiance when and when

9 In what kinds of media are both longitudinal Pockels and

Kerr effects present? To get some idea of their relative

strengths, compare them by calculating the ratio of retarda-

tions produced by an appropriately applied 10 kV. Derive

an expression for this ratio. Then do a numerical calculation

by assuming a hypothetical medium with “typical” values

of and

Take 

10 Calculate the length of a Kerr cell using carbon disulfide

required to produce half-wave retardation for an applied

voltage of 30 kV. The electrodes of the cell have a separa-

tion of 1.5 cm. Is this cell practical?

11 Show that Eq. (19) is equivalent to the Doppler effect for

light. Use the fact that the Doppler frequency shift for

light reflected from a moving object is twice that of light

emanating from a moving object, or where

is the light frequency, its velocity in the medium, and

is the component of the object velocity parallel to the

light wave’s propagation direction. Use the geometry of

Figure 11 and the Bragg condition.

upy

¢n = 2nup>y, n

¢n

l = 550 nm.n0 = 2.

r = 10 pm>V, K = 1 pm>V2, L = 2 cm, d = 1 cm,

V = VHW?

V = 0

£

I = Imax sin21£>22.
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12 The speed of sound in glass is 3 km/s. For a sound wave hav-

ing a width of 1 cm, calculate the advance of the sound

wave while it is traversed by a light wave. Take for

the glass. What is the significance of this result?

13 a. Show that a small change in angle around the direc-

tion of the diffracted beam in Figure 11 can be expressed

approximately by 

b. Show that this result can be expressed as

where is the wavelength in the medium.

c. The factor by which exceeds the beam divergence is

a practically useful number N called “number of resolv-

able spots.” This serves as a figure of merit, giving the

number of resolvable positions that can be addressed

by the beam deflector. If the beam divergence is ex-

pressed by the diffraction angle with D the

beam diameter, show that

where is the time for the sound to cross the optical

beam diameter.

d. As a numerical example, consider modulation of the

sound frequency in the range 80–120 MHz in fused

quartz, where If the beam diam-

eter is 1 cm, determine the number of resolvable spots.

14 What acoustic frequency is required of a plane acoustic

wave, launched in an acousto-optic crystal, so that a He-Ne

laser beam is deflected by 1°? The speed of sound in the

crystal is 2500 m/s and its refractive index at 632.8 nm is 1.6.

15 In Bragg’s equation (18), the wavelength of the light and

the angle are those measured within the medium. Show

that, if the medium is isotropic and its sides are parallel to

the direction of a plane acoustic wave, the equation also

holds for the wavelength and angle of diffraction measured

outside the medium.

16 Determine the difference in deflection angle for a He-Ne

laser beam that is Bragg-scattered by an acoustic plane

wave when the frequencies are 50 MHz and 80 MHz. The

yS = 5.95 * 105 cm>s.

t

N =

¢u

uD
= t¢nS

uD = l>D,

¢u

l

¢u = 1l>yS2 ¢nS

¢u = ¢kS>k.

¢u

n = 1.50

acoustic crystal is sapphire, with and a sound

speed of 11 km/s.

17 Design an optical isolator, as in Figure 10, that uses ZnS as

the active medium. Let the magnetic field be produced by

winding a solenoid directly onto the ZnS crystal at a turn

density of 60 turns/cm. Assume 

18 A sample of SF57 glass with polished, parallel sides and

2.73 cm in length is placed between the tapered poles of an

electromagnet. A small, central hole is drilled through the

pole pieces to allow passage of a linearly polarized He-Ne

laser beam through the sample and parallel to the magnet-

ic field direction. The magnetic field is set at 5.098 kG.

a. When red He-Ne laser light (632.8 nm) is used, the mea-

sured rotation is 900 min. Determine the Verdet constant

for the glass.

b. When green He-Ne laser light (543.5 nm) is used, the

measured rotation is 1330 min. Determine the Verdet

constant for the glass.

19 A 5-cm-long liquid cell is situated in a magnetic field of 4 kG.

The cell is filled with carbon disulfide and linearly polarized

sodium light is transmitted through the cell, along the B-field

direction. Determine both the net rotation of the light and

the circular dispersion of at this wavelength.

20 Sketch the shape of a nonsymmetrical pulse before and after

reflection from an ordinary mirror and before and after re-

flection from a PCM. In the latter case, assume that the PCM

is “turned on” by initiating the pump beams at the instant the

entire pulse has moved inside the PC medium. Show how

this effect might be used to correct dispersion broadening in

an optical fiber. (If necessary, consult Vladimir V. Shkunov,

and Boris Ya. Zel’dovich, “Optical Phase Conjugation,” Sci-
entific American, Dec. 1985: 54.)

21 Sketch an arrangement using a PCM to project a sharp,

high-intensity image of a mask onto the photo-resist layer

on a semiconducting chip without using lenses. This pro-

vides a means of doing photolithography without placing a

mask in direct contact with the chip. (If necessary, consult

Vladimir V. Shkunov, and Boris Ya. Zel’dovich, “Optical

Phase Conjugation,” Scientific American, Dec. 1985: 54.)

CS2

l = 589 nm.

n = 1.76
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INTRODUCTION

Electromagnetic waves that encounter materials create a complex of interac-
tions with the charged particles of the medium. Forces are exerted on the
charges by the electric field of the waves and, because of the motions of the
charges, also by the magnetic field of the waves. In responding to these oscil-
lating fields, the charges themselves oscillate and act as radiators of sec-
ondary electromagnetic waves. Thus, in determining the net field at some
point, the fields of both the source waves and the waves emitted by the
charged oscillators must be taken into account. In the case of ordinary fields,
smaller than those now attainable with high-energy lasers, the net fields are
assumed to be a linear superposition of the constituent fields. The complicat-
ed effects of all the microscopic contributions to the resultant field by the
charges in the material can, for certain purposes, be simply described by macro-
scopic material parameters, the optical constants of the material. In this chapter,
we show in particular how the refractive index and the absorption coefficient for
isotropic conducting (metals) and nonconducting (insulators or dielectrics)
materials can be understood. In order to do this we use Maxwell’s equations
and the mathematical techniques of vector calculus.

1 POLARIZATION OF A DIELECTRIC
MEDIUM

We take as our model a simple dielectric, that is, a nonconducting material
whose properties are isotropic. By nonconducting we mean that the medium,
unlike a metal, contains no free charges. Positive charges are associated with

Optical Properties of Materials
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Figure 1 The elementary electric dipole.
(a) Alignment with the field. (b) Forces act-
ing on a dipole when the electric field has
the direction indicated.

the constituent nuclei and negative charges with the electrons bound to such
nuclei. By isotropic we mean that the relevant physical properties we consid-
er are independent of direction in the medium, so that we may treat the phys-
ical constants as scalar quantities. Application of an electric field to such a
medium causes charge displacement, in which the negative charge distribu-
tion bound to the nuclei shifts in a direction opposite to the electric field. The
shift may occur in a polar molecule, like because the molecule has a
permanent electric dipole, that is, the effective centers of its positive and neg-
ative charge distributions do not coincide. In this case, application of the field
produces some reorientation of the molecules so that, on the average, the
positive end of the dipole is in the direction of the field. The tendency toward
alignment is counteracted by the thermal motions of the molecules. The shift
in charge distribution may also occur in nonpolar molecules, such as in
which positive and negative charge distributions normally have the same ef-
fective center. Application of the field results in a slight shift of the electron
cloud relative to its nucleus, producing an induced dipole. In either case, the
dipole moment due to each atom or molecule is given by the product of the
magnitude of the displaced charge q and the vector that locates the effec-
tive negative charge center relative to the effective positive charge center in
the dipole, or

(1)

as indicated in Figure 1a. The direction of the dipole moment is from the
 negative toward the positive charge. The magnitude of the dipole moment for
a given material depends on how easily charge is displaced under the influ-
ence of a given electric field. The polarization of the medium is then said to
be the collective dipole moment per unit volume, the sum of dipole moments
given by

(2)

where N is the number of elementary dipoles per unit volume and e is the
magnitude of the electronic charge.

Electrons behave as though the forces binding them to the nuclei are
elastic forces given by Hooke’s law, where the restoring force is proportional
to the displacement and oppositely directed. The more massive nuclei can be
considered stationary since they are unable to respond to the rapid changes
in the field representing an electromagnetic wave in the optical region of the
spectrum. A simple model in which electrons are held by springlike forces to
a fixed nucleus is therefore applicable. In an alternating electric field, howev-
er, forced oscillations of electrons remove a certain amount of energy from
the incident radiation, the energy that the electrons radiate in turn and the
energy of interaction with neighboring atoms that shows up as thermal ener-
gy. The model of the oscillating electron is therefore that of a damped, har-
monic oscillator, with a frictional force proportional to the velocity. Newton’s
second law, applied to the electron in the model of Figure 1b, then leads to
the equation of motion,

(3)

In Eq. (3), is the force constant of the effective spring, m is the electronic
mass, and is a frictional constant with dimensions of reciprocal time. Notice
that the force on the electron due to the magnetic field of
the radiation is omitted; it is, in fact, negligible compared with the force 
due to the electric field.
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When the applied is static, there is no oscillation of the dipoles,
so that both velocity and acceleration of the electron vanishes. In this special
case, Eq. (3) reduces to

or, eliminating with the help of Eq. (2), the static polarization is given by

(4)

Suppose now that is a harmonic field with a time dependence given
by and that the oscillations respond with a similar dependence,

Note that we are representing the electric field and the dipole
displacement vector by complex vectors. The real field and displacement
vectors are formed by taking the real part of these complex vectors. All of the
equations used in this chapter are linear in these quantities and so hold for
both the real fields and displacements and their complex representations. In-
serting the derivatives of the complex displacement vector and

into Eq. (3) leads to

(5)

which, when substituted into Eq. (2), yields a time-dependent complex
 polarization given by

(6)

Note that Eq. (6) agrees with Eq. (4) in the case of a static 
In general, the polarization is a function of the radiation frequency 

and, because the coefficient of in Eq. (6) is complex, the polarization may
possess a frequency-dependent phase relative to If we were to associate
the symbol with the externally applied field, our analysis, thus far, would
apply only to the case of a single dipole oscillator. The electric field in 
Eq. (6) should represent the actual field at the dipole, in the interior of the
medium. This local field is a superposition of the applied field and
the field that results from all the other dipoles aligned in a polarized medium.
Therefore, in order to treat a macroscopic assembly of dipoles we must make
use of a result given in standard texts on electricity and magne tism. That is, the
contribution to the total electric field at the position of a given dipole, due to
all the other dipoles in the medium, is given by where is the permit-
tivity of free space. Thus,

(7)

Choosing to retain the symbol for the applied field leads to
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Substituting this expression for the local electric field into the right-hand side
of Eq. (6) gives

(8)

We can solve for explicitly by, for the moment, setting the prefactor in
Eq. (8) equal to F. We conclude

(9)

The multiplier of is

Let us define as the quantity in parentheses, that is,

(10)

Then, Eq. (9) becomes

(11)

Forming the magnitudes of both sides of this relation shows that the magnitude
of the polarization is related to the magnitude of the applied field by the relation

Clearly, can increase dramatically as so that represents a
resonance frequency for the dipoles of the medium. Equation (11) has the 
same form as the equation of motion of a driven harmonic oscillator with
damping. As the driving frequency approaches the resonance frequency of
the oscillator, the amplitude of the vibrations becomes very large and sub-
sides again as the frequency increases beyond For a dielectric medium, the
increase of dipole moments at resonance results in a large maximum polariza-
tion. Equation (11) also indicates that there is a frequency-dependent
phase shift between the applied field and the polarization. Far from reso-
nance, and so the damping term in the denominator of the
expression on the right-hand side of Eq. (11) can be ignored. Then for

and have the same sign and the dipoles are oscillating in phase
with the field. Beyond resonance, however, when and have op-
posite signs, indicating a phase difference of Free electrons respond in
this manner. When near resonance, the vibrations are large. The
damping term in the denominator in this case is not negligible, and the divi-
sion by equivalent to multiplication by i, indicates a phase shift be-
tween and E
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The dependence of on as given in Eq. (11), can now be used to
 discover the conditions under which plane waves are able to propagate in a
dielectric. The fundamental wave equation for electromagnetic waves in the
dielectric is a consequence of the Maxwell equations.

2 PROPAGATION OF LIGHT WAVES 
IN A DIELECTRIC

The four Maxwell equations may be written in the general form

(12)

(13)

(14)

(15)

In these equations is the charge density, which in general includes both the
free charge density and the bound charge density so that
In a dielectric, however, It is standard practice in a course in electric-
ity and magnetism to show that the bound-charge density is related to the po-
larization by

(16)

The quantity similarly represents the current density and can arise from
both free and bound charge, as indicated by In a dielectric where

also. Furthermore, it can be shown that

(17)

With these constraints, the four Maxwell equations for a dielectric can be
written
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Now we take the curl of both sides of Eq. (19), giving

(22)

where we have interchanged the order of differentiation with respect to
space and time in the last step. The left member of Eq. (22) can be reex-
pressed by the identity

(23)

In a homogeneous dielectric, the effect of polarization is to produce a net sur-
face charge density, while leaving the internal charge density unchanged.
The internal charge density is zero because, in any internal closed surface,
every bit of charge that moves into the enclosed volume in response to a po-
larizing field is balanced by an equal bit of charge that moves out. The surface
charge density appears because such balancing is not possible there. Thus by
Eqs. (16) and (18) we conclude that and substitute the remainder of
Eq. (23) into Eq. (22), giving

(24)

For the right member we may make use of Maxwell’s equation (21) and 
write

(25)

The last term is expressible in terms of using Eq. (11), so we have

(26)

For a harmonic wave expressed as in which case 
and Eq. (26) solved for becomes

(27)

We conclude that the analysis of plane waves propagating in a homogeneous
dielectric requires in general that the propagation constant k be a complex
number. Consequently, we write

(28)

Inserting this form into the expression for a harmonic wave, we have

(29)

The exponential factor in represents a depth-dependent absorption of an
otherwise harmonic wave, and measures the amplitude attenuation of the
wave. By taking the square of the magnitude of both sides of Eq. (29), the
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 result describes instead the energy flux density, giving

where is the absorption coefficient of the medium. If the propagation
constant is complex, so must be the refractive index, since

(30)

If we identify the real and imaginary parts of the complex refractive index by

(31)

where is the usual refractive index and is called the extinction coeffi-
cient, it follows from Eqs. (28) and (30) that

yielding the relations

(32)

and

(33)

Writing as

and relating this equation to Eq. (27) gives

(34)

Expressions for the real and imaginary parts of the refractive index can be
found by equating real and imaginary parts in Eq. (34). The left member is

(35)

The right member can also be written as the sum of a real and imaginary part.
The complex term is first rewritten by multiplying numerator and denominator
by the complex conjugate of the denominator. The result, after simplification, is

(36)
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Figure 2 Angular frequency dependence of
the refractive index and the extinction co-
efficient for a dielectric. Assumed values
are andg = 1014 s-1,
N = 1 * 1028 m-3.
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Now by comparing the right members of Eqs. (35) and (36),

(37)

and

(38)

The equations can be solved simultaneously for and The appear-
ance of the mass m in the denominator of these equations shows that elec-
tronic oscillations are more important than ionic oscillations in determining
the index of refraction. Ionic polarization may be significant in the region of res-
onance, however, where the large-bracketed terms in Eqs. (37) and (38) balance
the small prefactors containing the mass.

Figure 2 shows both and calculated from Eqs. (37) and (38) as a
function of driving frequency The absorption described by the extinction
coefficient is seen to peak at the resonant frequency The real refractive
index experiences a sharp rise and then a fall as increases toward and then
passes through resonance, after which it increases again, approaching the
value at high frequencies. The narrow region where decreases with
frequency is contrary to the usual dispersion of transparent media and is
called the region of anomalous dispersion.

A resonance frequency such as for the dielectric means that, for inci-
dent photons of frequency there is a high probability of absorption. Ab-
sorption of such a photon corresponds to a transition between states differing
in energy by in the energy-band structure of the material. As is
varied, there will be a series of resonance frequencies characteristic of the
material. If such a resonance occurs in the visible range of frequencies, for ex-
ample, the material absorbs a portion of the spectrum and appears colored,
while transmitting the remainder. Transparent materials like glass have reso-
nance frequencies in the infrared and ultraviolet regions but not in the visi-
ble. In terms of our simplified model of a dielectric, we interpret the existence
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of a number of resonance frequencies to mean that electrons experience dif-
ferent degrees of freedom in response to the applied field. To take this into
account formally, Eq. (34) is usually generalized to include a number of terms
summed over the resonant frequencies given by

(39)

where called the oscillator strength for the resonance represents the
fraction of dipoles having this resonant frequency. The determination of the
oscillator strength for a given resonant transition requires the application of
quantum theory.

The Dispersion Equation
The variation in refractive index with frequency, described by Eq. (39), is
what we mean by dispersion. We wish to show that the Cauchy dispersion
equation can be deduced from Eq. (39) under certain simplifying assump-
tions. We shall assume a single resonant frequency in the ultraviolet, such
that frequencies in the visible obey the inequality, We shall also as-
sume that, in this regime In this case, the index of refrac-
tion is real and Eq. (34) takes the form

Notice that, for as for a gas, the refractive index is nearly constant.
As increases toward the refractive index increases slightly, as shown in
Figure 2. The slowly increasing index with frequency (decreasing with
 wavelength) is characteristic of normal dispersion.

To derive the Cauchy dispersion equation, let us first expand the fre-
quency factor in a binomial series:

so that

Writing and gathering constants and appropriately, we
can express

We may take the square root of each side and, since each higher-order term
in the expression is less than use the binomial expansion again on the
right member. After re-collecting constants, we get

This is the Cauchy relation introduced earlier to describe normal dispersion.
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3 CONDUCTION CURRENT IN A METAL

In metals, the existence of “free” electrons, not bound to particular nuclei,
modifies the treatment outlined above for dielectrics. Although there are also
bound electrons, the response of the free electrons dominates the electrical
and optical properties of the medium. So, in Eq. (3), we set and the
equation of motion becomes

(40)

The equation may be conveniently expressed in terms of the conduction cur-
rent density defined by

(41)

where has (SI) units of amperes per square meter. Writing Eq. (40) in terms
of rather than 

(42)

In the case where the applied field is the harmonic wave we ex-
pect the current density to vary at the same rate and write Equa-
tion (42) then takes the form

(43)

In the static, or DC, case specified by 

(44)

The static conductivity defined by Ohm’s law,

(45)

then takes the theoretical form

(46)

Since conductivities are usually measured, we rewrite Eq. (43) in terms of
giving

(47)

4 PROPAGATION OF LIGHT WAVES 
IN A METAL

An electromagnetic wave propagating in the conducting medium satisfies
Maxwell’s equations (12) through (15). Although free charge exists in
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the metal, the internal free-charge volume density is zero. The free charge
is so mobile that it quickly redistributes in response to an applied field, pre-
venting the buildup of local charge densities. The appropriate Maxwell equa-
tions are then

(48)

(49)

(50)

(51)

As before, because in the identity of 
Eq. (23). So, taking the curl of Eq. (49), we have

where we have used Eq. (51) in the last step. Representing with the help 
of Eq. (47), we conclude

(52)

For plane, harmonic waves given by the appropriate space
and time derivatives required by Eq. (52) can be calculated to give

(53)

where we have also made use of the fact that with the perme-
ability of vacuum. Again, we find that the propagation constant must be a
complex number to properly describe the propagation of the wave in a metal.

5 SKIN DEPTH

Before proceeding with the general case described by Eq. (53), we pause
to consider the special case in which the frequency of the incident radiation
is small enough to allow as a good approximation to Eq. (53)

Expressing i as and taking the square root of each side,
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Writing k in the complex form as before, we can identify the
real and imaginary coefficients by

(55)

and the real and imaginary refractive indices by

(56)

and

(57)

The complex character of k, when introduced into the plane, harmonic wave
equation, leads as in Eq. (29) to

The real exponential factor describes absorption. When the radiation
has penetrated a depth of therefore, the amplitude has decreased
to 1/e of its surface value. This particular distance is called the skin depth,
where

(58)

and is evidently smaller for better conductors with larger For 3-cm mi-
crowaves, for example, the skin depth in copper, with conductivity of

is only about 

6 PLASMA FREQUENCY

Returning to the general case of Eq. (53) and introducing there the complex
refractive index, we write

After multiplying the second term on the right-hand side of this equation by
this becomes
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The numerator in the second term must have the same dimensions as and
is identified as the square of a plasma frequency given by

(60)

where we have made use of both Eq. (46) and the relation . 
The plasma frequency is a resonant frequency for the free oscillations of the
electrons about their equilibrium positions. Inserting it into Eq. (59),

(61)

The plasma frequency turns out to be a critical frequency whose value deter-
mines whether the refractive index is real or imaginary. This can be seen by
neglecting the valid for high-enough frequency in which
case Eq. (61) is simply

(62)

Equation (62) now shows that for the refractive index of the metal 
is complex and radiation is attenuated, whereas for the index is real
and the metal is transparent to the radiation.

Returning to Eq. (61), we find, as before, two equations from which the
real and imaginary parts of the refractive index can be calculated. Equating
real and imaginary parts in

(63)

we find

(64)

(65)

These equations, solved simultaneously, permit calculation of curves such as
those in Figure 3. The curves cross at as is evident from
Eq. (64). Since typically the crossover occurs at dividing
the transparent and the opaque (and highly reflecting) regions. The plasma
frequency for metals falls in the visible to near-ultraviolet regions, so that
they are opaque to visible and transparent to ultraviolet radiation at suffi-
ciently high frequency.

Intermediate to the good insulator and good conductor we have treated
separately are materials, like semiconductors, for which neither of these extreme
cases suffices to explain the properties. Such materials manifest appreciable
contributions to their optical properties from both free and bound charges and
accordingly must be treated by allowing for both types of behavior.
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PROBLEMS

6 Calculate the skin depth in copper for radiation of (a)
60 Hz and (b) 3 m. First ensure that the approximations of
problem 5 are satisfied. (Handbook data for copper:

)

7 Compare the skin depth of (a) aluminum, with conductivity
of and (b) seawater, with conductivity of

for radio waves of 60 kHz.

8 Calculate the skin depth of a solid silver waveguide compo-
nent for 10-cm microwaves. Silver has a conductivity of

Explain why a more economical silver-plated
brass component will work as well.

9 The energy density of red light of wavelength 660 nm is re-
duced to one-quarter of its original value by passage
through 342 cm of seawater.

a. What is the absorption coefficient of seawater for red
light of this wavelength?

b. At what depth is red light reduced to 1% of its original
energy density?

10 Calculate and/or plot the real and imaginary parts of the re-
fractive index for a metal, given the frictional parameter
and the plasma frequency. Check your results against
 Figure 3.

11 Determine the theoretical content of the constants A, B,
and C used to express the Cauchy dispersion equation.

12 In writing Eq. (3) we neglected to include a contribution
due to the magnetic force on the electron. Under what con-
dition is the magnitude of the magnetic force exerted by a
harmonic electromagnetic wave on an electron much less
than the magnitude of the electric force exerted by the
same harmonic electromagnetic wave acting on the
 electron?

g

3 * 107>Æ-m.

4.3>Æ-m,
3.54 * 107>Æ-m

s = 5.76 * 107>Æ-m.

1 In general, the “electrical constant” K, the dielectric con-
stant, is related to the refractive index by

a. Show that if and are the real and imaginary parts
of the dielectric constant, then

and

b. Calculate and for a dielectric, in terms of at
frequencies high enough such that 

2 Show that in a nearly transparent medium, the absorption
coefficient is related to the conductivity and refractive
index by

3 Calculate and/or plot real and imaginary parts of the re-
fractive index for a dielectric given the frictional parameter

the resonant frequency and the dipole density N.
Check your calculations against Figure 2.

4 Assume that aluminum has one free electron per atom and
a static conductivity given by Determine
(a) the frictional constant (b) the plasma frequency (c)
the real and imaginary parts of the refractive index at 550 nm.

5 Show that Eq. (58) for the skin depth at low frequency is an
adequate approximation when and v � g v � s>e0 .

g, vp ,
3.54 * 107>Æ-m.
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Figure 3 Angular frequency depen-
dence of the refractive index and the
extinction coefficient for copper. Val-
ues assumed are and

The crossover point 
of the curves coincides with the plasma 
frequency.
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INTRODUCTION

In this chapter we give a quantitative treatment of laser operation. We begin
by developing the rate equations governing the population densities in a
medium interacting with an electromagnetic field. These rate equations are
developed following an approach taken by Albert Einstein in 1916. The pop-
ulation-density rate equation, together with equations representing the effect
of a cavity on an electromagnetic field, are used to develop a relation that
predicts the output irradiance from a laser given the characteristics of the
pump, gain medium, and cavity that comprise the laser system. We then dis-
cuss the gain bandwidth of laser gain media describing both homogeneous
and inhomogeneous broadening. The use of Q-switching and mode-locking
to produce pulsed output fields is then considered. Finally, we give a qualita-
tive description of the operation and characteristics of diode lasers.

1 RATE EQUATIONS

Rate equations relate the population densities (number of atoms or
 molecules per unit volume in a given energy state) to the properties of an
 electromagnetic field incident on the atoms or molecules. Recall that the
different energy states of interest in an atom correspond to different
 configurations of the charge cloud associated with one of the outermost 
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Laser Operation

electrons in the atom. In molecules, the energy states are also distinguished
by the vibrational and rotational state of the molecule. For the moment we
will concentrate on but two of the many energy states in an atomic system.
We denote the energies of these levels and with the nominal differ-
ence in energy and take, again for the moment, the lower
energy state to be the ground state of the system, shown in Figure 1.

We denote the population densities of these states and The
 interaction of an electromagnetic field with a pair of atomic or molecular
 energy states can be described by three processes: stimulated emission,
 stimulated absorption, and spontaneous emission. The rates associated with
these processes are valid for the case of interaction with a nearly mono-
chromatic laser field of frequency In the more general case of the inter-
action with an electromagnetic field with spectral energy density these
relations must be generalized as

(1)

(2)

and

(3)

In the last relation we have used the fact that the lineshape function is
normalized so that its integral over all frequencies is unity. Note that the rate
of spontaneous emission is independent of the spectral energy density of the
electromagnetic field. The spectral energy density has a dimension of
energy per volume per frequency interval. The integration of the spectral en-
ergy density over all frequencies gives the time-averaged energy density
of the electromagnetic field,

Evaluation of the integrals in Eqs. (1) and (2) requires knowledge of the form
of the spectral energy density and lineshape function These inte-
grals simplify in two general cases that are of particular interest. These cases
are described in the following subsections.

Broadband Electromagnetic Energy Density
Consider the case in which the spectral energy density function is much
broader than the lineshape function The behavior of these functions is
illustrated in Figure 2. Note that, for such a situation, the product function

is significant only over the range of frequencies near for which
is significant. Over this range, the energy density function is nearly con-

stant and can be taken to be As a consequence the energy density func-
tion can be “pulled out” of the integral so that, to a good approximation,
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Figure 1 Electromagnetic field spectral
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1See, for example, M. O. Scully and M. S. Zubairy, Quantum Optics (Cambridge, UK: Cambridge
University Press, 1997).

Thus, for a broadband electromagnetic field, the stimulated rates are

Here, is the center frequency of the atomic transition. The rate of
spontaneous emission is, of course, still given by Eq. (3).

The rate equations describing the interaction of the two-state atomic
system with a broadband electromagnetic field then have the form

(4)

and

(5)

Note that

since we are accounting only for processes that couple the energy levels 2 and 1.
Thus a reduction in the population density of state 2 must be accompanied by
an increase in the population density of state 1.

The coefficients and are characteristic of the two energy
states. Their form can be determined using a fully quantum-mechanical treat-
ment1 of the interaction of the atom with an electromagnetic field, but such a
treatment is beyond the scope of this chapter. However, in 1916 Einstein was
able to develop relationships between these so-called A and B coefficients,
without relying on a fully quantum treatment, by considering the situation in
which the atoms in the system come to thermal equilibrium with an electro-
magnetic field. We summarize his approach in what follows.

Relationships Between A and B Coefficients
The spectral energy density in an electromagnetic field in thermal equilibri-
um with its surroundings at temperature T takes the form

(6)

[See problem 1.] In thermal equilibrium at temperature T the population
densities and of the atoms satisfy a Boltzmann relation,

(7)

These relations can be compared to the requirements imposed by the rate
equations, Eqs. (4) and (5). In thermal equilibrium the rates of change of the
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2Actually, these coefficients depend also on the structure of the enclosure surrounding the
atom, but this dependence typically becomes important only for enclosures of dimension not too much
larger than the wavelength of light.

population densities should be zero. Solving either Eq. (4) or (5) in steady
state (that is, setting the left-hand side of either of these equations to 0)
 results in the relation

In thermal equilibrium, Eqs. (6) and (7) can be used in this relation to give

Rearranging to isolate multipliers of the term 

In order for this relation to be true at all temperatures T, the term that multi-
plies and the remaining term in parentheses must each be identically
zero. Then, it follows that

(8)

and

(9)

Thus we have derived the relations between the Einstein A and B coefficients
by considering a thermal equilibrium situation. However, the A and B coeffi-
cients are properties of the atom alone2 and so Eqs. (8) and (9) are true
whether or not the atom is in thermal equilibrium.

Rate Equations for Monochromatic Light
When the frequency width of the spectral energy density is much nar-
rower than the frequency width of the lineshape function as is typically
the case for laser light, the stimulated emission and absorption rates appear-
ing in Eqs. (1) and (2) can be approximated as,

(10)

and

(11)

r1n2 dn = B12N1g1n¿28u9 = B12N1g1n¿21I>c2
q

0
�

r1n2 dn = B21N2g1n¿28u9 = B21N2g1n¿21I>c2
q

0
�

RSt.Abs. = B12N1g1n¿2

r1n02 =

A21

B121N1>N22 - B21

RSt.Em. = B21N2g1n¿2

g1n2,
r1n2

B12 = B21

A21

B21
=

8phn0
3

c3

ehn0>kBT

a
A21

B21
-

8phn0
3

c3

B12

B21
behn0>kBT

- a
A21

B21
-

8phn0
3

c3 b = 0

ehn0>kBT,

8phn0
3

c3

1

ehn0>kBT
- 1

=

A21

B12e
hn0>kBT

- B21

552 Chapter 26



Laser Operation

3More generally, where and are the degeneracies of the upper and lower
levels, respectively.

g1g2sabs = 1g2>g12s,

Here is the center frequency of the spectral energy density of the electromag-
netic field. For nearly monochromatic fields we typically say simply that is the
frequency of the field. Finally we have noted [see problem 2] that for nearly
monochromatic fields, where I is the irradiance of the electromag-
netic field. Using Eqs. (10) and (11) allows the rate equations governing the
population densities in the states 2 and 1 to be written as

(12)

and

(13)

Following a particular convention, we choose to define the stimulated emis-
sion cross section as

For an atomic system in which the degeneracy of the upper and lower states
each is 1, is also the stimulated absorption cross section3 since, in that case,

With this definition, the rate equations can be written as

(14)

and

(15)

Now has a dimension of area which accounts for its designation as a cross
section. Further, the factor has a dimension of inverse time and so is a
rate. In fact, it is the stimulated emission rate and can be compared to the
spontaneous emission rate As we see in following sections, the ratio of
the stimulated emission rate and the spontaneous emission rate governs the
behavior of the interaction of light with an atomic system.

2 ABSORPTION

Light may either be attenuated or amplified as it propagates through a
 medium. The population densities of the different energy states in the medium
determine the amount of attenuation or amplification that a given electro-
magnetic field will undergo. In this section we derive steady-state population
densities for a two-level atomic system, in which the lower energy level is the
ground state of the system. We let laser light of irradiance I and frequency
be incident on the atomic medium. This system is described by Eqs. (14) and
(15). At room temperature nearly all the atoms in a medium will be in the
atomic ground state. When laser light is incident on such a medium 
a significant population density can accumulate in an excited state only if the

n¿

n¿
n¿

8u9 = I>c,

dN2

dt
= -A21N2 - B21g1n¿21I>c2N2 + B12g1n¿21I>c2N1

s
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dt
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sI

hn¿
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dt
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hn¿
1N2 - N12

B12 = B21 .
s

s = B21g1n¿2hn¿>c

s
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dt
= +A21N2 + B21g1n¿21I>c2N2 - B12g1n¿21I>c2N1

553



Laser Operation

1

�1

0

0.5

�0.5

Sc
al

ed
 p

op
ul

at
io

n 
de

ns
it

y

N1/NT

N2/NT

Ninv/NT

0 2 4 6 8 10

Scaled irradiance

Figure 3 Scaled population densities of the
excited (2) and ground (1) states of a two-
level atomic system as a function of the scaled
irradiance The scaled popula-
tion inversion density

is also shown.NT

Ninv>NT = 1N2 - N12>
I>1A21hn¿>s2.

 transition to the excited state is resonant with the electromagnetic field so that
Let us assume that only such an excited state 2 accumulates a

significant population density as a result of the interaction with the electro-
magnetic field. In this case we can set

(16)

where is the total population density of the atoms in the medium. Equa-
tion (14), considered in steady state and Eq. (16) can be solved
jointly to give the steady-state values of the population densities and
The result (see problem 3) is

(17)

(18)

We shall see that the population inversion is of physical in-
terest. For the case at hand, the population inversion is always negative since

(19)

Note that the key parameter governing the distribution of population
between the two levels is the ratio of the stimulated emission rate and
the spontaneous emission rate Plots of the population densities of the
two levels and the population inversion as functions of light irradiance are
given in Figure 3. Note that the inversion is always negative and decreases in
magnitude as the irradiance of the light incident on the medium increases. In
the limit of very large irradiances, the inversion tends to zero. This behavior
can be understood by noting that two processes, stimulated emission and
spontaneous emission, drive an atom from level 2 to level 1. Only one process,
stimulated absorption, drives the atom from level 1 to level 2. The rates of
stimulated emission and absorption are equal, and so the “downward” (2 to 1)
rate always exceeds the “upward” (1 to 2) rate; thus a steady-state population
inversion cannot occur in a two-level atomic system. In the limit of very large
irradiances, the spontaneous emission process becomes negligible, leading to
a near equalization of population densities.
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Absorption Coefficient and Beer’s Law
Thus far we have concentrated on the change in population density induced
by an incident electromagnetic field. In doing so we have implicitly assumed
that the irradiance of the field is constant temporally and spatially. Con-
sider the situation depicted in Figure 4. Light of irradiance is incident on
an atomic medium from the left as shown. As the light propagates in the 
z-direction across the medium, there can be an exchange of energy between
the light and the atoms in the medium. The absorption or loss coefficient
characterizes the spatial rate of change of the irradiance, that is,

(20)

Let us now form the left-hand side of Eq. (20). Let be the incremental
rate of change of the number n of photons (traveling in the )
through a small volume of cross-sectional area and length due to
interaction with a gain medium. The incremental change in irradiance
across this small volume then can be written as

Dividing each side of this relation by gives

(21)

Now, the net rate of photon production or loss in the small volume is the
result of spontaneous emission, stimulated emission, and stimulated absorp-
tion. For sizable incident irradiances, the rate of spontaneous emission into
the direction of the beam is much less than the stimulated emission and stim-
ulated absorption rates, and so spontaneous emission makes a negligible con-
tribution to the net rate of photon production. Then, since each stimulated
emission event creates one photon and each stimulated absorption event re-
moves one photon from the field, the rate of change of the number of pho-
tons in the volume (see the last term in Eq. 14) is

Using this in Eq. (21) leads to

Letting the increments pass into differentials gives the seminal relation

(22)

Thus we have discovered the form of the loss coefficient appearing in
Eq. (20):

(23)

Note that the loss coefficient has a dimension of inverse length.
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4Modeling absorption in the the Nd:YAG crystal by a two-level system with no degeneracies is
a rather drastic oversimplification of the real situation. Example 1 should be regarded as an “order-of-
magnitude, back of the envelope” estimation.

As is evident from Eq. (18) and Figure 3, for sufficiently small input 
irradiance (or sufficiently small cross section ) the population density
 remains concentrated in the ground state, In this case,

(24)

is a constant, independent of the irradiance of the input field. Here we have
introduced as the small-signal loss coefficient. For this case, 
Eq. (22) takes the form

and can be directly integrated as

(25)

This result is known as Beer’s law. The simple exponential-decay nature of this
expression follows only for the case of a weakly absorbing system for which
nearly all of the population remains in the ground state. The treatment of a
system in which a significant population is transferred to an excited state is
mathematically more complex. In such a situation, which is the subject of
problem 4, the loss coefficient decreases (saturates) with increased incident
 irradiance.

Example 1

The cross section for a transition from the ground state to an excited state
that is resonant with an electromagnetic field of wavelength 808 nm, for a
neodymium (Nd) atom doped into a YAG (yttrium aluminum garnet) crystal4

is about Assume that the dopant density (number of atoms
per ) of Nd in the YAG crystal is and that the YAG crys-
tal itself is transparent to 808-nm light. Assume that a diode laser with an
emission at a wavelength of 808 nm is to be used to pump an Nd:YAG laser
rod. (Pump energy absorbed by the crystal, as we shall see in the next sec-
tion, can be converted to Nd:YAG laser output.)

a. Estimate the small-signal absorption coefficient for the Nd:YAG crystal.
b. Estimate the depth to which the diode laser beam would penetrate sig-

nificantly into the Nd:YAG crystal.

Solution

a. The small-signal absorption coefficient is

�
L

0
dz�

a0 = sNT = 13 * 10-202110202 cm-1
= 3 cm-1

s
N1 L NT .

a L sNT K a0

a0 1I : 02

dI

I
= -a0 dz

ln1IL>I02 = -a0L

IL

I0

dI

I
= -a0

dI

dz
= -a0I

IL = I0e
-a0L

1020 atoms>cm3cm3
3 * 10-20 cm2.
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5See problem 7 for another common arrangement involving three levels.

b. Let us take the depth of “significant penetration” to be the depth L at
which the irradiance of the diode laser has decreased to of
its initial value. Then assuming that it is appropriate to use the small-
signal result given in Eq. (25),

Thus Nd atoms deeper than about 0.33 cm would not absorb much of
the pump energy.

3 GAIN MEDIA

We have seen that a simple two-level system with the lower energy state being
the ground state always acts as an absorber. Laser systems require a gain medi-
um that provides energy to a field that propagates through it. As alluded to in
Example 1, gain media must be pumped. That is, the pump energy stored in the
gain medium is converted to irradiance by interaction of the electromagnetic
field with the gain medium. A common atomic-  level structure that serves as a
gain medium is illustrated in Figure 5. In this figure four important levels are
shown,5 with the level of energy being the ground state. The light field to be
amplified is taken to have irradiance I and frequency and should be nearly
resonant with the 2 to 1 transition. Pump energy is provided to the system via
the 0 to 3 transition. For concreteness, let us assume that the pump is a laser of
frequency and irradiance The rate equations governing
population densities of the four levels shown in Figure 5, due to the  indicated
processes, take the form

(26)

(27)

(28)

(29)

Here we have replaced the spontaneous emission A coefficients with
decay rates in order to account for any decay process that causes a down-
ward transition in the atom, including spontaneous emission and, for exam-
ple, inelastic collisions with other atoms, molecules, or particles. These latter
processes are examples of what is called nonradiative decay. Also, is the
stimulated emission cross section for the 3-to-0 transition and we have again
ignored, for simplicity, level degeneracies. Finally, we will assume that the
four-level system is closed, in the sense that all atoms in the sample exist in
one or the other of these four levels so that

(30)NT = N0 + N1 + N3 + N4
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If this is to be true, the right-hand sides of the Eqs. (26) though (29) must sum to
zero. This is so provided that and The
lifetime of an energy level is defined to be the inverse of the total decay rate
from the level so that, in the present case,

The lifetime of a level is the time for the population density of a given level to
decay to 1/e of its initial value, when the decay process is the only process that
occurs.

The analysis leading to Eq. (22) holds as well for the four-level gain
medium being presently considered. Thus gain will occur provided that a
population inversion exists in steady state. Under this condition,
stimulated emission will exceed stimulated absorption and a net production
of photons will occur. Any three of the four-level rate equations, together
with Eq. (30), can be solved simultaneously to give the steady-state popula-
tion densities of the four levels and so to find the steady-state population
inversion This full analysis is left as an exercise (problem 5). It
is instructive to make a series of simplifying assumptions that sometimes
apply in real atomic gain media and which dramatically reduce the complexi-
ty of the system of equations. We do so in the following subsections.

Undepleted Pump Approximation It is often true that the laser pump
does not significantly empty the ground state of the four-level system so that

and In this case, Eq. (26) can be solved in steady state 
to give

(31)

It is important to note that, in the undepleted pump approximation, is ap-
proximately constant and although the rate is not negligible.
Using Eq. (31) in Eqs. (27) and (28) leads to, in steady state,

(32)

(33)

where we have defined the effective pump rate densities

Equations (32) and (33) can be solved for the population inversion, giving

(34)
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When describing gain media, Eq. (22) is often recast by defining a gain
 coefficient as

(35)

so that

(36)

It is important to note that the gain coefficient depends on the irradiance I,
since the population inversion is, in general, dependent on the irradiance.

Evidently, maximizing the population inversion maximizes the gain coeffi-
cient. Examination of Eqs. (34) and (35) indicates that population inversion and
so the gain coefficient are made larger under the following conditions:

1. The gain coefficient becomes larger as is increased relative to the
decay rates associated with level 2. This is sensible since stimulated
absorption attenuates the irradiance, and a large decay rate from level 1
indicates that the atoms do no not dwell a long time in level 1 and so the
chances of stimulated absorption events occurring are reduced.

2. The gain coefficient becomes larger by reducing This is again sensi-
ble since the effective pump rate feeds the population of level 1 and
so increases the likelihood of stimulated absorption. The effective pump
rate density is less in an atom for which is small.

3. The gain coefficient is increased by reducing the decay rate from level 2.
By doing so the dwell time of the atoms in the upper lasing level 2 in-
creases and so the likelihood of the occurrence of stimulated emission,
which leads to gain, is increased. Energy levels with such long lifetimes
are often referred to as metastable states.

4. The gain coefficient is increased by increasing the effective pump rate
density that feeds the upper lasing level and so increases the likeli-
hood of occurrence of stimulated emission events. This rate can be in-
creased by increasing the irradiance of the pump laser.

Ideal Four-Level Gain Medium
In the ideal case, and Then, the gain coefficient takes the
simple form

(37)

Here we have introduced two important parameters that describe gain media,
the small-signal gain coefficient and the saturation irradiance For the
ideal four-level gain medium, these parameters take the form

(38)

and

(39)

Note that the small-signal gain coefficient is the approximate gain coefficient
when the irradiance I in the medium is much less than the saturation irradiance

As illustrated in Figure 6, when the gain coefficient is reduced by a
factor of 2 from its small-signal value. Further, when the gain coeffi-
cient becomes inversely proportional to the irradiance, and the spatial rate of
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change of the irradiance given in Eq. (36) becomes constant. Although the
middle member of Eq. (37) is valid only for an ideal four-level gain medium,
the general form of the gain coefficient given as the rightmost member of
that equation holds for a wide range of homogeneously broadened gain
media (see Section 5), but with definitions of and different from those
given in Eqs. (38) and (39).

That the gain coefficient is less for fields of larger irradiance is said to be
due to gain saturation. Gain saturation occurs because large irradiances cause
more stimulated emission, which depletes the steady-state population density
of the upper lasing level, thus reducing the likelihood of a stimulated emis-
sion event.

Integrated Gain
Using Eq. (37) in Eq. (36) results in a differential equation that can be
 integrated to provide a relation between the irradiance input into a gain
medium and the irradiance output from that gain medium. Proceeding,

(40)

Separating variables and integrating both sides of the resulting relation gives

Integration gives

(41)

The important result given in Eq. (41) is a transcendental relation that can 
be numerically solved for the output irradiance given the input irradiance
and the characteristics of the gain medium, L and Important and
 interesting features of this relationship are illustrated in a series of problems
at the end of this chapter.

Figure 7 indicates the effects that varying the small-signal gain coeffi-
cient and the saturation irradiance have on the output irradiance
from a gain cell. Note that for all three curves, the irradiance input to the cell
is The lower curves have the same small-signal gain coefficientI0 = 1 W>cm2.
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but different saturation irradiances. These two lower curves show that, for
gain cell lengths L short enough that the irradiance in the cell remains well
below the saturation value, the output irradiance from the cell is nearly inde-
pendent of the saturation irradiance. However, for gain cells that are long
enough to allow the irradiance to grow to an appreciable fraction of the satu-
ration irradiance, the output irradiance is less for cells with smaller saturation
irradiances. The gain cell represented by the upper curve has twice the small-
signal gain coefficient of the cells represented by the lower two curves, and as
a consequence the output irradiance shown in the upper curve is significantly
larger, even for short gain lengths, than those shown in the lower curves.

In closing this section, we point out that both the saturation irradiance
and the small-signal gain coefficient are functions of the electromagnetic

field frequency since they each depend on the cross section which in
turn is proportional to the lineshape function In fact,

and

The import of these relations for the operation of a gain cell is explored in
problem 13.

4 STEADY-STATE LASER OUTPUT

Equation (41) allows for the prediction of the steady-state or continuous
wave (CW) output irradiance of a laser given the natures of the pump, gain
medium, and cavity that constitute the laser. We will develop first an expres-
sion for the CW output irradiance for a ring laser and then write down the
corresponding result for the more common case of a laser system that uses a
two-mirror linear cavity.

Ring Laser
We choose to illustrate the development of an expression for the steady-state
irradiance output from a laser cavity by considering a ring laser consisting of
three mirrors as shown in Figure 8. Take the reflectances of the three mirrors

and to be and respectively. Further, let mirror be
the output mirror with a transmittance The gain medium is characterized
by its saturation irradiance length L, and small-signal gain coefficient
We assume that lasing action occurs only in the counterclockwise direction
around the ring.

In steady state, the losses due to imperfect reflection and transmission
at the mirrors must be, in each round-trip, offset by the increase in irradiance
that results from interaction with the gain medium. As indicated in Figure 8, we
will take the steady-state irradiance at the input end of the gain cell to be
and that at the output end to be Tracking the irradiance from the output
end around the ring to the input end leads to the relation

(42)

Here, S is the fraction of the irradiance that survives the trip around the  cavity
from the output to the input of the gain cell. For the simple cavity  considered
here, More generally, the survival factor S should  include factors
describing each process that reduces the irradiance as the beam traverses the
ring. Equation (42) can be used in Eq. (41) to give the  desired  expression for
the steady-state irradiance at the output end of the gain cell. After a bit of
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Figure 8 Ring laser. The field is con-
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direction by means not shown. The gain cell
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radiance The output mirror has trans-
mittance T3 .
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 rearrangement, we find

The irradiance of the laser beam exiting the ring cavity is, then,

(43)

Let us examine the features of this expression. Larger irradiances occur for
gain media with larger saturation irradiances. However, the saturation irradi-
ance is a property of the gain media and cannot be manipulated. With a given
gain medium one can increase the output irradiance by increasing the pump
density since this increases the small signal gain coefficient A bit of
analysis (see problem 17) indicates that decreasing the cavity losses not
 associated with the laser output also increases the laser output irradiance.

Note that Eq. (43) is only meaningful when the small-signal gain
 coefficient exceeds a certain threshold value,

(44)

since it predicts a negative irradiance when Of course, there are
no negative irradiances. Rather when this condition holds, the cavity loss
per round-trip exceeds the gain per round-trip and no irradiance builds up
in the cavity. Note that characterizes the cavity losses. Using Eq. (44) in
Eq. (43) yields the indicative relation

(45)

Let us obtain the expression for the threshold small-signal gain coeffi-
cient in another fashion. The field in a laser cavity builds from sponta-
neous emission events occurring into a laser cavity mode. These spontaneous
emission events are then amplified by the action of stimulated emission with-
in the gain medium. However, the gain provided must exceed the losses en-
countered per round-trip due to imperfect mirrors, transmission from the
output mirror, and other cavity loss mechanisms. The irradiance due to the
spontaneous emission is typically much less than the saturation irradiance of
the gain medium. Thus, during the initiation of the laser field the gain coeffi-
cient has its small-signal value In this case, the irradiance input into
the gain cell and the irradiance output from the gain cell are simply relat-
ed (see problem 8) by

In order for the irradiance to grow during each round-trip, this single-pass
small-signal gain factor must more than offset the fractional loss in a
round-trip. That is,

(46)

This condition implies that for the laser field to grow,

g0 7

ln11>S2

L
= gth

IL = ISa
g0L - ln11>S2

1 - S
b

g0 6 gth .

gth =

1
L

ln 11>S2 1Ring cavity2

Rp2 , g0 .

Iout = T3IL = T3ISa
g0L - ln11>S2

1 - S
b

Seg0L
7 1

eg0L

IL>I0 = eg0L

I0
IL

g g0 .

gth

Iout = T3ISa
1g0 - gth2L

1 - S
b

gth

562 Chapter 26



Laser Operation

6See, for example, Joseph T. Verdeyen, Laser Electronics, 3d ed. (Prentice-Hall: Englewood
Cliffs, New Jersey, 1995), Ch. 9.

If the field grows with each round-trip through the cavity, but as it
does so the gain coefficient decreases due to saturation. When the gain co-
efficient is reduced so that the gain per pass through the gain cell just off-
sets the cavity loss per round-trip, steady state is reached. In summary, the
small-signal gain coefficient must exceed the threshold gain coefficient
for the laser field to grow in the cavity. This field will then continue to grow
until the gain coefficient saturates to the threshold value 

Example 2

A ring laser cavity system like the one shown in Figure 8 uses mirrors with
reflectances and The transmittance of the out-
put mirror is The gain medium is a 10-cm-long Nd:YAG crystal
with a saturation irradiance of The crystal is optically pumped
at a rate that leads to a small-signal gain coefficient of 

a. Find the threshold gain coefficient for this cavity.
b. Find the irradiance of the laser field that exits this cavity.
c. Assuming that the laser beam has cross sectional area

find the output power of the laser.
d. Assuming that the overall efficiency of this laser system is 3%, find the

pump power required to operate this laser system.

Solution

a. Using Eq. (44),

b. According to Eq. (45),

c. The output power is, then, approximately

d. The required pump power would be

Two-Mirror Linear Cavity
The analysis leading to the output irradiance for the more common two-mirror
linear laser is somewhat more complicated than that given for the ring laser,
but nevertheless can be carried out in a similar fashion.6 The result for a two-
mirror cavity like the one shown in Figure 9 (see problem 19) is

(47)Iout =

T2IS

2

g012L2 - ln A 1
R1R2
B

A1 - 2R1R2 B A1 + 2R2>R1 B

g0 7 gth ,
g

g gth .

g0 gth

g
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=

57 W
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1 - S
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10.05 - 0.0071210
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1
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Figure 9 Linear laser cavity.
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Here, is the transmittance of the laser cavity output mirror, and are
the reflectances of the cavity mirrors, and the gain cell is characterized by
length L, small-signal gain coefficient and saturation irradiance 
Equation (47) implies that for a two-mirror linear cavity, the threshold gain
coefficient is

More generally, an analysis like that leading to Eq. (46) leads to

(48)

Example 3

Estimate the minimum length of a linear cavity with mirror reflectances
and that can be used in a He-Ne laser system given a

small-signal gain coefficient of 0.001/cm.

Solution

The small-signal gain coefficient must exceed the threshold gain coefficient
for lasing action to occur. Thus, using Eq. (48),

so

Since the gain cell must fit into the laser cavity, the laser cavity must be longer
than 15 cm. One rarely finds a He-Ne laser shorter than 15 cm.

5 HOMOGENEOUS BROADENING

You should be familiar with the notion of the lineshape factor that gov-
erns the strength of the interaction of an atomic system with an incident field
of frequency In this section we discuss the underlying broadening mecha-
nisms that determine the width of the lineshape function and distinguish
between homogeneous and inhomogeneous broadening mechanisms. Briefly,
homogeneous broadening mechanisms are those physical influences that
broaden the linewidth of the frequency response of each atom in the medium
in the same manner, whereas inhomogeneous broadening mechanisms affect
different groups of atoms in different ways—typically making the central fre-
quency of the lineshape function different for different atoms.

Two important homogeneous broadening mechanisms are called lifetime
broadening and pressure broadening. These effects can be shown to lead to a
Lorentzian lineshape function,

(49)

This function peaks at and has a full-width at half-maximum of The
full-width at half-maximum, sometimes called the linewidth of the transition or
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the gain bandwidth, can be shown to be well approximated by

(50)

Here and are the lifetime of the upper and lower levels, respectively,
participating in the transition. The terms involving these lifetimes arise from
the process called lifetime broadening. The remaining term on the right-hand
side of Eq. (50) is due to pressure broadening, which contributes a term pro-
portional to the rate of collisions, of the gain atoms with each other and
with other species in the gain medium. This term is important primarily in
gas media. We now describe briefly each of these homogeneous-broadening
mechanisms.

Lifetime Broadening
Classically, an atom driven by a nearly resonant electromagnetic field oscil-
lates at the frequency of the driving field. This oscillation appears in a quan-
tum-mechanical treatment of the atom as an alternating transition between
the upper and lower laser states. Spontaneous decay from either of these lev-
els removes that atom from the coherent interaction with the field. The net
effect, in an assembly of oscillating atoms, is to introduce an additional time
dependence related to the random deletion of the contribution of one of the
oscillators from the net charge oscillation in the medium. As a result, the
charge oscillation in the gain medium cannot be represented by a function
oscillating with a single frequency but rather has a broadened Fourier spec-
trum. The lifetime broadening contribution to the lineshape function is
related to this broadened spectrum. The finite lifetime of the atomic levels is
due both to the fundamental process of spontaneous emission and to transi-
tions induced by inelastic collisions with other atoms. In these inelastic inter-
actions, the collisions induce a change in internal state of one or both of the
atoms participating in the collisions.

Pressure Broadening
Pressure broadening is a result of elastic collisions between atoms in the gain
medium. Although these elastic collisions induce no change in the internal
state of the colliding atoms, they act to interrupt the regular oscillation of the
charge in the atom. These interruptions introduce additional Fourier compo-
nents into the spectrum of the oscillations of the gain medium and hence con-
tribute to the broadening of the atomic response. The pressure-broadening
contribution to the gain bandwidth is, of course, pressure and temperature
dependent. For many gas gain media, pressure broadening makes the domi-
nant contribution to the homogeneous bandwidth.

Example 4

Consider a homogeneously broadened transition in a carbon dioxide
laser.

a. Find the lifetime-broadening contribution to the homogeneous linewidth
for this transition if the lifetime of the upper lasing level is and that
of the lower lasing level is 

b. The linewidth of this transition is measured to be 1 GHz. Estimate the
pressure-broadening contribution to the linewidth of this transition.

c. Gain bandwidths are often expressed as wavelength spreads rather
than frequency spreads Express the linewidth of this transition as
a wavelength spread given that the light resonant with this transition
has a wavelength of 10.6 mm.

¢n.
¢l

t2 t1

¢nH =

1
2p
a

1
t2

+

1
t1

+ 2rcolb

10 ms
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g0(n)

gth

n0nfsr

(a)

g(n)
gth

n0nfsr

(b)

g(n)
gth

n0nfsr

(c)

Solution

a. According to Eq. (50), the lifetime broadening contribution to
the linewidth is

b. The contribution due to pressure broadening is evidently

Under the operating conditions leading to a linewidth of 1 GHz, this
transition is predominantly pressure broadened.

c. The wavelength spread associated with the linewidth is found by not-
ing that

For small spreads, then, the magnitude of the wavelength spread is

Gain Saturation in Homogeneously Broadened Media
It is important to note that the expression for the gain coefficient given in
Eq. (37) is valid only for homogeneously broadened media since the deriva-
tion of this relation implicitly relies on the assumption that all atoms partic-
ipating in the interaction with the light are of the same type. Further,
recall that the low-loss “cavity modes” of a linear laser cavity are separated by
c/2d, where d is the cavity length. (For a ring cavity, the mode separation is c/P,
where P is the cavity perimeter.) This mode separation is sometimes called
the free spectral range, of the cavity. In general, several different cavi-
ty modes might have frequencies within the bandwidth of the gain medium
and so see significant gain. Let us be a bit more specific. Consider a 1-meter-
long linear cavity with a mode spacing Let this cavity
contain a gain medium of bandwidth 1 GHz pumped so that at the frequen-
cy of the transition line center the small-signal gain coefficient is
twice the threshold gain coefficient Recall that the small-signal gain co-
efficient is proportional to the lineshape function so that the width of the
small-signal gain coefficient is The gain coefficient and cavi-
ty modes for this system are shown in Figure 10.

When the laser is turned on, the irradiance is very small and so the
gain coefficient takes on its small-signal value This situation is
illustrated in Figure 10a. Notice that in this case six cavity modes are at fre-
quencies that have gain larger than the threshold value. The irradiance in each
of these six modes, therefore, begins to grow. As the irradiance grows, the gain
saturates and the gain coefficient is reduced. As the gain coefficient is
 reduced, the number of cavity modes above threshold decreases. Figure 10b
shows the gain coefficient at a time in the buildup to steady state when only
four cavity modes remain above threshold. These four modes continue to
grow while all others die out. As the irradiance in these four modes grows,
gain saturation further reduces the gain coefficient, causing still more
modes to drop below threshold. Steady state is reached when only the cavi-
ty mode with the frequency closest to the line center frequency  experiencesn0

= 3.75 * 10-10 m = 0.375 nm

¢l = l2
¢n>c = 110.6 * 10-6 m221109 Hz2>13 * 108 m>s2

¢nH,t =
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1
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1
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dn = d1c>l2 = -1c>l22 dl

¢nH,p = ¢nH - ¢nH,t = 1 GHz - 0.00161 GHz L 1 GHz

¢nH,p

= 1.61 * 106 Hz

Figure 10 Gain saturation in a homoge-
neously broadened laser. Cavity mode fre-
quencies are separated by 
For all three plots the gain bandwidth is 1
GHz. The small-signal gain coefficient at
linecenter is twice the threshold gain
coefficient (a) At laser turn on the gain
coefficient has its small-signal value 
and six cavity modes are above threshold.
(b) As the irradiance in the cavity modes
above threshold grows, the gain coefficient
is reduced due to gain saturation. At the in-
stant shown, four cavity modes are above
threshold. (c) Gain saturation has reduced
the gain coefficient so that only the mode
nearest linecenter survives.

g01n2
gth .
g01n02

nfsr = 0.15 GHz.
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a gain coefficient equal to the threshold value. This situation is shown in
Figure 10c.

Note that this scenario indicates that only a single cavity mode can be
present in the CW output of a laser containing a homogeneously broadened
gain medium. In fact, it is possible that more cavity modes could be present in
the output, but only if these modes utilize different spatial portions of the
gain medium. In contrast, as we shall see in the next section, many different
cavity modes can lase in a system that uses an inhomogeneously broadened
gain medium.

6 INHOMOGENEOUS BROADENING

The homogeneous gain bandwidth results from the broadening of the fre-
quency response of each atom in the medium. In addition, there can be envi-
ronmental factors that cause the center frequencies of each of the atoms in an
assembly of atoms to differ from one another. Then, the frequency response
of the gain medium reflects both the homogeneous bandwidth of each atom
and the distribution of the center frequencies of the atoms. In gas lasers the
most important inhomogeneous broadening mechanism is Doppler broaden-
ing, due to the Doppler effect. Recall that the frequency measured by a
 detector depends on the velocity of the source of the wave relative to the
 velocity of the detector. Since the atoms in a gas gain medium have a distrib-
ution of velocities (the Maxwell Boltzmann distribution), the radiation from
different atoms, each of which emits light at frequency, say, in its own rest
frame, will be perceived in the laboratory as radiation with a spread of fre-
quencies related to the spread of velocities of the atoms in the gain medium.
Without proof we state that the lineshape function, resulting from this
process, is well described by a Gaussian function,

(51)

Here, is the center frequency of the emission from the atoms in their rest
frame and is the full width at half-maximum of the Doppler-broadened
lineshape function. For an assembly of gain atoms each of mass M at temper-
ature T,

(52)

Figure 11 shows the lineshape function for a Doppler-broadened gain
medium consisting of atoms each of which has a homogeneous linewidth

In general, both homogeneous and inhomogeneous broadening occur¢nH .
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Figure 11 A Doppler-broadened line-
shape function (solid curve) is shown
as a function of The lineshape functions
of ten of the continuum of “groups” of
atoms of homogeneous linewidth and
differing center frequencies that contribute
to the overall lineshape function are shown
by the dotted curves.
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nfsr n0 n

g0(n)

gth

(a)

nfsr n0 n

g(n)

gth

(b)

Figure 12 Gain saturation in an inhomo-
geneously broadened laser. (a) At laser
turn on, the gain coefficient has its small-
signal value and three cavity modes are
above threshold, and so the irradiance
grows at these frequencies. (b) In steady
state, the irradiance in each of the three
cavity modes has grown large enough to re-
duce the gain coefficient at these fre-
quencies to the threshold value gth .

g1n2

within the same gain system. The forms of the lineshape functions given in the
preceding paragraphs are appropriate for those relatively common cases in
which either homogeneous broadening or Doppler broadening is dominant.
In the intermediate case, the lineshape function does not have a simple closed
form. The bandwidth of many gas gain media, like He-Ne and for exam-
ple, are primarily due to Doppler broadening.

Example 5

Estimate the linewidth of an gain medium. Consider a transition wave-
length of and take the temperature of the gas under the oper-
ating conditions to be 3000 K.

Solution

The atomic mass of an argon atom is Then, from
Eq. (52),

There are many other important mechanisms leading to inhomogeneous
broadening. For example, in solid-state lasers in which the active atom is doped
into a transparent host, inhomogeneities in the host lead to broadening. In
many real gain media the gain broadening is due to a complicated mix of many
physical processes and is difficult to model accurately.

Gain Saturation in Inhomogeneously Broadened Media
Let us now turn to a description of gain saturation in an inhomogeneously
broadened medium. Consider Figure 12, which shows the behavior of the
gain coefficient during the buildup to steady state in such a medium. As in
the corresponding figure for a medium that is homogeneously broadened
(Figure 10), let us consider a case in which the small-signal gain coefficient at
line center is twice the threshold gain coefficient Once again we
consider a case in which several (for the case shown, three) cavity modes have
frequencies at which the small-signal gain coefficient exceeds the threshold
gain coefficient, as shown in Figure 12a. Irradiance grows at each of these fre-
quencies. The gain coefficient in an inhomogeneously broadened medium
has contributions from groups of atoms with different center frequencies
and relatively narrow homogeneous bandwidths. Consequently, the grow-
ing irradiance only reduces the population inversion, and so the gain coef-
ficient, in atoms within, roughly, one homogeneous gain bandwidth of the
corresponding cavity-mode frequency. Thus, as shown in Figure 12b, the 

g01n02 gth .

= 3.8 * 109 Hz = 3.8 GHz
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laser output can consist of frequencies corresponding to several different cavity
modes in a laser using an inhomogeneously broadened gain medium. The dips
in the gain curve have a frequency width roughly equal to the homogeneous
gain bandwidth of the atoms whose center frequency corresponds to the
cavity-mode frequency. If the cavity-mode separation is less than the homo-
geneous gain bandwidth of the atoms, the cavity modes will “compete” for
the same group of atoms and not all cavity modes initially above threshold
will lase.

The gain coefficient, near a cavity mode above threshold, in an inhomo-
geneously broadened gain medium saturates according to a law that is differ-
ent from that given in Eq. (37), which is appropriate for homogeneously
broadened media. For an inhomogeneous medium with a Gaussian lineshape
function, as is appropriate for Doppler-broadened media, the gain saturation
takes the form

(53)

In Eq. (53), the saturation irradiance is that for the group of atoms with a
center frequency at the cavity-mode frequency. Note that the gain coefficient
for an inhomogeneously broadened gain medium saturates less, for a given
increase in irradiance, than does the corresponding gain coefficient given in
Eq. (37) for a homogeneously broadened medium. For example, according 
to Eq. (53), when rather than as in a 
homogeneously broadened medium. This slower saturation results because,
although irradiance at a frequency equal to that of a given cavity mode inter-
acts primarily with the group of atoms whose center frequency is at the cavity-
mode frequency, the irradiance also can use other groups of atoms with
“nearby” center frequencies. As the irradiance at a given cavity-mode fre-
quency grows, it “reaches” groups of atoms with center frequencies further
and further from the cavity-mode frequency. This ability to extract energy
from new groups of atoms as the irradiance grows reduces, somewhat, the
rate of saturation of the gain coefficient. Equation (53) can be used to relate
the output irradiance to the input irradiance of an inhomogeneously broad-
ened gain cell using the same procedure that led to Eq. (41). This result can
then be used together with the cavity survival factor to develop an expression
for the output irradiance from a laser system using an inhomogeneously
broadened medium. This procedure is cumbersome and the resulting expres-
sion inelegant, and so we leave this as an unlisted problem for the ambitious
student.

7 TIME-DEPENDENT PHENOMENA

In the previous sections of this chapter, we have developed a means for pre-
dicting the steady-state output irradiance from a laser. In this section, we
write down the equations that govern the time-dependent exchange of ener-
gy between the energy stored in a gain medium and that stored in the intra-
cavity field. For simplicity we will treat the ideal, homogeneously broadened,
four-level system discussed earlier. Recall that in this case the population of
the lower lasing level is negligible since we take Equation (32),
 describing the atomic population density then becomes

We wish to develop a rate equation governing the photon number density
in the cavity. Let us adopt again the ring cavity model used earlier. In that

Np

dN2

dt
= Rp2 - k2N2 -
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case the photon number density in the cavity can be related to the field irra-
diance I in the cavity by the relation

Using this in the rate equation for gives,

(54)

The rate equation for the photon number density can be formed by adding
the contribution originating from cavity losses to the contribution originating
from interaction with the gain medium. For the case at hand, the gain contri-
bution is found by noting that each stimulated emission event decreases the
population of level 2 by 1 and increases the number of photons in the cavity
by 1. Recalling that and are densities and that the atomic population is
spread through the volume of the gain medium, whereas the photons are
distributed throughout the field in the cavity occupying an effective volume

we write

(55)

Here, is the cavity loss rate and the is approximately the ratio of the
length of the gain cell to the perimeter P of the ring cavity. Using the method
that is valid for a linear cavity, one can show (see problem 23) that the  cavity
loss rate for the ring cavity is

Note that Eq. (55) predicts a zero-growth rate if there are no photons in
the cavity. This results because we have ignored spontaneous emission in the
derivation of this rate equation. Whereas, as noted earlier, spontaneous emis-
sion is typically unimportant in steady-state laser operation, it is essential in
initiating the growth of the laser field. To treat the initial growth of the 
laser field, Eq. (55) can be rectified by replacing the factor in the last term
on the right with the factor This follows from a fully quan-
tum-mechanical treatment of the interaction between the atomic system and
the electromagnetic field and indicates that the ratio of stimulated emission
to spontaneous emission into a given cavity mode is the same as the ratio of
the number of photons in the cavity to 1. In practice, one often follows the
evolution of a cavity photon number density by using Eqs. (54) and (55),
starting from a nonzero “seed” photon number density. The former approach
was used in producing the curves, in Figure 13, showing the population inver-
sion = and photon number density as functions of time after laser
turn on. Note that, for the parameters listed in the figure caption, the inver-
sion population density grows to a value which is roughly a factor of 2 larger
than its steady-state, threshold value. As a result the initial gain exceeds the
cavity losses and the photon number density begins to grow rapidly. When
the photon number density grows to near its steady-state value, however, the
rate of stimulated emission, which reduces the population inversion, exceeds
the pump rate that feeds the inversion, and so the population invers-
ion  decreases rapidly. This decrease in population density, of course, is
 accompanied by a rapid increase in photon number density. However, this
large  photon number density initiates sufficient stimulated emission events 
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Figure 13 Laser turn-on and approach to
steady state. The solid curve represents the
population inversion as a function of
time. The dotted curve shows the photon
number density in the cavity (multiplied
by 20 so that both curves have similar vertical
scales) as a function of time. The parameters
used to produce this curve are 

and 
k2 = 107 s-1,≠ = 108 s-1,cm2,

s = 10-18

g0>gth = 2,
Vg>Vc = 0.3.
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Ninv

to drive the population inversion below its threshold value, at which time
cavity loss exceeds gain and the photon number density begins to decrease.
The decrease in photon number density allows the population inversion to
once again grow and there follows a back-and-forth trading of energy be-
tween the atomic population and the electromagnetic field as the system set-
tles into steady state. The oscillations in population inversion in the approach
to steady state are known as  relaxation oscillations. The strength and dura-
tion of the relaxation oscillations are sensitive functions of the parameters
governing the laser system. (See problems 24 and 25.)

Note that, as shown in Figure 13, in the approach to steady state a laser
system can produce pulses of intracavity photon number densities that far
exceed the steady-state photon number density. Consequently, in the
 approach to steady state, the laser system produces pulses that have peak irra-
diances far larger than the steady-state irradiance. We describe other means of
producing pulsed laser output in the next section.

8 PULSED OPERATION

In this section we turn to a discussion of the means of producing laser output
pulses. The ability to control the temporal delivery of laser energy is impor-
tant in a wide variety of applications, including materials processing, charac-
terization of fast processes, and laser fusion technology. Perhaps the simplest
means of producing pulsed energy output from a laser would be to pulse the
pump—that is, turn the source of laser energy on and off. Such a pulsed-pump
or gain-switched system can produce usable pulses as suggested by Figure 13. In
general, however, there is a complex exchange of energy between the field
and atomic population in such a system that makes the pulse characteristics
difficult to control. Two important methods used to control the characteristics
of laser light pulses are Q-switching and mode-locking. These are discussed in
the following subsections.

Q-switching
You should be familiar with the quality factor Q as a measure of the loss
rate of the cavity. Cavities with higher loss rates have lower quality factors. 
Q-switching refers to the periodic change of the loss rate of a cavity in

Np
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order to pulse the output of a laser. Q-switching proceeds in the following
time sequence:

1. A laser gain medium is pumped while the cavity has high loss (low Q).
The low Q of the cavity prevents growth of the intracavity irradiance and
so spontaneous emission and incoherent decay processes are the only
drains on the population of the upper lasing level. As a result, a large
population inversion grows in the gain medium. But since the cavity loss
is high, the small-signal gain coefficient is less than the threshold value
needed for lasing. That is, 

2. The Q of the cavity is rapidly switched to a high value so that the loss
rate of the cavity is reduced to a low value. The small-signal gain coeffi-
cient, built while the cavity had a high loss rate, now exceeds the high-Q
threshold value, As a result, a large irradiance builds rapidly
within the cavity, leading to output pulses of high peak irradiance.

3. The large irradiance in the cavity induces a high stimulated-emission
rate, which depletes the population inversion, driving the laser system
below threshold.

4. Before the population inversion can grow again to sustain a small-signal
gain coefficient larger than the threshold value, the cavity Q is switched
back to the low value. This prevents the reinitiation of lasing action and
allows the population inversion to grow, once again to a large value,
storing a large amount of energy in the gain medium.

5. Steps 2–4 are repeated.

Note that this description of the production of a Q-switched pulse has
much in common with the description of the first pulse shown in Figure 13.
There are, however, several important differences between the underlying
systems and their behaviors. In a Q-switched system, the population inversion
grows to a value larger than that in the equivalent gain-switched system be-
cause the low-Q, high-loss cavity prevents the growth of the cavity field until
the population inversion grows to the maximum value allowed by the pump-
rate/atomic-decay-rate dynamics. Further, when the cavity in a Q-switched
system is made to have low loss (high Q), the system is far above the lasing
threshold and so the irradiance grows more rapidly and to a larger value than
in the gain-switched system. Finally, in a Q-switched system, the cavity is
switched to the high-loss state after the pulse has driven the population in-
version below threshold and before the inversion can begin to grow again.
That is, switching to the low-Q state prevents additional relaxation oscilla-
tions characteristic of the approach to steady state. A Q-switched laser sys-
tem, then, produces a series of irradiance pulses similar in character to the
first pulse in a gain-switched system. The Q-switched pulses are, in general, of
higher peak irradiance and narrower pulse width than the initial pulse in a
similar gain-switched system. A Q-switched laser system is an optical ana-
logue to a capacitor. The high loss rate in the low-Q cavity allows for large en-
ergy storage in the gain medium, which can then be released rapidly as light
energy when the cavity is switched to the low-loss, high-Q state.

Q-switching can be accomplished by mechanical means, such as rotating a
cavity mirror into and out of alignment or passing a miniature fan blade
through the cavity. More commonly, Q-switching is accomplished through elec-
tro-optic or acousto-optic means. A particularly elegant means of Q-switching
involves the insertion of a saturable absorber into the cavity. A saturable ab-
sorber is a system that is absorbing for low light irradiances but transmitting for
high light irradiances. In the high-loss state, the population inversion grows,
which in turn leads to an increase in spontaneous emission. If the spontaneous
emission grows to a value large enough to saturate the absorber, the cavity will
suddenly become low loss. Thus, the saturable-absorber Q-switch requires no

g0 7 gth
high Q.

g0 = s1N2 - N12 6 gth
low Q.
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external intervention and the cavity is naturally Q-switched when the 
irradiance due to spontaneous emission reaches a value large enough to satu-
rate the absorber.

To a first approximation, Q-switching a laser system does not change
the overall efficiency of the system. As a result, the average power output
from a Q-switched system is roughly the same as the CW power of the same
system. Q-switching simply redistributes the energy so that it comes out in
large bursts separated by periods of nearly zero energy output. Q-switched
systems typically have pulse widths on the order of a cavity lifetime
since the pulse must leak out of the cavity. This leads to pulse widths on the
order of or less. The pulse repetition time (time between pulses) can be no
less than the time needed for an inversion to build, which is governed by the
lifetime of the upper lasing level. The pulse repetition time in a Q-switched
system is typically on the order of 1 ms. As a result, the peak power in a
Q-switched pulse can be a factor of 1000 or more larger than the CW output
power from the same laser system.

Example 6

A certain Nd:YAG laser is reported to have a CW power output of
If the system is to be Q-switched with a pulse repetition rate of

1 kHz and a pulse width of (a) estimate the peak power in a
Q-switched pulse and (b) estimate the energy in each pulse.

Solution

To estimate the peak power, we shall model the pulses as rectangles of
width equal to the pulse width and height equal to the peak power as
shown in Figure 14. Since the pulse repetition rate is 1 kHz, the time be-
tween pulses is The average power in the Q-switched system is
the power averaged over the time T. The energy in each cycle is the energy
contained in a single pulse:

a. The average power is thus so that

Finally, setting and solving for the peak power gives

b. Using the expression given earlier,

Ep = Pp ¢tp = 14 * 104 W210.25 * 10-6 s2 = 0.01 J = 10 mJ

Pp =

T

¢tp
PCW =

0.001

0.25 * 10-6 1 10 W2 = 4 * 104 W

Pav = PCW

Pav =

Pp ¢tp

T

Pav = Ep>T,

Ep = Pp ¢tp

T = 1 ms.

Pp ,

¢tp = 0.25 ms,
PCW = 10 W.

Ppeak

t2

1 ms

tp = 1>≠

Pav

Pp

�tp

TP

t

Figure 14 Construction showing a rectan-
gular pulse approximation to Q-switched
pulses used in Example 6. Typically, the pulse
width is a much smaller fraction of the
pulse repetition time T than is shown in this
diagram.

¢tp
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Mode-Locking
The physical arrangement of a mode-locked system, shown in Figure 15, 
is similar to that for a Q-switched system. Both systems require the inser-
tion into the laser cavity of an element that performs loss modulation.
However, as noted, in a Q-switched system the cavity is left in the high-loss
state for a time long enough to allow the population inversion to build to a
large value. This process requires many cavity round-trips. In contrast, in a
mode-locked system the loss modulation occurs once each round-trip in
the following fashion. In a linear cavity, the loss modulation “gate” is placed
near one of the mirrors and is switched to the low-loss state for a brief pe-
riod once each round-trip. Here, “a brief period” means a fraction of a
round-trip time. As a result, only pulses timed to pass through the gate
when it is open can survive in the cavity. All other field shapes see a high
loss and so do not lase. In a mode-locked system, the loss modulation oc-
curs too rapidly for the population inversion in the gain medium to re-
spond and so the population inversion, more or less, retains the same value
that it would have in a CW system. The mode-locking “gate” can be any of
the devices, described earlier, that could be used as Q-switches, provided
that the gate can be opened and closed over a time period shorter than a
cavity round-trip time.

Inhomogeneously broadened laser systems in which many different cavi-
ty modes lase are commonly mode-locked. The total field in the cavity is a su-
perposition of these fields with frequencies corresponding to the cavity-mode
frequencies that are separated by the cavity free spectral range c/2d, where d
is the cavity length. In order that these modes add to a pulse, they must be
locked to a common phase at a particular place that moves back and forth
through the cavity at the speed of light. The opening and closing of the gate,
just described, provides such a phase-locking mechanism. The initiation of
such a pulse can be viewed as the fortuitous spontaneous emission into the
different cavity modes in such a way that the fields in these modes happen to
constructively interfere at the gate when the gate is open. Once formed, this
pulse passes through the gate, bounces off the mirror, and passes through the
gate again before the gate closes. The pulse is then amplified by the gain
medium and returns as a larger pulse just as the gate opens again. In this
way the pulse builds from phase-matched spontaneous emission events. Field
components not phase-locked to form constructive interference, at the posi-
tion of the gate when the gate is opened, are blocked by the closed gate. The
mode-locked pulse is the low-loss mode of a cavity that is loss modulated once
each round-trip.

Phase-locking the fields in the cavity allows for the formation of a nar-
row pulse centered on the positions of common phase. Between positions of
common phase, since the fields have different frequencies, the fields tend to
destructively interfere. At a given place in the cavity, the condition for a
common phase for all of the fields recurs at times equal to the inverse of the
constant frequency separation of the modes. (See problem 26.) As noted
 earlier, the frequency difference between modes is so that the
 recurrence time for the pulses is the round-trip cavity time 2d/c.

Let us compare the peak power in a mode-locked, multimode laser to
the average power in the same multimode laser system with CW output. Let
the number of nearly equal-amplitude modes each of power in the system
be N. In CW operation the phases of these modes are independent from each
other and wander randomly since the fields are not perfectly coherent. Thus
the total average power, for the CW laser, is simply the sum of the powers in
the individual fields. That is,

(56)PCW = NP0

P0

nfsr = c>2d

Mirror MirrorPulse

Gain

Gate

Figure 15 A mode-locked laser system.
The gate opens for a brief time during each
round-trip to let the pulse pass.
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In the mode-locked pulse, at the positions of equal phase, the fields constructively
interfere so that the power in the total field at these positions is given by

(57)

Now the average power in the mode-locked laser is roughly the same as the
average power in the same CW system. Thus the relation given in part (a) of
Example 6, derived there for a Q-switched system, also applies for the  
mode-locked case. That is, with 

Using Eqs. (56) and (57), together with the relation for the pulse repetition
time leads to an approximate expression for the temporal width

of a mode-locked pulse,

The number of modes that are above threshold depends on the bandwidth
of the gain medium and on the ratio of the small-signal gain coefficient to

the threshold gain coefficient. In an inhomogeneously broadened system
pumped so that all modes within of linecenter will be above
threshold (see, for example, Figure 12a). In that case, and the
 expression for the pulse width becomes

(58)

This important relation is an example of the more general bandwidth theo-
rem, which states that the width of a pulse is inversely proportional to the
range of frequencies in the fields that constitute the pulse. So gain media
with larger bandwidths can be used to form narrower mode-locked pulses.
The relationships given in Eqs. (57) and (58) are explored in problems 27
through 31.

9 SOME IMPORTANT 
LASER SYSTEMS

Detailed descriptions of the characteristics of different laser systems are
 beyond the scope of this chapter. In this section, we describe briefly the prop-
erties of the different types of atomic and molecular gain media and list a few
examples of each. In Section 10 we discuss, in a bit more detail, the operation
of diode lasers.

Gas Atomic Lasers
By an atomic laser we mean one in which the upper and lower lasing levels are
different electronic states of one of the atoms in the gain medium. Helium-neon
(He-Ne) and argon-ion lasers are two important gas atomic lasers. In the
He-Ne laser neon atoms are the lasing species and the helium atoms aid in the
pumping process. The lasing levels in the laser are two different electronicAr+

1Ar+2

¢tp L

1
¢n

Nnfsr = ¢n
g0 = 2gth , ¢n>2

¢n

¢tp =

PCWT

Pp
=

NP012d>c2

N2P0
=

1
N1c>2d2

=

1
Nnfsr

¢tp

T = 2d>c,

PCW =

Pp ¢tp

T

Pav = PCW ,

Pp = N2P0

Pp
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energy states of a singly ionized argon atom. Gas atomic lasers are typically
Doppler broadened and have low efficiencies (less than 1%). The two types
mentioned here are known for their coherence. Gas atomic lasers typically emit
laser light with frequencies in the visible to near-infrared range. These lasers are
usually pumped by an electric discharge.

Gas Molecular Lasers
Molecules have energy levels corresponding to different rotational and vibra-
tional states of the molecule, in addition to the states associated with different
electronic configurations. The upper and lower laser levels of gas-molecular
gain media are typically different vibrational-rotational states associated
with the ground electronic state. These vibrational-rotational states typically
differ in energies such that the emitted light is in the mid-infrared range. The
most important gas-molecular laser is the carbon dioxide laser that
emits radiation of wavelength The laser is one of the most
versatile and efficient laser systems, capable of CW power outputs ranging
from mW to MW with efficiencies ranging from 10% to 40%. lasers are
typically pumped by an electric discharge. High-power lasers are some-
times pumped by electron beams or gas dynamic processes.

Excimer Lasers
The gain medium in an excimer laser is a rare-gas halogen mixture. Rare-gas
atoms have filled outer shells and so tend not to bond to other atoms. How-
ever, an excited rare-gas atom (like ) has a single electron in its outer
shell and so can form an ionic bond with a halogen atom (like F), which is one
electron short of a filled outer shell. A typical reaction might be

The production of the excited rare-gas species is accomplished by electric-
discharge or e-beam pumping. The molecule is the upper state of
the lasing transition. If the Kr is not excited, it repels the F atom and so the
lower lasing level is unstable with an extremely short lifetime
Thus this system approximates an ideal four-level laser system. Excimer
lasers are typically pulsed systems distinguished by their relatively high aver-
age power and, importantly, lasing wavelengths in the UV.

Liquid-Dye Lasers
The gain media in liquid-dye lasers are solutions of certain long-chain or-
ganic molecules in alcohol or other solvents. Dye lasers have very large
small-signal gain coefficients (4/cm or more) and very large gain bandwidths
(50–100 nm). Dye lasers emit radiation in the visible region of the spectrum,
and a few different dyes are sufficient to provide coherent radiation tunable
across the entire visible spectrum. The broad gain bandwidth of a given dye
allows for the production of extremely short (ps-width) mode-locked pulses.

Solid-State Lasers
Solid-state lasers are a class of lasers in which the lasing atomic species is
doped into a transparent host material. The most common solid-state laser
is the Nd:YAG laser in which neodymium (Nd) atoms replace about 1% of
the yttrium (Y) atoms in the host crystal, yttrium aluminum garnet (YAG).
Solid-state lasers typically have outputs with wavelengths in the near infra-
red. The Nd:YAG system provides laser output at An Nd:YAG
system can provide a high power, good beam quality CW output, and can
be either mode-locked or Q-switched. The output of an Nd:YAG laser is
commonly frequency doubled to produce coherent radiation at 532 nm.
Solid-state lasers are typically flash-lamp pulsed or optically pumped by

1.064 mm.

1'50 W2

1� 10-13 s2.

1Kr+F-2…
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Figure 16 Two views of a packaged laser
diode. The packaged diode is about 6 mm in
diameter. The laser diode chip itself is locat-
ed in the small rectangular depression visi-
ble in the mount shown in the top image.
Courtesy of John Sohl. (Photo by Sheri Tr-
bovich.)

another laser. Efficient, portable Nd:YAG lasers, pumped by an array of
diode lasers, are available.

10 DIODE LASERS

Semiconductor or diode lasers have gain media that differ significantly from
the atomic and molecular gain media discussed in the preceding sections of
this chapter. A diode laser is essentially a p-n junction whose cleaved edges
act as reflecting surfaces that supply the cavity feedback. From a packaging
perspective, the main distinguishing feature of the diode laser is its size. The
photograph in Figure 16 allows one to appreciate the difference in scale
 between diode lasers and conventional table-top laser systems. In this
 section we provide a qualitative description of the operating principles of
diode lasers and begin with a very brief review of semiconductors and p-n
junctions.

Each of the electrons in a solid insulator is tightly bound to a given
atom in the lattice that forms the solid. These tightly bound electrons are
said to occupy states in the valence band of electronic energy states of the
material. In a conductor, on the other hand, one or more electrons per atom
in the solid are not tightly bound to a given atom but rather are relatively
free to roam about the solid as a whole. These electrons are said to be in the
conduction band of electron energy states in the solid. In an intrinsic (pure)
semiconductor, each electron in the solid is bound to a given atom (that is,
it is in the valence band). However, the outermost electrons in a semicon-
ductor are not as tightly bound as those in an insulator. The strength of the
binding of the outermost valence electrons is described by the band-gap
energy, which is the energy required to free an electron from its host nucle-
us. That is, the band-gap energy is the energy required to promote an elec-
tron from the valence band to the conduction band. In an insulator, the
band-gap energy is typically about 4 eV. In a semiconductor, the band-gap
energy is between 1 and 2 eV. (In a conductor, the conduction and valence
bands overlap.)

In an intrinsic semiconductor, the atoms bond so as to “fill” the outer
shells of the atoms. For example, in gallium arsenide (GaAs), gallium has
three outer-shell electrons and arsenic has five outer-shell electrons. These
atoms bond in the solid lattice in such a way that each atom sees a full outer
shell (eight electrons) with some of these electrons shared with neighboring
atoms. It is this sharing of the electrons that forms the crystal bond. In a p-type
semiconductor, the material is doped with a small amount of an impurity that
has one less electron in its outer shell than does the atom that it replaces in the
lattice. For example, zinc has two outer-shell electrons. In GaAs doped with
zinc, the zinc replaces gallium (three outer-shell electrons) in the lattice. As a
result, for every zinc atom added, there are empty spaces in the lattice re-
served for an electron. These empty spaces are called holes and act as positive
charge carriers. In an n-type semiconductor, the material is doped with an im-
purity whose outer shell has one electron more than the outer shell of the
atom that it replaces in the lattice. For example, if selenium (six outer-shell
electrons) is doped into GaAs, it replaces As (five outer-shell electrons) in
the lattice. This results in one electron per selenium atom that does not have
a slot in the charge clouds surrounding the nuclei of the atoms in the lattice.
These “extra” electrons act as negative charge carriers. Of course, both n-type
and p-type materials have zero net charge since the dopant atoms are neutral.
Laser diodes use forward-biased p-n junctions, in which the voltage source
drives the holes in the p-type material and the conduction electrons in the
n-type material toward the junction (Figure 17).

Electrical
leadMetal

contact

Output

Junction

p-type

n-type 1 mm

Cleaved
end

Heat sink
and

electrical
contact

Figure 17 Simple p-n junction, laser diode
pumped by an injection current.
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Metal electrode

100 mm

1 mm
10 mm

200 mm

Emitting
area

p� GaAs

p GaAlAs

n GaAs substrate
n GaAlAs
GaAlAs active region

Figure 19 Stripe-heterojunction semicon-
ductor laser. Note the dimensions of the
cavity region.

TABLE 1 LASER DIODE WAVELENGTHS

Material GaN AlGaInP GaAlAs InGaAsP Sb mixtures

Wavelength (nm) 400–480 630–690 750–900 1200–2000 2000–4000

Figure 18 shows the band structure in the junction region. Note that 
the bands are curved and contain states of differing energy E since the carri-
ers in the bands can have different momenta A population inversion is
shown near the center of the bands where there is an excess of electrons in
the conduction band. In the junction region the electrons can “fall” into the
available holes, releasing energy in the form of a photon as they do so. This
spontaneous emission process is responsible for the output of light-emitting
diodes and is illustrated in Figure 18a. The cleaved edges of these p-n
 junctions, of submillimeter dimension, act as mirrors, providing feedback for
the laser system. The spontaneously emitted photons that are reflected back
into the thin junction region can cause stimulated absorption (the creation of
a conduction electron/valence hole pair and the loss of a photon, shown in
Figure 18b) or stimulated emission (the creation of a twin photon and the
 demotion of an electron from the conduction band into a hole in the valence
band, shown in Figure 18c).

Diode Laser Operating Characteristics
Important favorable characteristics of diode lasers are that they are relatively
inexpensive, are small and efficient, and can be engineered to have a variety of
wavelengths of interest in many applications. In addition, the output irradiance
from laser diodes can be easily modulated by varying the injection current that
pumps the diode. Thus, it is relatively easy to encode information into laser-
diode light fields. Efficient diodes have a more complicated layered structure
than does the simple p-n junction device illustrated in Figure 17. A more
 typical stripe-heterojunction device is shown in Figure 19. Arrays of diode
lasers allow for relatively high average power devices. Diode lasers do have
several unfavorable characteristics. The small asymmetric output aperture
leads to highly divergent nonsymmetrical output beams, as indicated in 
Figure 17. As a result, the output of a diode laser is typically coupled directly
into a fiber or collimated by a short focal length lens. Further, it is difficult to
limit a diode laser to stable single-mode output, and so diode devices gener-
ally have shorter coherent lengths than, for example, do Nd:YAG, He-Ne, or

laser systems. Still, the advantages of the diode laser design make them
the preferred choice in an ever-increasing array of devices, including laser
pointers, optical pumps, and optical data storage and read-out.

Semiconductor materials can be engineered to have a variety of band-
gap energies resulting in a variety of operating wavelengths. Some of these
are listed in Table 1 below.

pc .

Ar+

E

pc

(a) Spontaneous emission

(c) Stimulated emission

E

pc

E

pc

(b) Stimulated absorption

Figure 18 The interaction of an electro-
magnetic field with a semiconductor gain
medium. The upper energy band is the con-
duction band and the lower energy band is
the valence band. Filled circles indicate
electrons and empty circles indicate holes.
The thick, straight arrows indicate transi-
tions of an electron from one band to anoth-
er, and the lighter, curved arrows represent
photons. The energy E of the charge carriers
varies across the band since the carriers in a
given band vary in momentum, pc .
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PROBLEMS

1 The spectral energy density in an electromagnetic
field in thermal equilibrium at temperature T is given by
Eq. (6). Recall that is the energy per unit volume per
unit frequency interval in the field.

a. Show that which we define to be the energy per
volume per unit wavelength interval in the field, is

b. Confirm that the relation found in (a) is in agreement
with the spectral exitance associated with a blackbody
given as

Note that is the the exitance per wavelength interval
emitted by a blackbody source. (Hint: The spectral ener-
gy density in (a) includes the energy in field components
moving in all directions while the spectral exitance ac-
counts for the power moving normally away from the
blackbody surface.)

2 Consider a monochromatic electromagnetic field traveling
with speed c in a given direction. Use a conservation of en-
ergy argument to show that the time-averaged energy den-
sity associated with this field is related to the irradiance
I of the field by 

3 Show that Eqs. (17), (18), and (19) follow, in steady state,
from Eq. (16) and Eq. (14).

4 One can define a saturation irradiance for an absorp-
tive medium as the irradiance for which the loss coefficient

is reduced by a factor of 2 from its small-signal value.

a. Show that for the two-level absorptive medium consid-
ered in Section 2,

where 
b. Compare this relation to the saturation irradiance for

the ideal four-level gain medium given in Eq. (39) and
account, with a conceptual argument, for the factor of
two difference between the two saturation irradiances.

5 Consider an amplifying medium composed of homoge-
neously broadened four-level atoms like the one depicted in
Figure 5. Amplification is to occur on the 2-to-1 transition.
The medium is pumped by a laser of intensity which is
resonant with the 3-to-0 transition. The spontaneous decay
processes are as indicated on the diagram. The total number
density of gain atoms is The
various parameters are

NT = 1.5 # 1026>m3

l30 = 400 nm, l21 = 600 nm 1in free space2

sp = 3 # 10-19 cm2, s = 10-18cm2

k32 = 108>s, k21 = 1000>s, k10 = 108>s, k30 = k31 = k20 L 0

NT = N0 + N1 + N2 + N3 .

Ip ,

t2 = 1>A21 .

IS,abs =

hn¿

2st2

a

IS,abs

8u9 = I>c.
8u9

Ml

Ml =

2phc2

l5
a

1

ehc>lkBT
- 1
b

r1l2 =

8ph

l5
a

1

ehc>lkBT
- 1
b

r1l2,

r1n2

r1n2 a. Write down the rate equations for the population densi-
ties of the levels.

b. Find and plot the steady-state small-signal population
inversion as a function of the pump irradiance.
(Recall that “small signal” is code for “set ”)

c. Find the pump irradiance required to sustain a steady-
state population inversion.

d. Find the pump irradiance required to sustain a small-
signal gain coefficient of 0.01/cm.

e. Find the pump irradiance required to sustain a small-
signal gain coefficient of 1/cm.

f. Compare to and for the pump irradiances
of parts (d) and (e). Is it reasonable to set for
either of these irradiances?

g. Use the ideal four-level gain medium relation given as
Eq. (38) together with the definition of the effective
pump rate density given following Eq. (33) to estimate
the pump irradiance required to sustain a small-signal
gain coefficient of 0.01/cm and 1/cm. Compare these re-
sults to those obtained in parts (d) and (e).

6 Show that Eq. (34) follows from Eqs. (32) and (33).

7 Consider an amplifying medium composed of homoge-
neously broadened three-level atoms. Amplification is to
occur on the 2-to-1 transition. The medium is pumped by a
laser, of irradiance that is resonant with the 3-to-1 transi-
tion. Level 3 decays spontaneously only to level 2 and level
2 decays spontaneously to level 1, which is the ground state
of the system. The total number density of gain atoms is

The various parameters are

a. Sketch a level diagram like Figure 5 appropriate for this
case and indicate the various stimulated and decay
processes with arrows on the level diagram.

b. Write down the rate equations for the population densi-
ties of the levels. Include the presence of a field of irra-
diance I resonant with the 2-to-1 transition, the pump
interaction, and the decay processes.

c. Find and plot the steady-state small-signal population
inversion as a function of pump irradiance.
(Recall that “small signal” is code for “set ”)

d. Find the pump irradiance required to sustain a steady-
state population inversion. Compare this result to the
answer obtained for part (c) of problem 5.

e. Find the pump irradiance required to sustain a small-
signal gain coefficient of 0.01/cm. Compare this result to
the answer obtained for part (d) of problem 5.

f. Find the pump irradiance required to sustain a small-
signal gain coefficient of 1/cm. Compare this result to
the answer obtained for part (e) of problem 5.

g. Summarize the important differences in the behavior
of the three-level gain medium considered in this prob-
lem and the four-level gain medium considered in
problem 5.

Ip

Ip

Ip

I = 0.
N2 - N1

NT = 1.5 # 1026>m3

l31 = 400 nm, l21 = 600 nm 1in free space2

sp = s31 = 3 # 10-19 cm2, s21 = 10-18 cm2

k32 = 108>s, k21 = 103>s

NT = N1 + N2 + N3 .

Ip ,

N0 L NT

N0 N1 , N2 , N3

Ip

Ip

Ip

I = 0.
N2 - N1
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8 Show that if the irradiance throughout a gain cell described
by Eq. (41) is much less than the saturation irradiance
the output irradiance is related to the input irradiance
by the simple relation

That is, show that, in the small-signal regime, the irradiance
exhibits exponential growth.

9 Show that if the irradiance throughout a gain cell described
by Eq. (41) is much greater than the saturation irradiance

the output irradiance is related to the input irradiance
by the simple relation

That is, show that for a very large input irradiance, the irra-
diance exhibits linear growth. [It may be somewhat simpler
to implement the relation in Eq. (40) and then in-
tegrate, than to use Eq. (41) directly.]

10 Consider the limit described in problem 9.

a. Show that in this limit and for an ideal four-level gain
medium,

b. Argue that the relation in part (a) implies that for the
large input-irradiance case of problem 9 every pump
event leads to one photon added to the electromagnetic
field being amplified.

c. For the small input-irradiance of problem 8, even for an
ideal four-level gain medium, it is not true that every
pump event leads to one photon added to the electro-
magnetic field being amplified. Conceptually, account
for the missing pump events.

11 A homogeneously broadened gain medium has a length of
a small-signal gain coefficient at the transition

linecenter of and a saturation irradiance at
the transition linecenter of Assume
that light of frequency is input into the cell. Find the
irradiance exiting the gain cell when the irradiance
input to the cell is (a) (b) (c)

(d) and (e) 

12 For each case of problem 11, find the irradiance added by
passage through the gain cell and describe how this
added irradiance changes with increasing input irradiance.

13 Repeat problems 11 and 12 for the case in which the field
input into the cell has a frequency where

is the homogeneous linewidth of the gain medium.

14 Reproduce the curves shown in Figure 7 but extend the
maximum length of the gain cell on the plot to 10 cm.

15 Consider an ideal four-level gain medium in a ring cavity
like the one of Figure 8 but with and

a. Show that, for this case,

b. Show that, for this case and for essentially
every pump event leads to an output photon.

g0 W gth ,

1 - T3 .
R3 =

Iout = Isat 1g0 - gth2L

R1 = R2 = 1

¢n

n¿ = n0 + ¢n>2,

IL - I0

100 W>cm2, 1000 W>cm2, 10,000 W>cm2.
1 W>cm2, 10 W>cm2,

IL I0

n¿ = n0

IS1n02 = 100 W>cm2.
g01n02 = 1>cm,

L = 2 cm,

IL - I0 = hn¿R2pL

I W IS

IL = I0 + ISg0L

I0

IS , IL

IL = I0e
g0L

I0

IS ,
IL

c. Explain why, even when every pump event leads to an
output photon, the efficiency of the laser system is less
than 100%.

16 In this problem and the following two problems, consider a
ring cavity like the one depicted in Figure 8. Let the cavity
mirrors and have reflectances and let mir-
ror have reflectance where char-
acterizes the output mirror absorption. Let the gain
medium be homogeneously broadened and have length

and a saturation irradiance (at the lasing fre-
quency) of 

a. Find the threshold gain coefficient if
and 

b. If the small-signal gain coefficient is twice the threshold
value, find the irradiance of the laser output field.

17 Consider again the ring laser described in problem 16 but
now take the small-signal gain coefficient to be 0.01/cm,

and Plot the laser output irradiance
as a function of the variable reflectance of the
other two cavity mirrors.

18 Consider again the ring laser described in problem 16. Let
and Let the small-signal gain

coefficient be 0.01/cm.

a. Plot the laser output irradiance as a function of the vari-
able transmittance of the output mirror.

b. Using the plot produced in part (a), determine the value
of that maximizes the laser output irradiance. Explain
why, for this system in which there are unavoidable losses,
the output irradiance is reduced from its maximum
value if is either too large or too small.

19 Derive Eq. (47) by a procedure similar to that leading to
Eq. (43). The linear cavity case is complicated by the fact
that the field encounters the gain medium twice in each
round-trip with the losses encountered at the mirrors inter-
spersed between passes through the gain medium. It may be
useful to research and then summarize the solution to this
problem.

20 Show that Eq. (47) for a linear cavity reduces to

for a cavity with Here, S is the survival fraction in
the linear cavity without gain Compare this
 result with the similar result given in Eq. (43) for the ring
cavity and account for the differences between the two
 results.

21 Consider the transition described in Example 4. In addi-
tion to the information given in the example note that the
spontaneous emission rate for the transition is 

a. What is the stimulated emission cross section for this
transition?

b. What must be the population inversion in the gain medi-
um to produce a small-signal gain coefficient (at linecen-
ter, ) of 0.03/cm?

c. Treating this system as an ideal four-level system, esti-
mate the saturation irradiance for this transition.

0.34>s.A21 =

n¿ = n0

R3 = 0.95,
R1 = R2 = 1,

s

CO2

1S = R22.
R1 = 1.

Iout =

T2IS

2
a
g012L2 - ln11>S2

1 - S
b

T3

T3

T3

R1 = R2 = 0.99 A3 = 0.01.

R = R1 = R2

R3 = 0.95, T3 = 0.05.

T3 = 0.05.

IS = 2000 W>cm2.
L = 10 cm

M3 R3 = 1 - T3 - A3 , A3

M1 M2 R1 = R2
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22 Find the Doppler-broadened gain bandwidth of the 633-nm
He-Ne transition. Assume that the operating temperature is
400 K and recall that neon is the lasing species.

23 Show that the loss rate for a ring cavity with round-trip
survival factor S and perimeter P is

24 Reproduce the curves shown in Figure 13 using the parame-
ters given in the figure caption. Note that the effective
pump rate can be found from the listed condition 

25 Produce curves like those shown in Figure 13 for the parame-
ters given in the figure caption except let (a) (b)

(c) and (d) In each
case describe how changing the indicated parameter
changes the curves.

26 Consider the electromagnetic fields given by

a. Show that at at times given by
where n is an integer.

b. Discuss the relevance of the result shown in (a) for a
mode-locked laser.

27 The gain bandwidth (in nm) and the transition wavelength
for three different laser systems are given below. Estimate
the pulse width attainable with these laser systems if they
are mode-locked.

28 In order to investigate the bandwidth theorem, plot the given
function F as a function of time t for (a) (b)
and (c) In each case estimate the pulse width from
the plot and compare the pulse width to the range of fre-
quencies in the superposition.

29 Show that the sum E of the electric fields associated with N
mode-locked cavity modes of equal amplitude and with fre-
quencies can be written as

= E0 cos12pn0t + w02
sin1Npnfsrt2

sin1pnfsrt2

E = a
1N - 12>2

j = -1N - 12>2
E0 cos12pnjt + w02

nj = n0 + jnfsr

F = a
N

j = 0
cos[2p1110 + 0.2j2t>s]

N = 50.
N = 5, N = 10,

Rhodamine 6G dye l = 590 nm ¢l = 80 nm

He-Ne l = 633 nm ¢l = 0.002 nm

Ar+ l = 488 nm ¢l = 0.004 nm

t = n>dn,
z = 0, E1 + E2 = 2E0

E2 = E0 cos[2p1n1 + dn2t - k2z]

E1 = E0 cos12pn1t - k1z2

g0>gth = 4.
k = 10-8 s-1,

k = 10-6 s-1, g0>gth = 1.1,

g0 = 2gth .

≠ =

c

P
11 - S2

≠

30 Use the relation in problem 29 to verify Eqs. (57) and (58).

31 Estimate the peak power and pulse repetition rate in a
mode-locked Nd:YAG laser pulse of pulse width 70 ps if the
Nd:YAG laser cavity is 1.5 m long, and the CW output
power of the Nd:YAG laser system is 10 W.

32 Estimate the diffraction-limited far-field divergence angles
of a beam output from the heterojunction laser diode illus-
trated in Figure 19.

33 What is the band-gap energy of an AlGaAs semiconductor
used in a laser diode device that emits light of wavelength
800 nm?

34 What must the reflectance of the cleaved ends of the laser
diode illustrated in Figure 19 be if the small-signal gain
 coefficient of the medium is 40/cm?

35 a. Show that solving Eqs. (54) and (55) for the steady-state
photon number density and population inversion
gives,

b. Use the result for in (a) to form the following expres-
sion for the steady-state output irradiance from a ring
laser like the one discussed in connection with Figure 8:

c. Show that the relation from part (b) agrees with Eq. (43)
only if the survival fraction is close to 1. (Hint:

for small x.)
d. Which relation, the one from part (b) or the one given in

Eq. (43), is correct when S is not close to 1? Explain.

ln11 - x2 L x,

Iout = T3
k2hn¿

s

1sRp2L>k22 - 11 - S2

1 - S

Np

N2 =

≠

sc

Vc

Vg

Np =

sc1Vg>Vc2Rp2 - k2≠

sc≠

N2Np
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Characteristics of Laser Beams

INTRODUCTION

We now turn our attention to the nature of the optical beam generated by a
laser. We shall see that a laser beam generated in a spherical mirror cavity has
characteristics of both plane and spherical waves. In its simplest mode—the
fundamental Gaussian mode—the laser beam takes the form of nearly
spherical wavefronts, with the electric field exhibiting a transverse Gaussian
irradiance distribution localized near the propagation axis. In other, more
complex forms, referred to as higher-order modes or Hermite-Gaussians, the
electric field takes on transverse irradiance distributions that depart from the
simple Gaussian variation and exhibit an ordered pattern of “hot spots.” In
many cases, the output laser beam consists of a mixture of modes: the funda-
mental and several higher-order modes.

In this chapter we describe the general characteristics of Hermite-
Gaussian laser beams and treat the propagation of these beams through gen-
eral optical systems. After a rather thorough study of the fundamental mode
of the laser beam, we shall examine the higher-order transverse modes and
their transverse irradiance distributions.

1 THREE-DIMENSIONAL WAVE EQUATION
AND ELECTROMAGNETIC WAVES

Consider a general electromagnetic field of the form

(1)E
B

= Ex1x, y, z, t2xN + Ey1x, y, z, t2yN + Ez1x, y, z, t2zN

TEM00

d � 0.7 m

Laser cavity External
beam waistt � 4 mm

Mirror
surface Mirror-lens combination

R2� 2 m
R3� 0.64 m

w0(  )

Determine
and w0(  )

R1      �
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Characteristics of Laser Beams

In homogeneous media devoid of free charges or currents, each component of
this electromagnetic field satisfies a wave equation. Since that wave equation is
linear, one can solve it for each field component separately and then use these
components to form the full field of Eq. (1).  Consequently, without loss of gen-
erality, we shall consider an electromagnetic field of the form

(2)

We shall find it convenient to represent this field by the complex field such
that

This field component satisfies the wave equation

(3)

Here,

is the Laplacian operator, n is the refractive index of the medium through
which the field is propagating, and c is the wave speed in vacuum. You should
be familiar with two important harmonic (single-frequency) solutions to Eq. (3):
plane waves and spherical waves. These waves can be represented by the com-
plex fields

(4)

(5)

Here, is the distance from the source of the spherical
waves, and in each waveform You should also be familiar with
Gaussian beams. In the remainder of this chapter we will develop and charac-
terize a mathematical description of the Gaussian beam solution and compare
this useful representation of a laser field to plane and spherical waves.

2 GAUSSIAN BEAMS

If we were to examine the electromagnetic character of a typical laser beam,
we would find that its wavefronts are essentially spherical surfaces with long
radii of curvature that increase as the beam advances along the propagation
axis. The combined wavefront and irradiance variation of such a typical laser
beam passing through a converging lens might appear as shown in Figure 1.
The solid guidelines, above and below the z-axis, represent the locus of points
for which the beam’s electric field irradiance in a transverse direction is equal
to of its value on-axis. Thus these lines are used to define a continuously
changing beam width. The dashed arcs transverse to the z-axis indicate the
wavefronts of the beam. We desire solutions to the wave equation, Eq. (3),

1>e2

k = nv>c.
r = 2x2

+ y2
+ z2

E
'

=

A
r

ei1kr -vt +f2 Spherical wave

E
'

= E0e
i1kz -vt +f2 Plane wave propagating in +z-direction

§
2

=

0
2

0x2 +

0
2

0y2 +

0
2

0z2

§
2E
'

-

n2

c2

0
2E
'

0t2 = 0

E
'

E = Re1E
'

2

E
'

E
B

= E1x, y, z, t2xN

583



Characteristics of Laser Beams

Propagation
z-axis

Converging
lens

Beam
waist

Plane
wavefront

irradiance
2
1

e

Laser
beam

Spherical
wavefront

profile lines
Figure 1 An external laser beam, con-
fined essentially to regions within the

guidelines, is focused by a
converging lens. The incoming beam is
highly collimated so that its wavefronts are
very nearly planar. The converging lens re-
shapes the wavefronts and focuses the
beam—forming a beam waist—to the right
of the lens. The beam diverges strongly as it
propagates on past the beam waist.

1>e2-irradiance

that resemble the field distribution shown in Figure 1. We choose, therefore,
as a trial solution for the laser beam’s electric field the form

(6)

The term U(x, y, z) describes a departure from a “pure” plane wave and, when
determined, provides the details that accurately specify the irradiance and
phase variations of the wave. The exponential term in Eq. (6) merely
 reflects the “more-or-less” plane wave nature of the solution.

Since our trial solution in Eq. (6) must satisfy the wave equation, we
substitute it into Eq. (3) and obtain a defining equation for the yet unspeci-
fied function U(x, y, z):

The last term in the brackets on the left side of this equation vanishes out-
right, since That is,

(7)

Equation (7) is exact, in the sense that it is just a representation of the full
wave equation for fields taking the general form given in Eq. (6). Unfortu-
nately, this equation is, in general, difficult to solve. However, we intend to
 describe fields whose primary dependence on z is described by the rapidly
varying factor Thus, it is appropriate to seek approximate solutions, to
Eq. (7), that vary slowly with z so that the following condition holds:

(8)

That is, we are motivated to drop the term from the left side of
Eq. (7). However, we wish to describe beams of finite transverse extent, so we
cannot similarly neglect the transverse variation in the beam described by the
second spatial derivatives of U with respect to x and y. Thus we seek solutions
to the more tractable equation

(9)
0

2U

0x2 +

0
2U

0y2 + 2ik
0U

0z
= 0

eikz.
E
'

0
2U>0z2

`
0

2U

0z2 ` V 2k ` i
0U

0z
`

0
2U

0x2 +

0
2U

0y2 +

0
2U

0z2 + 2ik
0U

0z
= 0

v K kc>n.

ei1kz -vt +f2 c
0

2U

0x2 +

0
2U

0y2 +

0
2U

0z2 + 2ik
0U

0z
- ak2

- n2v
2

c2 bU d = 0

E
'

1x, y, z, t2 = U1x, y, z2ei1kz -vt +f2

E
'

1x, y, z, t2
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1A more detailed derivation is given in Anthony E. Siegman, Lasers (Mill Valley, Calif.: Uni-
versity Science Books, 1986), Ch. 16.

Equation (9) is a nontrivial partial differential equation with complex terms.
To solve it, we make an “educated” guess1 at a solution, motivated in part by
the cylindrical symmetry (about the propagation direction) that we expect in
the electric field and in part by the complex nature that the solution U(x, y, z)
must exhibit. Thus we “guess” the form

(10)

In the last equality we have introduced the cylindrical coordinate
Since U depends only on and z, it is cylindrically symmetric

about the z-axis. Now, p(z) and q(z) are general functions, as yet undeter-
mined, that are subject to constraints imposed by Eq. (9). After substituting
Eq. (10) into Eq. (9), we obtain

which, when rearranged in terms of powers of becomes

(11)

If the function given in Eq. (10) is to be a solution for all then each factor
multiplying a power of must equal zero separately. The coefficients of
and when set equal to zero, yield

(12)

and

(13)

Equation (13) can be integrated easily to give

Now, q(z) is, in general, a complex function. The coordinate z is, of course,
real so q(0) must be complex. The real and imaginary parts of q(0) are two of
the parameters that distinguish Gaussian beams one from another. Noting
that q has the dimension of a length, let us take the real and imaginary parts
of q(0) to be, respectively, and so that Then

It is convenient to choose the plane to be the
plane in which q(z) is purely imaginary. This choice sets and so

An examination of Eq. (10), for indicates that the imagi-
nary part of q(0) must be negative so that the field amplitude does not grow
without bound as x and y tend to infinity. To emphasize this requirement, we
write and

(14)q1z2 = z - iz0

z0 = ƒ z0I ƒ

q102 = iz0I . z = 0,
z0R = 0

q1z2 = z + z0R + iz0I . z = 0
z0R z0I q102 = z0R + iz0I .

q1z2 = q102 + z

0q

0z
= 1

0p

0z
=

i
q

1r220

1r221,
r2

r,

c a
2ik
q

- 2k
0p

0z
b1r220 + a

k2

q2

0q

0z
-

k2

q2 b1r
221 d U = 0

r2,

2ikU
q

-

k2

q2 r
2U - 2kU

0p

0z
+

k2

q2 r
2U

0q

0z
= 0

rr = 2x2
+ y2 .

U1x, y, z2 = E0e
i5p1z2+ [k1x2

+ y22>2q1z2]6
= E0e

i5p1z2+ [kr2>2q1z2]6
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2A word of caution is in order here. If we had chosen to write in Eq. (6), then
we would have written . As a result, a negative sign between the two terms on the right
of Eq. (17) would have been an appropriate choice.

q102 = z + iz0

E
'

= Ue-i1kz - wt +f2

We have seen that the real part of q(0) is related to the position of the plane
In the next section we examine the import of Eq. (14) and interpret

the meaning of the imaginary part of q(0), called the confocal parameter
or Rayleigh range.

Before turning to that discussion we complete our general solution by
using Eq. (14) in Eq. (12). This gives

(15)

This relation can be integrated (see problem 3) and the solution manipulated
to give

(16)

Equations (14) and (16) can be substituted into Eq. (10) to form our com-
pleted Gaussian beam solution. Before analyzing the resulting expression, we
will recast the solution into a more easily interpreted form.

3 SPOT SIZE AND RADIUS OF
CURVATURE OF A GAUSSIAN BEAM

Motivated more by hindsight than by foresight, we write q(z) in the form2

(17)

Here, R(z) and (z) are real functions. We shall see that R is the radius of
curvature of the wavefront and is related to the transverse dimension of the
beam. Following convention, we call (z) the spot size of the beam. The pa-
rameter q(z) is often called the complex radius of curvature of the beam.

Using Equation (17) in the trial solution given in Eq. (10) leads to

(18)

We see that the spot size (z) parameterizes the exponential drop-off
of the electric field strength in the transverse direction. The functions
R(z) and (z) can be determined by using Eq. (14) in Eq. (17) and perform-
ing some complex algebra. Proceeding,

Manipulating the left side of this relation leads to

1
z - iz0

a
z + iz0

z + iz0
b =

z

z2
+ z0

2 + i
z0

z2
+ z0

2 =

1
R1z2

+ i
l

pw21z2

1
z - iz0

=

1
R1z2

+ i
l

pw21z2

w
1r2

w

U1r, z2 = E0e
ip1z2eikr2>2R1z2e-r2>w21z2

w
w

w

1
q1z2

=

1
R1z2

+ i
l

pw1z22

eip1z2
= B

z0
2

z0
2

+ z2 e-i1tan-1z>z02

0p

0z
=

i

z - iz0

z0 ,
z = 0.
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Equating real and imaginary parts gives

(19)

and

(20)

Note that the spot size at which we denote has the value
so the Rayleigh range can be written as

(21)

and Eq. (20) can be rewritten as

(22)

Equation (22) can be used to recast Eq. (16) in the somewhat simpler
form

(23)

This relation and Eq. (20) can be used to specify completely the function 
U(x, y, z) in Eq. (10). The final form of U(x, y, z) can then be used in Eq. (6) to
give a manageable form for the Gaussian beam solution to the wave
 equation,

(24)

where R(z), and (z) are given by Eqs. (19), (21), and (22), respectively.
Note that a beam traveling in the z-direction described by Eq. (24) is uniquely
specified if the amplitude phase constant wavelength spot size at the
beam waist and location of the beam waist ( plane) are known. In
contrast, a plane wave traveling in the z-direction is parameterized by just

and Of course, a complete specification of the full electric field vec-
tors of plane waves and Gaussian beams also requires knowledge of the
 polarization of the fields.

4 CHARACTERISTICS 
OF GAUSSIAN BEAMS

Let us now try to make sense of the Gaussian beam form given in Eq. (24)—
along the way justifying the names “radius of curvature” for R(z) and “spot
size” for (z). We begin with an analysis of the irradiance profile of the
Gaussian beam and then turn to an examination of the shape of the phase
fronts associated with the beam.

w

E0 , f, l.

w0 , z = 0
E0 , f, l,

z0 , w

E
'

= E0a
w0

w1z2
be-r2>w21z2eikr2>2R1z2e-i tan-11z>z02ei1kz -vt +f2

eip1z2
=

w0

w1z2
e-i tan-11z>z02

w21z2 = w0
2a1 +

z2

z0
2 b

z0 =

pw0
2

l

z0

w0 =

w102 = 2lz0>p ,
z = 0, w0 ,

w21z2 =

lz0

p
a1 +

z2

z0
2 b

R1z2 = za1 +

z0
2

z2 b
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r0
r0

w0

Waist
z � 0

w(z)

Irradiance variation
in transverse plane

z

uFF � l
pw0

r

Figure 2 Gaussian spherical beam propa-
gating in the z-direction. The spot size (z)
at the beam waist is defined as 
The half-angle beam divergence 

is valid only in the far field. Note
the change in transverse irradiance as the
beam propagates to the right.

w

l>1pw02
uFF =

w0 .1z = 02

Irradiance Profile
The irradiance I carried by a harmonic electromagnetic wave is proportional
to the square of the magnitude of the complex electric field strength Thus,
using Eq. (24) we can write

(25)

Here, is the maximum irradiance, which occurs at the center of the beam
waist. That is, For reasons to be elucidated shortly and
illustrated in Figure 2, we have referred to the plane as the plane
 containing the beam waist. Important features of Eq. (25) to be discussed in
the following paragraphs and the next subsection are shown in Figure 2.
 According to Eq. (25), the irradiance along the z-axis (center of the beam)
has the form

(26)

indicating that the axial irradiance is less at axial positions further from
the beam waist, a behavior that is consistent with a beam that is wider at
points further from the beam waist. This widening of the beam follows
from a further examination of the irradiance profile given in Eq. (25),
which indicates that, at a given z, the irradiance a transverse dis-
tance from the center of the beam is related to the axial irradiance

by

(27)

Evidently, the irradiance is reduced from its axial value by a factor of
where the transverse distance from the axis is equal to the spot

size, that is, where Now according to Eq. (22), the spot size (z)
 increases as increases, accounting for the spreading of the beam  depicted
in Figure 2. The transverse dimension of a Gaussian beam, described by the
spot-size parameter (z) thus changes at it propagates. Note that (z) is a
measure of the radius (not diameter) of the beam.

w w

w
z2

r = w1z2.
1>e2

M 0.135, r

I1r, z2

I1r = 0, z2
= e-2r2>w21z2

I1r = 0, z2
r

I1r, z2

I1r = 0, z2 = I0a
z0

2

z2
+ z0

2 b Axial irradiance

z = 0
I0 = I1r = 0, z = 02

I0

I1r, z2 = I0a
w0

w1z2
b

2

e-2r2>w21z2

E
'

.
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3Note that the far-field divergence angle, as we define it, is the half-angle spread of the beam.

Beam Spreading
Let us further investigate the spreading of a Gaussian beam as it propagates
from the beam waist. Equation (22) can be used to obtain spot sizes at vari-
ous transverse planes:

Here we have used Eq. (21) to obtain the final expression for the far field
(that is, for ) spot size. Far-field expressions are strictly valid only in
the limit that tends to infinity. In practice, far-field expressions can often
be used safely when the distance from the beam waist, z, exceeds the Rayleigh
range by a factor of 20 to 50. Note that the Rayleigh range is also a con-
venient measure of the distance over which a beam spreads appreciably in
the near field. That is, is related to the depth of focus of the beam.

Now, since in the far field the spot size grows linearly with z, the far-field
divergence angle3 shown in Figure 2, satisfies the relation

(28)

From Eq. (28) we draw the important conclusion that a beam with a smaller
beam-waist spreads more rapidly than a beam with a larger beam-waist. This
behavior is illustrated in Figure 3. Equation (28) also indicates that shorter-
wavelength Gaussian beams tend to spread less than longer-wavelength
beams.

Gaussian Beam Phase Fronts
Having discussed the changing irradiance of a Gaussian beam as it propa-
gates, let us now turn to an investigation of the nature of the wavefronts (that
is, the surfaces of constant phase) associated with a Gaussian beam. The na-
ture of these wavefronts that we are about to investigate is illustrated in
Figures 2 and 3. Before turning our full attention to a Gaussian beam, it is
useful, for comparison purposes, to consider the nature of the surfaces of con-
stant phase for a spherical wave, such as the one described by Eq. (5) and
shown in Figure 4. At a given instant, the surfaces of constant phase for a
spherical wave are given by the simple relation

(29)kr = constant Spherical wave

uFF L tan uFF =

w1z W z02

z
=

l

pw0

uFF ,

z0

z0 z0

z>z0

z W z0

w1z W z02 =

w0z
z0

=

l

pw0
z Spot size in the far field 1z W z02

w1z = z02 = 22w0 Spot size at z = z0

w1z = 02 = w0 Spot size at the beam waist

w02

w01

u1

u2

z � 0

z
Figure 3 Two laser beams with a beam
waist at The beam with the smaller
spot size at the beam waist spreads more
rapidly than the beam with the larger spot
size at the beam waist.

z = 0.
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This relation, for different values of the constant, describes concentric spher-
ical surfaces with different radii. To prepare for a comparison with Gaussian
beams that are confined near the z-axis, we will develop an approximation to
Eq. (29) that is valid near the z-axis and away from the beam waist, that is,
where Proceeding from Eq. (29),

Here, in order to form the approximate equality, we used a Taylor series ex-
pansion in the small quantity Without affecting the order of validity of
this approximation, we may replace, in the last expression, the term by

leading to the following expression describing the phase fronts of a
spherical wave:

(30)

Now a Gaussian beam described by Eq. (24) has phase fronts that satisfy the
condition

(31)

After neglecting the smaller third term on the left side of this relation,
 comparison with Eq. (30) leads to the conclusion that R(z) does indeed play
the role of the radius of curvature of the phase fronts of a Gaussian beam.
The justification of this identification makes clear that it is only reasonable
near the beam axis. However, since most of the power carried by the beam is
concentrated near the axis, referring to the function R(z) as the radius of cur-
vature of the beam is appropriate. However, as suggested by Figures 1, 2, and
3 and in contrast to a spherical wave, the center of curvature of a  Gaussian-
beam wavefront changes as the beam propagates along the z-axis. In  Figure 5
the expression given in Eq. (19) for the radius of curvature of the Gaussian-
beam wavefronts is plotted. It is interesting to note that, at the beam waist,
the wavefront has an infinite radius of curvature. That is, the wavefront 
is  planar at the beam waist. Wavefronts propagating away from (or tow-
ard) the beam waist have reduced radii of curvature with the minimum 

kz + kr2>2R1z2 - tan-11z>z02 = constant

kr L kz + kr2>2r L constant Spherical wave near z-axis

r2>2z2

r2>2r2,

r2>z2.

= kz11 + r2>z221>2 L kz11 + r2>2z22

kr = k1x2
+ y2

+ z221>2 = k1r2
+ z221>2

r V ƒ z ƒ .

Wave fronts
Transverse

plane

(x, y)

zO

Figure 4 The surfaces of constant phase
for spherical waves are concentric spheres
radiating outwardly from a point source O.

R(z)

2z0

z0
z

Figure 5 Wavefront radius of curvature
R(z) for a Gaussian beam. at

and The minimum wavefront
radius of curvature occurs at and has
the value R1z02 = 2z0 .
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radius of  curvature occurring at In the far field the phase
fronts again become planar.

5 MODES OF SPHERICAL MIRROR
CAVITIES

A mode of an optical cavity is a self-replicating field distribution. That is, for
an electromagnetic field waveform to be a mode of an optical cavity, it must
have the same spatial form after one round-trip that it had at the start of the
round-trip. If this is the case, as the field is generated in the cavity, it contin-
ually adds in step to the field circulating through the cavity. Since Gaussian
beams are confined in the transverse direction and have nearly spherical
phase fronts, they “fit” into spherical mirror cavities, as indicated in Figure 6.
Thus Gaussian beams are modes of spherical mirror cavities. As suggested
by Figure 6, the mirror radii of curvature and and cavity length d
constrain the nature of the Gaussian-beam mode of a spherical mirror cavi-
ty. Consider a wavefront moving towards Mirror 2 in Figure 6. If, when it
reaches Mirror 2, its wavefront radius of curvature matches the radius
of curvature of Mirror 2, the wave will reflect back on itself, precisely
retracing its path and shape through the beam waist and on to Mirror 1. Sim-
ilarly, if the wavefront radius of curvature at Mirror 1 is equal to
the left-going beam will reflect from Mirror 1 without distortion and retrace
its path to Mirror 2. Thus, such a beam is a mode of the cavity. The con-
straints placed upon the Gaussian beam by the cavity are, therefore,

(32)

(33)

and

(34)

Here, and are the coordinates of the two cavity mirrors. (Recall that the
beam waist is at ) Because of the back-and-forth nature of a beam
propagating in a cavity, some care must be taken when using Eqs. (32)
through (34). Equation (24) describes a beam propagating in the

Let us consider the direction to the right across the page to be
the positive z-direction. Then positions to the left of the beam waist (like Mir-
ror 1 in Figure 6) have negative z-coordinates, and positions to the right of
the beam waist (like Mirror 2 in Figure 6) have positive z-coordinates.
 Further, for Eqs. (32) and (33) to be sensible, a mirror to the left of the beam

+z-direction.

z = 0.
z1 z2

z2 - z1 = d

R1z22 = z211 + z0
2>z2

22 = RM2

R1z12 = z111 + z0
2>z1

22 = RM1

R1z12 RM1 ,

RM2

R1z22

RM1 RM2

z = ;z0 . 1z W z02,

d

z � 0

z � z2z � z1

Mirror 1 Mirror 2

R(z1) R(z2)

RM2

RM1
Output beam

Figure 6 The Gaussian-beam modes of a
spherical mirror optical cavity have wave-
front radii of curvature that match the radii
of curvature of the cavity mirrors.

591



Characteristics of Laser Beams

waist should be taken to have a negative radius of curvature if its reflecting
surface faces the beam waist, and a mirror to the right of the beam waist
should be taken to have a positive radius of curvature if its reflecting surface
faces the beam waist. Example 1 illustrates the manner in which the cavity
structure determines the parameters and behavior of a Gaussian beam gen-
erated in the cavity.

Example 1

Consider the 4-mW, helium-neon (He-Ne) laser
with cavity length shown in Figure 7. The left mirror
is 100% reflecting. The right mirror is a partially reflecting,
plane, output mirror. The dashed profiles represent the wavefronts in the
cavity.

a. Determine the location of the beam waist.
b. Determine the Rayleigh range for the Gaussian beam generated by

this cavity.
c. Determine the spot size at the beam waist.
d. Determine the laser-beam spot size on Mirror 1.
e. What is the far-field beam-divergence angle for this laser?

Solution

a. The radii of curvature of the beam wavefronts must match the mirror
radii of curvature. Thus, For this to be true, as indicated by
Eq. (33), Thus the beam waist is at Mirror 2.

b. According to Eq. (34), Using this in Eq. (32) 

gives Solving this expression for gives

c. Using Eq. (21), 

d. Using Eq. (22) with and 

giving Thus the spot size increases
from a radius of at the waist to at Mirror 1.

e. Using Eq. (28),
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pw0
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2>d22. z0
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z2 = 0.
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w
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1RM2 : q2
d = 1 m 1 ƒ RM1 ƒ = 2 m2

TEM00 1l = 632.8 nm2

RM2 � �

RM1� 2 m

z � 0

d � 1 m 

Mirror 2Mirror 1

w0

Figure 7 Sketch for Example 1.
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6 LASER PROPAGATION THROUGH
ARBITRARY OPTICAL SYSTEMS

With the basic law of propagation for the complex radius of curvature q(z) in
Eq. (14) and the defining equations for the real radius of curvature R(z) and
beam width (z) in Eqs. (19) and (22), we are able to characterize the beam
parameters for laser propagation in any homogeneous medium of refractive
index n. We now wish to address the question of how the beam changes when
it is modified by an arbitrary optical system, one that contains lenses, mirrors,
prisms, and so forth.

It is helpful to note the similarity between the behavior of ordinary
spherical waves encountered in geometrical optics and Gaussian spherical
waves encountered here. In Figure 8, the basic law of propagation for each
type of wave and the effect of a lens on reshaping the propagating wavefront
is illustrated. One is struck with the correspondence between R(z) for ordi-
nary spherical waves and q(z) for Gaussian spherical waves in the defining
equations. For example, the law of propagation of ordinary spherical waves,
along the z-axis, is given by

(35)

Similarly, the basic law of propagation for the laser beam follows from Eq. (14)
and is given by

(36)

an equation identical to Eq. (35) except that R has been replaced by q.
Seizing the initiative, we claim that this correspondence4 can be extend-

ed to other basic laws, for example, the simple lens law. For ordinary spherical
waves, a common form of the law is

(37)
1

R2
=

1
R1

-

1
f

q2 = q1 + 1z2 - z12

R2 = R1 + 1z2 - z12

w

Simple lens effect

q1 q2

1 1
q2 q1 f

1
� �R2

1
R1

1
f
1

� �

R1 R2

Simple propagation

q2 � q1 � (z2�z1)

Ordinary spherical waves Gaussian spherical waves

R2 � R1 � (z2�z1)

z2z1

R1 R2
q1

q2

Figure 8 Correspondence between ordi-
nary spherical waves and Gaussian spheri-
cal waves. If one knows the law for ordinary
spherical waves, one can infer a similar law
for Gaussian spherical waves by simply
 replacing R(z) with q(z).

4The correspondence we refer to here can be shown to be rigorous, not just analogous.
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where and are the radii of curvature at incidence and refraction, re-
spectively, and f is the focal length (see Figure 8). Replacing R by q for the
laser beam, we obtain at once

(38)

This relationship predicts accurately the reshaping of the incident laser
beam after refraction by a simple thin lens.

ABCD Law
With the correspondence between R(z) and q(z) established, we can, with the
help of matrix methods, develop a simple, yet powerful, recipe for laser-beam
propagation through an arbitrary optical system. Consider Figure 9. Recall
that, at a given plane, a ray can be described by its height y and slope angle
relative to the optical axis.

Consider a ray with parameters incident on the entrance plane of
an arbitrary optical system described by the overall system matrix

Upon emerging from the system, the same ray has parameters The
radius of curvature R of an ordinary spherical wave can be related to its ap-
propriate paraxial ray parameters y and by

(39)

We know from matrix optics that when ray 1 is changed into ray 2 by an optical
system, the change can be represented by the ABCD system matrix as follows:

(40)

Then it must be true that

(41)

Dividing the first equation by the second, and using Eq. (39), we obtain

(42)

Generalizing the basic result in Eq. (42) to a Gaussian spherical wave, by
 replacing R(z) with q(z), we obtain at once

(43)q2 =

Aq1 + B

Cq1 + D
ABCD propagation law

R2 =

AR1 + B

CR1 + D

y2 = Ay1 + Ba1 and a2 = Cy1 + Da1

c
y2

a2
d = c

A B

C D
d c

y1

a1
d

R =

y
a

a

1y2 , a22.

c
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C D
d
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a

1
q2
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1
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1
f
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C D
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Figure 9 Propagation of ordinary spheri-
cal waves through an arbitrary optical sys-
tem via matrix formulation.
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The heuristic approach used here to develop this relation can be shown
to result from a general solution to the wave equation for propagation
through media that can be represented by an ABCD matrix.5 The relation-
ship between and in Eq. (43) enables one to describe the new shape of
the laser beam after it passes through an arbitrary optical system. One need
only know the incident beam parameter and the overall matrix
that characterizes the optical system. Equation (43) is a powerful result. It is
often referred to as the ABCD propagation law for Gaussian laser beams.
For example, Figure 10 illustrates a typical laser system to which the ABCD
propagation law can be applied.

The problem depicted in Figure 10 is to determine the location of the
external beam waist and its spot size Clearly, Eq. (43) can be used if one
knows a value for somewhere in the cavity—say, at the left mirror—and the
ABCD matrix for the optical system that must, consequently, extend from the
left mirror though the right mirror-lens combination and on to the transverse
plane containing the external beam waist. The value of derived with the aid
of Eq. (43) then predicts both and for the externally focused beam waist.
The outline of the solution is given in the example that follows.

Example 2

For the He-Ne laser geometry given in Figure 10, use the ABCD propaga-
tion law to determine the spot size of the external beam waist and its dis-
tance from the outer surface of the mirror-lens combination.

a. Determine the complex radius of curvature at the plane mirror in
the cavity.

b. Then develop an ABCD matrix for propagation to the external beam
waist.

c. Determine the complex radius of curvature at the external beam
waist by using the ABCD propagation law.

d. From determine the spot size and location of the beam waist.

Solution

We sketch the solution in outline form only. Details are to be worked out in
a series of problems at the end of this chapter.

a. Since at the plane mirror,

1
q1

=

1
R1

+

il

pw1
2 =

il

pw1
2 or q1 = -

ipw1
2

l

R1 : q

q2 , w0

q2 ,

q1

R3

w0

/ w0

q2

q1

w0 .
/

2 * 21q12

q1q2

d � 0.7 m

Laser cavity External
beam waistt � 4 mm

Mirror
surface Mirror-lens combination

R2� 2 m
R3� 0.64 m

w0(  )

Determine
and w0(  )

R1      �

Figure 10 Geometry for a He-Ne laser
system. With the parameters for the laser
system specified, one can use the ABCD
propagation law to determine the location

and size of the beam waist outside
of the laser.

w01/2/
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One can evaluate as follows. Relate the wavefront curvature at —
where the wavefront curvature matches the mirror curvature—to the
spot size at the plane mirror and the distance from plane to
curved mirror Use Eqs. (19) and (21) to write

where and Solve for
to get Then 

b. From the plane mirror to the external beam waist, form the system matrix

Carry out the indicated matrix multiplication to obtain

Note that we have ignored the transfer matrix for propagation through
the mirror-lens combination. This neglect is justified in problem 7.

c. Use Eq. (43) with results from parts (a) and (b) to obtain an expres-
sion for 

d. Obtain a second expression for by using Eq. (17),

, with 

e. Equate the real and imaginary parts of the two expressions for to
find and Thus, the external beam
waist has a spot size of 0.54 mm located 6 cm from the sur-
face of the mirror-lens combination.

Collimation of a Gaussian Beam
A collimated laser beam is a Gaussian beam with a long waist, as shown in
 Figure 11. The collimated beam length is arbitrarily defined as the distance
 between two symmetrical, transverse planes on either side of the beam waist,
the two planes being those in which the spot size (z) has increased by a factor
of over the spot size at the waist. We have shown earlier that this 
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Figure 11 A collimated laser beam and
the corresponding Rayleigh range z0 .
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distance is the Rayleigh range The collimated region extends over two
Rayleigh ranges, one on either side of the beam waist. As illustrated earlier in
Figure 3, decreasing the spot size of the beam at the waist causes the beam
to diverge more rapidly as it leaves the waist, leading to a smaller Rayleigh
range. As demonstrated in Example 2, beam-shaping optics can control the
size of the beam waist and thus control the length of the collimated region.

Beam-Shaping Optics for Optimum Beam Propagation
Gaussian beams are often passed through apertures such as mirrors, lenses,
beam expanders, and telescopes. To find the fraction of incident power that
passes through a circular aperture (lens, diaphragm, etc.) of radius a, we re-
visit the expression for the Gaussian-beam irradiance I given in Eq. (25). The
total power in the beam is then obtained by evaluating the integral

Here the integration is over the entire—infinite in extent—transverse cross-
sectional area of the beam. When this is done, (see problem 13) one obtains
for the total beam power

Thus the total power carried by the beam is, as it must be, independent of z
and has the form of the irradiance at the center of the beam
multiplied by an effective area of the beam, The fractional power

passing through a circular aperture of radius a, has
the form

Carrying out the integration and using the result just found for we find

Figure 12 shows the fractional power that passes
through a circular aperture of radius a, versus the ratio a/ , where is the

z0 .
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spot size of the beam at the aperture location. Notice that 86% of the beam
gets through (14% blocked) when the aperture radius equals the spot size,
while just under 99% gets through when the aperture radius is increased to
1.5 times the spot size. Thus, if each beam-shaping element that passes the
laser beam in a given optical system has a diameter D equal to 3 times the 
beam spot size nearly 99% of the beam gets through. Even for
this case, we should note6 that diffraction effects caused by sharp-edged cir-
cular apertures produce ripple effects on irradiance patterns in the near
field and a reduction of on-axis irradiance in the far field of about 17%.
To negate the diffraction effects, one can enlarge the aperture so that

Beam-shaping optics with transmit essentially 100%
of the beam power without superimposing additional diffraction effects on
the beam.

With Eq. (21) for the Rayleigh range and the aperture diameter
 criterion one can calculate the Rayleigh range for typical lasers
as a function of aperture diameter. Results are shown in Figure 13 for a 
He-Ne, HF (hydrogen fluoride), and laser on a log-log plot. For example,
if the aperture diameter the collimated beam length is
equal to 24.5 m for He-Ne light at and 1.46 m for light at

For an aperture diameter the collimated beam length
becomes 98 m for the He-Ne laser and 5.8 m for the laser, increasing as
the square of the aperture diameter.

Focusing a Gaussian Beam
Let us now address the problem of focusing a Gaussian laser beam. We con-
sider a rather general case, that of a beam with waist located a distance
to the left of the lens, incident upon a positive thin lens of focal length f and
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brought to a focus with beam waist located a distance to the right of
the lens. The pertinent geometry is shown in Figure 14.

The problem before us is as follows: Given the beam waist and dis-
tance on the incident side of the lens, determine the beam waist and
the distance on the output side of the lens. We shall use the ABCD propa-
gation law, Eq. (43), which involves the ABCD matrix from transverse plane

to transverse plane This matrix is

(44)

Then the ABCD propagation law gives

(45)

Making use of Eq. (17) and noting that the radius of curvature of the beam at
the beam waist is infinite, we find

Using these relations in Eq. (45), we obtain a rather complicated equation
that contains the desired unknowns, and After equating real parts and
imaginary parts, we sort out the unknowns and in the following form:

(46)
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We note from Eq. (47) that for the general case, Apparently then, the
Gaussian beam is not brought necessarily to a focus in the focal plane of the
lens, that is, at a distance f to the right of the lens.

We can make some practical assumptions that will simplify Eqs. (46)
and (47) considerably. First, consider Eq. (46). If —that is, a strong
positive lens is used in the focusing process—then the first term on the right
side of Eq. (46) can be neglected, and the focused beam waist is given
 approximately by

(48)

Next, in Eq. (47), if we have a physical system for which 
—not an uncommon situation7—then it follows that Eq. (47) reduces to

(49)

The important special case in which the lens is placed at the beam waist of the
input beam is explored in problem 12.

For a beam such that is approximately equal to the radius of the
lens, multiplying the numerator and denominator of Eq. (48) by 2 and using
the definition for the f-number of the lens, where D is the lens
 diameter, leads to

(50)

In general, then, a smaller of the focusing lens produces a smaller beam
waist at the focused spot.

7 HIGHER-ORDER GAUSSIAN BEAMS

The solution for the cylindrically symmetric Gaussian beam, derived ear-
lier and displayed in Eq. (24), represents the lowest order—that is, funda-
mental—transverse electromagnetic mode that exists in the open-sidewall
laser cavity. Other modes—higher-order modes—exist that do not have a
pure Gaussian profile for their irradiance variation in the transverse plane. Let
us return to our earlier development in this chapter and generalize Eq. (10),
which we first guessed to have the form

as

(51)

The presence of the functions g(x/ (z)) and h(y/ (z)) admit waveforms that
do not have cylindrical symmetry. Substitution of Eq. (51) into Eq. (9),
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the defining equation for U, leads to

(52)

where the primes denote differentiation with respect to the arguments of g
and h.

Inspection of Eq. (52) indicates that for a given z, that is, for a given
transverse plane, the first bracketed series of terms, the g-expression, is a
function of x alone; the second, the h-expression, is a function of y alone; the
third is independent of both x and y; and the fourth is identically zero, since

is the propagation law that we continue to take to be valid. Thus,
Eq. (52) can be satisfied for all x, y at arbitrary z only if (1) the g-expression
equals a constant, say (2) the h-expression equals a constant, say
thereby (3) leaving the third term equal to For the g-expression, we
write

(53)

We can show, with the help of Eqs. (17), (21), and (22), that the term in paren-
theses is given by

(54)

If we use Eq. (54) and a change in variable, in Eq. (53), we
 obtain immediately the Hermite differential equation,

(55)

This equation is known to have a solution only if

(56)

The solutions to Eq. (55) are the well-known Hermite polynomials,

(57)
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Solution of Eq. (58) for gives

(59)

Applying the second condition and solving for the h-expression in Eq. (52), in a
manner identical to that for the g-expression, we obtain, using the change of
variable 

(60)

for which the solutions are again the Hermite polynomials:

(61)

obtained for all n from the generating expression, Eq. (58).
Before investigating the effects that the Hermite functions and
have on the transverse nature of the beam irradiance, let us examine the

consequences of the third condition imposed on Eq. (52),

(62)

where and Note that if which is nec-
essarily true when (see Eq. 56), then and we
 recover the cylindrically symmetric Gaussian-beam solution. In this case,
Eq. (62) reduces to the defining equation for p obtained earlier.
However, in the general case, for which and are not equal to zero,
Eq. (62) remains the defining equation for the function p(z). So, we must solve

(63)

to obtain an expression for p(z). Substitution of Eq. (17) into Eq. (63) for
1/q(z) and then Eqs. (19) and (22) for R(z) and (z), we can integrate the
 resulting equation to obtain

(64)

Here we have also used Eq. (21) to eliminate in favor of and With the
help of Eq. (64), we can form the factor as

(65)

where we have used Eqs. (21) for and (22) for (z) to simplify the form of
the expression.
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8Amnon Yariv, Quantum Electronics 3d ed. (New York: John Wiley & Sons, 1989), Ch. 7.

The Hermite-Gaussian Beam Solutions
Now, collecting our results for p, q, and and putting them all to-

gether in the general expression for the electric field as initially

introduced in Eq. (6), we obtain finally

(66)

It is standard to refer to the various waveforms distinguished by the different
values of m and n as modes. Here TEM stands for transverse electric
and magnetic. Since these modes have different dependences on the transverse
coordinates x and y, they are referred to as different transverse modes. The
expression in Eq. (66) includes the higher-order transverse modes as well as
the wave derived earlier. The first set of terms describes the amplitude
variation of the electric field at any transverse plane z. The variations in
transverse amplitude deviate more and more from a pure Gaussian form with
higher integers m and n.

The second set of terms, a complicated phase factor, describes the na-
ture of the wavefront as a function of m and n. Again we see that for

the phase term reduces to the form characteristic of the pure
Gaussian spherical wave derived earlier. It can be shown that the frequency
of a beam that is a resonant mode of a spherical mirror cavity of length
d must satisfy the relationship8

(67)

where q is the axial mode number (not the complex radius of curvature); m and
n are integers associated with the Hermite polynomials and and 
are the coordinates ( is at the beam waist) of the cavity mirrors; and 
is the Rayleigh range.

The expression for given in Eq. (66) with 
 describes the Hermite-Gaussian modes of a laser cavity with two spherical mir-
rors. Any arbitrary beam can be expanded as a linear combination of Hermite-
Gaussian beams, each of which has the same propagation law, 

Field and Irradiance Patterns for Hermite-Gaussian Beams
With the help of Eq. (66) we can sketch the transverse electric field and ir-
radiance variation for several of the lower-order modes—small m and n—
and thus predict the nature of the “burn” pattern.

Let us use the scaled coordinates and
With these relations and since the beam irradiance is proportional to the
square of the magnitude of 

(68)
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Figure 15 shows the development of the irradiance patterns for the
in the transverse plane at From symmetry, it is clear that

identical results would be obtained for the Thus, for two cases,
and Figure 15 shows separate sketches for for

and, finally, for the sketch that
gives direct evidence of the burn pattern to be expected.9

After studying Figure 15, we see that the irradiance variation has m
zeros along the x-axis, discounting the zeros at the distant tails of the Gauss-
ian envelope. Thus, for there is a single zero at and peaks on ei-
ther side. The same type of variation is to be expected for the irradiance
variation in the y-direction. Some of the irradiance patterns for low values of
the Hermite integers m and n—predictable from Eq. (68) and Figure 15—are
reproduced in Figure 16.

m = 1, xs = 0

Hm1xs2exp1-xs
2>22, [Hm1xs2exp1-xs

2>22]2,
m = 0 m = 1, Hm1xs2,

ys-variation.
xs-variation z = z0 .

Imn

Burn
pattern

for (xs, ys)
plane

TEM00

TEM10

xs-variation of
irradiance

Hm(xs)e�x2/2s[

xs-variation of
electric field

Hm(xs)e�x2/2

Hermite
polynomial

Hm(xs)

xs

H(xs)

H(xs)

xs xsxs

xs xs

m � 0

m � 1
H1(xs) � 2xs

H0(xs) � 1

]2

Figure 15 Laser-beam electric field and ir-
radiance variations in the for
two values of the Hermite integer m. Corre-
sponding burn patterns for 
and are shown.m = 1, n = 0

m = 0, n = 0

xs-direction

TEM30 TEM04 TEM70

TEM34TEM22TEM21

Figure 16 Representative sketches of ir-
radiance or burn pattern for several dif-
ferent orders of Hermite-Gaussian optical
resonator modes as they might be pho-
tographed in the output beam of a laser
oscillator.

9 To ensure understanding of the sketch patterns shown in Figure 15, the reader is invited, in
problem 19, to compute the next row, for m = 2.
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1 Describe the ways that the Gaussian beam is similar
to and different from (a) plane waves and (b) spherical
waves.

2 Show that substitution of 
in the wave equation (3) leads to Eq. (7).

3 Show that Eq. (16) follows from Eq. (15).

4 A He-Ne laser has a beam waist 
(at ) of 0.5 mm and a beam divergence of

a. Determine the value of the complex radius of curvature
at the beam waist.

b. Determine a numerical expression for the complex ra-
dius of curvature q, at a distance of 50 m from the beam
waist, using each of the following expressions:

(Hint: Is the transverse plane, 50 m from the beam
waist, far enough away to be in the far field? If so, what
does this say about R and z?)

5 a. In problem 4, use Eqs. (19), (21), and (22) to determine
R(z) and (z) at 

b. Is it true that in the far field? Is it true that
where is the beam divergence

angle, can be used as a good approximation to deter-
mine (z) at 

6 A He-Ne laser has a cavity that is
0.34 m long, a fully reflecting mirror of radius 
(concave inward), and an output mirror of radius 
(also concave inward).

a. Determine the location of the beam waist in the cavity.
b. Determine the spot size at the beam waist, 
c. Determine the beam spot size (z) at the left and right

cavity mirrors.
d. Determine the beam divergence angle for this

laser.
e. Where is the far field for this laser if one uses the crite-

rion 
f. If the laser emits a constant beam of power 5 mW, what is

the on-axis irradiance at the position where 

7 Refer to Figure 10, where the output element of the laser is a
mirror-lens combination with thickness 0.004 m, mirror sur-
face curvature of lens surface curvature of

and lens refractive index of 1.50.

a. Using the definitions for the refraction and translation
matrices, set up the ABCD matrix for this  element as
follows:

Pay particular attention to the changing meaning of n
and for the two refractions and to the sign conven-
tions for and in the matrix formulations. WithinR2 R3

n¿

CA B

C D S = C 1 0
n - n¿

R3n¿

n

n¿

S C 1 t

0 1S C
1 0

n - n¿
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n

n¿

S

ƒ R3 ƒ = 0.64 m,
ƒ R2 ƒ = 2 m,

zFF = 50z0?

zFF Ú 50z0?

uFF

w
w0 .

R = 10 m
R = 10 m

1l = 0.6328 mm2TEM00

z = 50 m?w

uFFtan uFF � w1z2>z,
R1z2 � z

z = 50 m.w

0.4 mrad.
uFF =

1
q

=

1
R

+ i
l

pw21z2
and q = z - iz0

q

z = 0
TEM00 1l = 632.8 nm2 w0

E
'

1x, y, z, t2 = U1x, y, z2ei1kz -vt +f2

TEM00

PROBLEMS
rounding approximations, you should find

b. Since is a very small dimension compared
with or repeat the ABCD
calculation, replacing the translation matrix with the
unit matrix

What then is the result of the ABCD matrix for this
“thin lens”?

8 a. Since the output element described in problem 7 is essen-
tially a thin lens, compare the ABCD matrix obtained in
problem 7(b) with the thin-lens matrix, namely,

and deduce the focal length of the output element.

b. Use the expression for the focal length of a thin lens,

with careful attention to thin-

lens sign conventions to obtain the focal length of the
thin-lens output element. How do the results for parts
(a) and (b) compare?

9 Referring to Example 2 and Figure 10, (a) determine an
 expression for at the plane mirror; (b) solve Eq. 19 for the
spot-size value (c) obtain a numerical value for (d)
multiply by the ABCD matrix to obtain (e) use Eq. (17)
and from part (d) to obtain and 

10 a. Referring to Example 2 in which the external beam  
waist is focused at with a waist size

use Eqs. (46) and (47) together with
Figure 14 to obtain values for and How do these
results compare with those for and obtained in
the example?

b. Explain why one cannot use the approximations

in this instance.

11 Refer to the externally focused laser beam shown in
Figure 10, with beam waist located at
0.06 m from the output element.

a. Calculate the far-field distance for the ex-
ternally focused beam waist.

b. Calculate the far-field beam divergence angle for the
laser beam that emerges from the focused beam waist.

c. Insert a expander in the beam at a distance
past the focused beam waist. Calculate the

beam spot size at the entrance and exit faces of the
beam expander.

w
z = 30 m

10 * beam

zFF = 50z0

w01/2 = 0.54 mm,
TEM00

w02 �
fl

pw01
= fu and z2 � f

/w01/2
z2 .w02

w1/2 = 0.54 mm,
/ � 0.06 m

w1/2./q2

q2 ;q1

q1 ;w1 ;
q1

1
f

=

n2 - n1

n1
a

1
R1

-

1
R2
b ,

C 1 0

-

1
f

1S

c
1 t

0 1
d ¡ c

1 0
0 1

d

ƒ R3 ƒ = 0.64 m,ƒ R2 ƒ = 2 m
L = 0.004 m

c
A B

C D
d = c

1.0007 0.0027
-0.5318 0.9979

d
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d. Now place a thin lens of focal length 10 cm and appropri-
ate diameter at a distance of 20 cm from the output face
of the beam expander. With reference to Figure 14 and
Eqs. (46) and (47), calculate and for the newly
 focused beam. Could you have used the approximate
formulas and in this instance?
Why? How do the calculations for the exact formulas
and approximate formulas compare?

12 a. Specialize Eqs. (46) and (47) for the case in which the
lens is placed at the waist of the incident beam.

b. For the case described in (a), show that the location of
the beam waist can be written as

where 
c. Investigate, for the case described in (a) and (b),

whether for a variety of reasonable choices for
lens focal lengths and beam parameters.

13 Carry out the integration necessary to verify the claim that
the total power carried in a beam is

14 Carry out the integrations necessary to show that the fraction
of the power in a beam that is transmitted through a
circular aperture of radius a is 

15 Explain how you can use an adjustable circular aperture
(iris) and a power meter to determine the spot size of a

laser beam at any position along the beam.

16 Determine collimated beam lengths for a
Nd:YAG laser beam focused by lenses of
aperture diameters 2 cm, 3 cm, and 5 cm, respec-
tively. Assume that the lens diameter D is related to the fo-
cused beam waist by the equation
Refer to Figure 13 for geometry and similar calculations
made for He-Ne, HF, and lasers.

Z2 =

f

1 + f2>z01
2

z2 w02

CO2 TEM00

D = 4.5 A22w0 B .w0

D = 1 cm,
1l = 1.064 mm2

TEM002z0

w
TEM00

1 - e-2a2>w2
.

TEM00

£tot = I0
pw0

2

2

TEM00

Z2 L f

z01 = pw01
2 >l.

z2 = fw02 � fl>pw01

17 Given the generating function, Eq. (58), for Hermite
 polynomials where verify the particu-
lar cases for given in Eq. (59).

18 Fill in the steps to show how Eq. (65) follows from Eq. (64).

19 Refer to Figure 15. Extend the “table” to include the case
Thus, in a third row, sketch in curves for col-

umn 1, column 2 for the x-variation curves of the
electric field, column 3 for the curves of the
 irradiance, and column 4 for the expected burn pattern.

20 Find expressions for the fraction of the total power in a
beam of spot size w(z) that is transmitted through a circular
aperture, centered on the beam, of radius a for a (a)

(b) (c) and (d) beam.

21 Plot each of the transmittance functions found in problem
20 as a function of a/ (z). Plot the four curves on the same
set of axes.

22 Based on the plots obtained in problem 21, describe how an
adjustable aperture can be used in a laser cavity to ensure
that only the cavity mode would be present in the
laser output.

23 The output from a single-mode laser
has a far-field divergence angle of 0.001 rad and an

output power of 5 W.

a. What is the spot size at the beam waist for this laser
field?

b. What is the irradiance at the center of the beam waist
for this field?

c. What is the irradiance at the center of the beam 10 m
from the beam waist?

24 Consider a laser cavity consisting of two spherical concave
mirrors that are facing each other. Let the mirrors be sepa-
rated by 20 cm and let each mirror have a radius of curva-
ture of 100 cm. Find the mode-frequency separations: (a)

(b) (c) (d)
and (e) 

m = 0, 1, 2, Á

Hm1j2, j = 22x>w,

n1,1,q - n0,0,q .n1,0,q - n0,0,q ,
n0,1,q - n0,0,q ,nm,n,q + 1 - nm,n,q ,n0,0,q + 1 - n0,0,q ,

1r = 0, z = 02

TEM00 Ar+ 1l =

488 nm2

TEM00

w

TEM02TEM11,TEM00, TEM01,

xs-variation
Hm1xs2,

m = 2, n = 0.
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ANSWERS TO SELECTED PROBLEMS

Chapter 1 

1. (a) 6.6 × 10−34 m (b) 3.9 Å 

2. 3.6 × 10−17 W 

3. 3.27 and 1.61 eV 

4. 0.024 Å; 2.7 × 10−22 kg-m/s 

5. 0.511 MeV 

6. 1.422 MeV/c 

9. (a) 1.49 × 10−18 kg-m/s (b) 4.45 × 10−16 m             

(c) 4.22 × 10−16 m 

10. 2.77 × 1017 

12. 3.9 × 1014 Hz to 7.9 × 1014 Hz 

13. 1.5 m 

14. 0.83 m 

15. (a) 0.3 ms (b) 0.1 m 

16. (a) 39.8 W/sr (b) 106 W/m2 (c) 9.95 W/m2     

(d) 0.0195 W 

17. (a) 0.0096° (b) 8.73 × 10−8 sr (c) 76.4 W/m2     

(d) 8.75 × 1010 W/(m2 ⋅ sr) 
Chapter 2 

1. � = (������)/� 

2. 1.25(�2 + "2) + 70(�2 + "2)1/2 − 135� + 800 = 0 

3. 4.00 mm 

4. 3 ft, with top edge of mirror at a height halfway 

between the person’s eye level and the top of the 

person’s head 

5. The ray emerges from the bottom at 45°. 

6. Reflection from the bottom surface; 1.60 

7. 1.55 

8. 1.153 cm 

9. 8 cm 

10. Light from the bubble is refracted through the plane 

surface, both directly and after reflection from the 

spherical mirror; 3.33 cm and 10 cm. 

11. 12.5 cm; 75 cm 

12. 10 cm behind the near surface; 3 × 

13. (a) $ = �1%/(�2 − �1) (b)% > 0 (convex) and % < 0 

(concave), respectively 

14. (a) center, 4
3 actual size (b) 6.4 cm behind the glass, 87 

actual size 

15. Virtual, inverted, 15 cm from the window, twice the 

object size 

16. 13.0 cm 

17. +20 cm or −20 cm 

18. 22.5 cm behind the lens; 1.50 times the actual size 

19. (a) −6.7 cm (b) −10 cm or −60 cm 

20. −50 cm 

21. (a) 3.33 mm in front of the objective (b) erect 

and magnified 

22. Final image between lens and mirror at 21/34 $  from 

lens, virtual, inverted, and 1
17 the original size 

23. (a) 33.3 cm, 2 × (b) 86.67 cm, 2 ×             

(c) 7.37 cm, −0.316 × 

24. 1.63 

25. 150 cm and 600 cm; inverted 

26. (a) 10, 5, −2.5 diopters; 12.5 diopters             

(b) 8.33 m−1, 4.17 m−1; 24 cm 

30. $1/$2 = �/(� − 1) 
31. At ) = )′ = 2$  

32. (b) Σ� (�� tan /�) 
33. Incident on plane side: 8 cm beyond lens; on curved 

side: 5.33 cm beyond lens 

34. +40 cm, +30 cm, −30 cm, −40 cm 

35. 25,000 ft 

36. The line image is real, 18.75 cm past the lens and 

15.75 cm long. 

37. The line image is virtual at a distance of 65.2 cm on 

the object side of the lens and 5.65 cm long. 

38. The line image is virtual at a distance of 11.11 cm on 

the object side of the lens and 2.80 cm long. 

39. The line image is virtual at a distance of 13.33 cm on 

the object side of the lens and 0.67 cm long. 

40. The line image is virtual at a distance of 21.4 cm on 

the object side of the lens and 17.97 cm long. 

Chapter 3 

1. Entrance pupil is the stop; exit pupil is 3.33 cm in 

front of the lens, with an aperture of 3.33 cm; image is 

10 cm behind the lens, inverted and 2 cm long. 

2. Exit pupil is the stop; entrance pupil is 4.29 cm behind 

the lens, with an aperture of 3.43 cm; image is 10.5 cm 

behind the lens, inverted, and 3 cm long. 

3. Entrance pupil is the stop; exit pupil is 12 cm in front 

of the lens, with an aperture of 6 cm; image is 10.5 cm 

behind the lens, inverted, and 1.5 cm long. 

4. (b) 20 cm right of 12 (c) both at 11 (d) 8.57 cm 

beyond 12 and 4
7 cm in diameter (e) field stop at A, 

entrance window in object plane with 1 cm diameter, 

exit window in image plane with 1 cm diameter        

(f) 2.86° 

5. (a) Lens 12 of diameter 6 cm (b) The entrance 

window is 12 cm to the right of 11 and has radius 9 

cm. The exit window is lens 12 of diameter 6 cm 

7. 53′ 
8. (a) crown: 3 = 1.511, 4 = 4240 nm2, �5 = 1.523; 

flint: 3 = 1.677, 4 = 13,190 nm2, �5 = 1.715          

(b) crown: −4.146 × 10−5 nm−1; flint: −1.290 × 10−4 

nm−1 (c) crown: 3110, 1.9 Å; flint: 9675, 0.61 Å 

9. (a) 50.0° (b)1/55.5 (c) 3 = 1.6205, 4 = 6073.7 nm2; 

4.297 × 10−5 nm−1 (d) 1.12 m 

10. 0.01909 

11. 5.99°, 2.16′ 
12. 4.82°, 4.37° 
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13. (a) 67 = 104 W/m2, 87(/ = 0) = 7.96 W/sr, 17 =
3180 W/m2-sr (b) 1.56 × 10−4 W (c) 35.9 W/m2 

15. 5.7 cm 

16. $ = 53.3 cm, 13.33 cm, 1.86 cm 

17. 5.3 to 7.0 ft 

18. 1.3 × 105 W/cm2 

19. (a) 0.90 cm (b) 5.45 cm, 3 × 

20. (a) 27.8 mm  (b) $ /3.1, $ /5.4, $ /9.4              

(c) 16.0, 9.26, 5.35 mm (d) 0.03, 0.09, 0.27 s 

22. (a) 2.8 cm (b) 10 × 

23. (a) 320 × (b) 0.516 cm 

24. (a) 46.7 × (b) 8.68 cm 

25. 5 cm 

26. 14.9 cm 

27. (a) 7 × (b) 2 cm (c) 5 mm (d) 2.3 cm (e) 337 ft 

28. (b) 7.50 ×; 8.70 × 

29. 1.05 cm 

30. (a) 8 cm, 3 × (b) 7.38 cm, 2.6 × 

31. 1.25 cm farther from the objective 

32. (a) 12.5 × (b) 15 × (c) 0.13 cm, 3 mm, (d) 3.8° 

34. −2.5 ft, −180 × 

Chapter 4 

1. " = 97−:(�+10�)2
 

2. (a) " = 4 m3
(�+(2.5 m/s)�)2+2 m2  

3. (a) (1) and (2) qualify because they satisfy the wave 

equation; more simply, if ; = < + =�, they are 

functions of ;: " = 3 sin2(4@;) and " = 3;2.          

(b) (i) = = 1 m/s in −z-direction; (ii) = = 1 m/s in   

+�-direction 

4. 10 m/s in +�-direction 

5. (a) A = 2 sin[2@(</5 m + �/3 s)] 
(b) A = 2 sin(2@/5)(</m + 5

3 �/s) 
(c) A = 2 exp[(2@�(</5 m + �/3 s)] 

6. (a) " = (5 m) sin(@�/25 m) 
(b) " = (5 m) sin[(@/25)(�/m + 8)] 

7. (a) 0.01 cm (b) 1000 Hz (c) 628.3 cm−1 (d) 6283 s−1  

(e) 1 ms (f) 10 cm/s (g) 10 cm 

8. (a) +1 in y-direction (b) −G/4 in x-direction             

(c) C in z-direction 

9. " = 15 sin(H� + @/3) 
10. (b) @/2, @/3, 0, −@/2, 0.6@ (c) Subtract @/2 from each. 

11. (a) 3 sin(2@/I)(< − =�) (b) 3 sin(2@/I)(√2� ± =�) 
(c) 3 sin(2@/I) [(√3/3)(� + " + <) ± =�] 

15. P = 870 V/m, 4 = 2.90 × 10−6 T 

16. (a) 5 × 10−7 T  (b) 19.88 W/m2 

17. (a) 1.01 × 103 V/m, 3.37 × 10−6 T 

(b) 4.76 × 1021/m2-s 

(c) P = 1010 sin 2@(1.43 × 106Q + 4.28 × 1014�),         
r in m, t in s 

18. (a) 8.75 × 10−3 W/m2, 2.57 V/m (b) 2 × 1013 W/m2, 

1.23 × 108 V/m, 0.410 T 

21. = = 0.168� 

22. = = −0.917� 

23. 2ΔI = 0.12 Å 

Chapter 5 

1. (a) The waves move in opposite directions along the x-

axis, P1 to the right, P2 to the left, with equal speeds 

of 4
3 m/s. (b) � = 3

4 s  (c) � = 1 m 

2. (b) P% = 8.53 cos(0.20@ − T�) 
3. P% = 6.08 cos(0.36@ − 2@�/s) 
4. " = 11.6 sin(T� + 0.402@) 
5. P = 0.695 cos(0.349 − @�/s) 
6. (a) 2 V/m (v) 0.2 V/m 

7. A(�) = (2.48 cm) cos(2.51 − (20/s)�) 
8. (a) =U = =V[1 − (T/�)(W�/WT)] (b) =U < =V 

9. c/1.56 

10. =V = �/1.5; =U = �/1.73 

12. =U = 3 = constant 

14. 2(=/�)=0 

15. 14 cm; 1.57 cm; 0.785 cm; 0 cm/s; T seconds 

16. (a) 1.5 cm; 25 Hz; 20 cm; 5 m/s; opposite directions   

(b) 10 cm (c) −3 cm; 0 cm/s; 7.40 × 104 cm/s2 

18. 40 

Chapter 6 

1. (a) 122 nm, 103 nm, 97.3 nm; ultraviolet             

(b) 656 nm, 486 nm, 434 nm; visible. 

2. (a) no (b) less than 91.2 nm (c) less than 365 nm 

3. (b) 2.4 × 10−21 J = 0.015 eV (c) 0.55 

4. (a) 8.6 × 10−20 J = 0.54 eV (b) 5 × 10−10 

6. 7−76 

10. (a) 0.4830 µm  (b) 0.0756 W 

11. 6266 K; 462.5 nm 

12. 6105 K 

15. 0.45 nm 

16. 10−5 s; 3000 m (b) 5 × 10−10 s; 15 cm 

17. 6 

18. (a) half angle spread: 0.4 mrad (b) 80 cm. 

19. 3.6 mm 

20. (a) 0.81 µm; 0.75 µm; 0.585 µm; 0.525 µm             

(b) 76%; 70%; 55%; 49% 

21. (a) 31.5 W (b) 1.26% 

Chapter 7 

1. (a) 11,950 and 21,240 W/m2 (b) 12,960 W/m2 

(c) 33,200 W/m2 (d) 0.95 

2. 0.86, 0 

3. 0.8; 3.73/1 

4. (b) 1.78, 2.55, 4.00, 13.9 

5. Lloyd’s mirror interference fringes are produced, 

aligned parallel to the slit, and separated by 0.273 mm. 

The irradiance of the pattern is given by           

8 = 480 sin2(115"), with y measured in cm from the 

mirror surface. 

6. 509 nm 

7. 514.5 nm 

8. To acquire coherent beams; 800 nm 
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9. (a) 83.3 cm (b) 83.3 fringes (c) 150 nm 

10. 556 nm, 455 nm 

11. 20.3′ 
12. 6′5″ 

13. 35′40″ 

14. 9.09 × 10−5 cm; orders 4 and 3, respectively 

15. 498 nm 

16. 1.33; 103 nm 

17. (a) 2.78% (b) 89.3 nm (c) 1% 

18. Soap film becomes wedge-shaped under gravity; the 

angle of the wedge is 1′14″ 

19. 15 

20. 1.16 × 10−3 cm 

21. 1.09 mm; 184 

23. 3 m 

25. 603.5 nm; 2.39 mm; 2.87 × 10−4 cm 

26. 928 nm 

27. (a) 980 V/m (b) 30° (c) Q′ = 0.28; ��′ = 0.9216         

(d) 274, 253, 19.8 V/m; 7.8%, 6.7%, 0.041%            

(e) 903, 70.8 V/m; 85%, 0.52% (f) 258 nm 

Chapter 8 

1. 436 nm 

2. One mirror makes a wedge angle of 0.0172° with the 

image of the other, reflected through the beam splitter. 

Fizeau fringes result. 

3. 23.75 µm 

4. (a) 80,000; (b)79,994 

5. (a) � = 1 + [I/21 (b) 153 

6. (a) 11.2° (b) 45.9° 

7. 79.1 nm or I/8 

8. (a) 48,260 (b) 0.01013 cm 

9. (a) 3.996 × 106  (b) 3.16 × 106              

(c) 0.318 mm (d) 6.29 Å (e) 0.002 Å 

10. (a) 329, 670 (b) 361 (c) 9.8 × 106 

11. 2.18 cm 

12. 0.161 mm 

13. (a) 360° (b)180°        (c) 2 

14. 1; 0.47 

15. (a) % = 4Q2 sin2 \/2
(1−Q2)2+4Q2 sin2 \/2 

16. 16 

17. For lossless mirrors with %1,2 ≡ |Q1,2|2,                   
_ = (1−%1)(1−%2)

(1−√%1%2)2+4√%1%2 sin2 \/2 ; % = 1 − _  

18. (a) 70 (b) 1.5 GHz (c) 21 MHz (d) 2.2 × 107 (e) 8 ns 

20. 9.99 × 105; 1570; 3.14 × 108; 8.4 × 10−8;  3.14 × 108; 

1.6 × 10−6 nm; 250 nm; 0.16 nm; 3 GHz; 1.91 MHz 

21. (a) 0.5 µm  (b) 2 × 10−8 µm  (c) −2.48 × 10−6 µm 

22. (a) 10.6 GHz (b) 0.83 GHz; 0.62 GHz 

Chapter 9 

1. $ (�) = (4/@)(sin H� + 1
3 sin 3H� + 1

5 sin 5H� + ⋯ ) 

2. $ (�) = P0@ + P02 cos T� + 2P03@ cos 2T� − 2P015@ cos 4T� + ⋯ 

3. U(T) = aℎ
√2@ 7(−a2T2)/2 

If the width of the first is a, the width of the second is 

1/a. Thus the spectrum broadens as the original 

Gaussian narrows, and vice versa. 

4. |U(T)|2 = (32d02/4@2)(sin e/e)2, where e = Td0/2 

5. The narrow-band filter has a coherence length better 

by one order of magnitude: 3.48 × 10−5 m 

6. 1.3 fm; 106 Hz; 300 m 

7. 0.0243 mm 

8. (a) 0.00138 nm (b) 1 ns 

9. 2.5 mm 

10. 0.0625 cm; 2.08 × 10−12 s 

11. 0.144 cm 

12. 4 × 10−7 Å; 3 × 104 Hz 

13. (a) 2.08 × 10−12 s, 0.0625 cm  (b) 0.36, 0.36  (c) 53 

14. 1.01 × 10−4 cm, 2.90 × 10−6 cm2; 1.8, 35 

15. (b) 2.55 

17. 0.998, 0.63 

18. 0.937, 0.686, 15.95 cm 

19. (a) 0, 0, 0.596 cm (b) 0.895 mm 

Chapter 10 

1. 672 

2. (a) 32 million  (b) 0.67 million 

3. (b) 1284 

4. (a) 68.1°   (b) 0.567   (c) 34.5° 

5. (a) 0.64   (b) 79.5°    (c) 6624, 3281 

6. (c) 432 µm; 429 µm; 10.07 m 

7. 159 

8. 10.2 µm 

9. 12 and 120, counting both polarizations 

10. −70 db/km 

11. 0.080 mW 

12. 3.33 km; 10 km 

13. 0.136 db/km 

14. (b) −1.25 db, −6.02 db, −10 db, −20 db 

15. (a) 1.0069 km; 1 km (b) 4.900 µs; 4.867 µs 

16. 431 ns; 2.32 MHz 

17. 77.2 ns 

18. 14.6 ns/km 

20. 457 ps; 1/146 

21. 25 MHz 

22. (a) 4 ns (b) 0.4 ns 

23. 48.9 ns 

24. (b) 3.9 ps/km; 4.3 ps/km 

25. (a) 50.5 ns; 1.075 ns; 0.075 ns (b) 50.5 ns 

27. (a) 100 GHz  (b) 4 THz 

28. (a) No Δ1 satisfies Eqs. (21) and (22) with exactly 

integer m, but many approximate solutions exist. One 

such solution is �Δ1 = 950.01I1 = 950.500I2         

(b) Ouput 2.  (c) 0.94 

Chapter 11 

1. (a) 0.218 cm (b) 0.218 cm 

2. 0.090 

3. (a) 0.135 mm (b) 139 

4. 496 nm 
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5. 2.125, 1.44, 0.778, and 0.55 µm 

6. (a) 15° (b) 0.678, 0.166, 0, 0.0461 

7. (a) 4.477@; 5.482@ (b) 1/199; 1/298 

8. Single slit: 0.047, 0.017; Circular Aperture: 0.018, 

0.0042 

9. 1.68 × 10−3 cm; 2.75 × 10−3 cm 

10. 8.4 × 10−4 cm 

11. 9725 km in diameter; 2.69 × 10−11 W/m2 

12. 5.2 m 

13. 5.3 miles 

14. 3 to 10.4 

15. (a) 0.400 mm (b) 0.8106, 0.4053, 0.09006 

16. (b) 2.10 mm 

17. (b) 20 

20. 0.875, 0.573, 0.255, 0.0547, 0 

22. (a) 8 = 80 sin2(1.151") sin2(0.575�)
0.438�2"2                                       

(b) 5.46 mm along x; 2.73 mm along y                           

(c) 0.895 along x; 0.629 along y (d) 0.005 

23. (a) 90° (b) 11.5°  (c) 5.7° 

24. Δ/ = (I/5)(1/ cos /) 
25. (b) 4.7%, 1.8%, 0.84% for h = 1, 2, 3, respectively 

26. h = 0; /1/2 = 30° 

27. (a) 120° (b) 8V = (1
9)8max (c) 8V = 8max (d)  8V = 38av 

Chapter 12 

1. 13°18′ 
2. (a) 0.0823º/nm; 0.464 nm/mm (b) 63,000 

3. (a) 8.66′ (b) 612.5 nm (or 587.5 nm) (c) 48; 48 

4. 987; 494 

5. (a) 700 nm, 360 nm (b) 57.1º, 25.6º (c) 350 nm and 

175 nm for crown glass; 180 nm and 90 nm for quartz 

6. 120,000; 0.069 Å 

7. (a) third order (b) any width smaller than light beam 

8. (a) 21.8 cm, in each case  (b) 9, in each case              

(c) 21.8 cm, 4.37 cm, and 0.0029 cm, respectively 

9. (a) 8750 grooves/cm  (b) 18.89º              

(c) 37.77º  (d) 7.88 nm/deg 

10. (a) 7000  (b) 0.018 mm 

11. (a) −5.7° to +11.5°  (b) 100,000  (c) 10 Å/mm (d) 1 m 

12. about 5000 grooves/cm 

13. (a) 1.16 µm  (b) 18.4 Å/mm 

14. (a) 11.5° (b) 11.8° 

15. 3550 grooves/mm; reduces it 

16. (a) 3647   (b) 1200 grooves/mm   (c) 3.04 mm 

17. (a) 557 to 318 (b) 960 (c) 388,800; 0.014 Å           

(d) 0.41°/nm  (e) 5.5 Å 

Chapter 13 

1. near, near, far 

2. maxima: 409, 136, 81.8 cm;                     

minima: 204.5, 102, 68 cm 

3. (a) 1.88 and 3.26 mm (b) 2.66 and 3.76 mm 

4. (a) 0.0346 cm (b) 833 (c) 20 cm, 6.67 cm, 4 cm 

6. (a) 0.02 cm (b) 2500 

7. (a) 4 × (b) very nearly zero  (c) 5; 6 

8. 0.0012% 

9. (a) 1/100 (b) 50.31 cm 

10. 1.05, 1.48, 1.82 mm 

12. 1.97 mm radius; zero 

13. 14.8 cm 

14. (a) 0.8298e (b) 0.2138e 

15. (a) 0.01198e (b) 1.238e 

16. (a) 0.0188e (b) 0.2238e 

17. 1.198e; 0.8618e 

18. 0.558e 

19. 21% 

20. (b) 0.145 mm (c) 0.6558e 

21. 19 μm 

Chapter 14 

2. (a) 
1

√2 [ 1−1]: linearly polarized at −45° 

(b) 
1

√2 [11]: linearly polarized at +45° 

(c) 
1

√2 [
11

√2 (1 − �)]: right-elliptically polarized at +45° 

(d) 
1

√2 [1�]: left-circularly polarized 

3. (a) linearly polarized along x-direction, traveling in +z-direction with amplitude of 2P0 

(b) linearly polarized at 53.1º relative to the x-axis, 

traveling in the +z-direction with amplitude of 5P0 

(c) right-circularly polarized, traveling in –z-direction 

with amplitude of 5P0 

4. 75° 

5. right-circularly polarized light 

6. (a) n⃗⃖ = P0(√3q̂ + ŝ)7�(H�−T�) 
(b) n⃗⃖ = P0(2ŝ − �t̂)7�(H"−T�) 
(c) n⃗⃖ = ŝP0 exp {�[(� + ")H/√2 − T�]} 

7. (a) G = 0, h@  (b) 4 = 0, (h + 1
2)@               

(c) 4 = 0, 3 = ±G, (h + 1
2)@ 

9. (a) linearly polarized, w = 18.4°, 3 = √10 (b) right-

circularly polarized, 3 = 1 (c) right-elliptically 

polarized; semimajor axis = 5 along y-axis, semiminor 

axis = 4 along x-axis (d) linearly polarized, horizontal, 

3 = 5 (e) left-circularly polarized, 3 = 2 (f) linearly 

polarized, w = 56.3°, 3 = √13 (g) left-elliptically 

polarized, x = 53.1°, w = −7°, P0� = 2, P0" = 10 

10. right-elliptically polarized, symmetrical with x- and y-

axes, P0�/P0" = √3 

13. right-circularly polarized light 

14. no light emerges 

15. (a) right-elliptically polarized, major axis along x-axis 

(b) vertically linearly polarized 

16. (a) linearly polarized at ±45°  (b) elliptically polarized 

17. [1 −�� 1 ] 

20. (a) Elliptical polarization with inclination angle w =
−25.097°: 

1
√13 [

2
3
2 + �3√3

2 ]  (b) Elliptical polarization 
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with inclination angle w = 4.903°, or 30° 

1
√34.475 [ 2.6519−0.6651 + �(5.1962)] 

21. (a) elliptically polarized with semi-axes P0� and P0" 

aligned with coordinate axes (b) elliptically polarized 

with principal axes at 45º to co-ordinate axes            

(c) circularly polarized, centered at origin, radius of P0 (d) linearly polarized with slope P0"/P0� 

22. 8 = 80(2 sin2 / cos2 /) 
Chapter 15 

1. 28.1% 

2. 67.5°; 22.5° 

3. (a) 80{0.5(w2 + z2) cos2 / + wz sin2 /}               

(b) 0.452580 versus 0.580; 0.35180 versus 0.37580; 

both 0.2580; 0.047580 versus 0 

4. 0.0633 mm 

5. (a) single refraction, phase retardation, any 

polarization possible  (b) single refraction, no phase 

retardation, unpolarized  (c) same as (a)                 

(d) double refraction, no phase retardation in each 

separated beam, each beam linearly polarized           

(e) cases (a) and (c) 

6. (a) difference of 0.121 mm  (b) 0.015 mm 

7. (b) 0% (c) 33% 

8. 24 

9. 0.0162 mm 

10. 20° 

11. 0.005 

12. (a) 53.12º  (b) 11.5º 

13. (a) mixture of unpolarized and circularly polarized 

light  (b) elliptically polarized light 

14. (a) 56.2º  (b) 33.8º 

15. (a) 0.05 g/ml  (b) about 46º 

16. (a) 0.200 mm  (b) 50º 

17. (a) 8.57 × 10−5 cm (b) green 

19. (a) 0.0091 (b) 15 µm (c) 12 (d) 15 µm 

20. 3.15 × 10−4 

21. (a) 36.8 µm (b) 18.4 µm 

22. 14.7° 

23. (a) 14.8% (b) 2.03% of 80 (c) 0.92 

24. 80 sin2(2/) 
25. (a) 42.5° (b) 0.60° 

Chapter 16 

2. (b) 0.866 

3. 1000 Gb 

4. 1.82 µm 

5. 63.3 m/s 

7. 1.8 × 1010 bits 

8. (a) 156.25 nm     (b) 500 nm     (c) 475 nm 

9. (b) 208 nm (c) none 

10. 365 nm; blue components shift into ultraviolet and are 

missing. 

11. (a) 1.88 × (b) 6330 × 

 

Chapter 17 

1. 1850 nm 

2. (a) 0.1 (b) 0.0724 A/W 

3. 0.08 µA 

4. 1.3 × 10−13 W 

5. (a) 300 (b) no 

8. 40,000 

9. 0.1 mW 

Chapter 18 

1. $1 = −62.05 cm; $2 = 46.66 cm; Q = 2.91 cm;          

) = −0.98 cm 

2. (a) $1 = 14.06 cm = −$2; Q = 1.17 cm; ) = −0.73 cm 

(b) 8.92 cm left of lens center                               

(c) 9.78 cm left of lens center, with 9.6% error 

3. Erect, virtual image at 6.67 cm left of second vertex, 

0.556 in. high 

4. $1 = −11.51 cm; $2 = 15.31 cm; Q = 0.400 cm; ) =−1.16 cm; = = 4.20 cm; ; = 2.64 cm; )� = 18.9 cm 

from |2; ℎ� = −1.18 cm 

5. (a) $1 = −20.15 cm = −$2; Q = 10 cm = −); = =
10 cm = −; (b) Image is inverted, real, 61.38 cm 

from sphere center and h = −2.05 × 

6. (a) " = 1 cm; w = −5.73° (b) 3 = 1 − �/10;  4 =
10/3 + 2�/3;  G = −1/10; 5 = 2/3 (c) � = 10 cm 

8. V = −4.17 cm, } = +2.17 cm, Q = −0.83 cm, ) =−2.17 cm, $1 = −3.33 cm, $2 = 4.33 cm 

9. $1 = −20 cm, $2 = +20 cm, V = −30 cm, } =+10 cm, Q = −10 cm, ) = −10 cm 

10. $1 = −16.7 cm, $2 = +23.3 cm, } = +18.7 cm, V =−18.3 cm, Q = −1.67 cm, ) = −4.67 cm 

11. (a) 3 = − 1
2 , 4 = 0, G = − 1

10 , 5 = −2    (b) Input and 

output planes fall at conjugate object and image 

positions; A is identical with the linear magnification. 

12. (a) V = −2, } = +2, $1 = −6, $2 = +6, Q = 4, ) = −4 

in.  (b) 2 in. beyond ball 

13. (a) Elements of a system matrix: 3 = 16
15 , 4 = 2

3,      
G = − 1

150 , 5 = 14
15  (b) V = −140, } = 160, Q = ) = 10, 

$1 = −150, $2 = 150, all in cm 

14. (a) 3 = 0.9764, 4 = 0.9676, G = 0.009182, 5 =
1.033 (b) $1 = 108.9 cm, $2 = −108.9 cm, V =
112.5 cm, } = −106.3 cm, Q = 3.62 cm, ) = 2.57 cm   

(c) −100 cm  

15. (a) 3 = 2
3 − )′/6, 4 = 25

3 + 2 − ))′/6 + )′, G = − 1
6, 5 = −)/6 + 1 (b) )′ = (4) + 12)/() − 6); h = 2

3 − )′/6 

(c) )′ = 6 4
7 cm; h = −0.429 (d) )′ = 4 cm 

corresponds to second focal plane; ) = 6 cm 

corresponds to first focal plane 

16. 3 = 0.93935; 4 = 22.2212; G = −0.009284; 5 =0.8448; Q = = = 16.72 mm; ) = ; = −6.53 mm; V =−90.99 mm; } = 101.18 mm; $1 = −$2 = −107.71 

mm; the film plane is a distance } = 101.2 mm behind 

the last lens surface. 

17. 3 = �−�1�1%1 � + 1, 4 = ��
�1, 
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 G = �1−�′
�′%2 − �1−�

�′%1 − (�1−�)(�1−�′)
�′�1

�
%1%2, 

 5 = �
�′ + (�1−�′

�′%2 ) ��
�1 

21. For w = 0°, )′ = 3.180 cm and w′ = −23.51°;            

for w = −20°, )′ = 16.104 cm and w′ = 6.081° 

22. )′ = −49.525 cm; w′ = 3.371°; � = 2.9212 

23. For ℎ = 1 mm, )′ = 98.20 mm, w′ = −0.567°; for    

ℎ = 5 mm, )′ = 102.45 mm, w′ = −2.723° 

Chapter 19 

1. (a) He-Cd appears about 1.3 × brighter                

(b) about 2.4 mW 

2. (a) 900 Cd (b) 85.4 lm/m2 or lx 

3. 1.055:1 

4. 320 lx 

5. (a) 1.7 × 109 cd/m2 (b) 2@1 

6. 0.97 lm  

7. +41.6 D 

8. (a) 8.33 mm; +120 D  (b) 42.86 mm; +23.33 D         

(c) 43.65 mm, measured from its second principal 

plane, or 42.38 mm from its second surface; +22.9 D 

9. (a) 22.34 mm from cornea (b) 21.60 mm from cornea 

10. (a) 3 = 0.75846, 4 = 5.1050, G = −0.05011, 5 =0.65180  (b) Focal points are 13.01 mm in front and 

22.34 mm behind the cornea; principal points are 1.96 

mm behind and 2.38 mm behind the cornea. 

11. Block-letter sizes are 1.309 in. for 20/300; 0.436 in. 

for 20/100; 0.262 in. for 20/60; 0.087 in. for 20/20; 

0.065 in. for 20/15. Letter details are 
1
5 block letter size 

in each case. 

12. (a) 3.45 D (b) 30.5 cm 

13. (a) −2.000 D (b) 21.4 cm   (c) −2.083 D; 19.8 cm 

14. (a) myopia; astigmatism (b) myopia (c) hyperopia     

(d) hyperopia; astigmatism 

15. (a) Right eye: 7.32 cm, 14.3 cm; Left eye: 8.57 cm, 20 

cm  (b) Right eye: 11.5 cm, 50.2 cm; Left eye: 21.4 

cm, ∞ (strained eye) 

16. Far vision: −7.41 D; Near vision: −6.10 D, (both for 

eye to lens distance of 1.5 cm) 

Chapter 20 

2. (d) )′ = 0, +8, +14.4 cm 

3. 9 = −0.858 mm; :" = −10.98 mm; :< = −35.15 mm 

5. 9 = −0.015 mm; :" = −0.49 mm; :< = −3.9 mm 

6. (a) −0.0296 mm (b) 0.021 mm 

7. (a) −0.6 mm (b) 1.2 mm 

8. :< = 1.64 mm; :" = 0.164 mm 

9. :< = 0.974 mm at ℎ = 1 cm, 3.84 mm at ℎ = 2 cm, 

8.44 at ℎ = 3 cm, 14.53 mm at ℎ = 4 cm, 21.81 at  ℎ = 5 cm 

10. :< = 1.82 cm; :" = 0.970 mm 

12. For a = 0.7, Q1 = 17.65 and Q2 = −100 cm; for       

a = 3, Q1 = 7.50 and Q2 = 15.0 cm 

13. Q1 = 18.62 cm; Q2 = −33.75 cm 

14. optimum a = +0.867, closer to + 1 than to −1 

15. (a) +0.714  (b) Q1 = 17.5 cm; Q2 = −105 cm               

(c) −0.714, reverse the lens 

16. (a) 0.8  (b) Q1 = 16.7 cm; Q2 = −150 cm             

(c) −0.8, reverse the lens 

17. +20 and −20 cm 

18. answers the same 

19. −17.7 cm 

20. (a) % = 15.7 cm (b) $2 = −3.476 cm 

21. Q11 = 8.5168 cm; Q22 = −434.89 cm; $5 = 20.0000 

cm, $G = 20.0096 cm; $� = 20.0096 cm 

22. (a) Q11 = 3.4535 cm, Q22 = −12.6576 cm (b) $5 =5.0000 cm, $G = 5.0026 cm, $� = 5.0026 cm 

(c) �15 = 0.3695 cm−1, �25 = −0.1695 cm−1,   Δ15 = 0.01802, Δ25 = 0.03928 (d) yes 

23. (a) Q11 = −5.2415 cm, Q22 = 53.1840 cm              

(b) $15 = −4.5770 cm, $25 = 8.4399 cm               

(c) $5 = −10.0000 cm, $G = −10.0050 cm,             

$� = −10.0050 cm 

Chapter 21 

1. (a) 0.633, 1.898, 3.164 mm (b) 0.50 mm (c) 12.57, 

37.70, and 62.83 cycles/mm (d) 1: 1
9 : 1

25 

2. (a) product 

3. (c) 32.8%; 0.48 

4. (a) 5 units of amplitude (c) 25[1 + sin(a")]2 

7. (@32/T) cos(Td) 
8. (a) 18.3 kHz (b) 17.2 Hz 

9. (a) 0.04 Å (b) 0.1 Å 

10. (a) 2.86 × 10−3 cm      (b) 5.59 nm      (c) 224 nm              

(d) 0.80 reading/s 

11. (a) 3.6 cm−1 (b) 2450 (c) 0.093 mm/s 

Chapter 22 

2. (a) 102 nm, 1.22 (b) 0.084% 

4. (a) 2.81%      (b) 3.17%      (c) 4.26% 

5. 32.3% 

6. 2; 0.25 µm; ZrO2 

7. (a) 859 Å of aluminum oxide, 1058 Å of cryolite; 

0.0003% (b) 15.6% 

8. (a) 227 nm and 370 nm   (b) 10%   (c) 1.2% 

12. For example, from surface to substrate:                   

MgF2 (� = 1.35), SiO (� = 1.5), ZnS (� = 2.2) 
13. (a) 81.1%     (b) 98.4%     (c) 99.99% 

14. 99.96% 

15. 2.24 

Chapter 23 

2. 61°4′; 28°56′ 
3. /� = 32.9°, /V = 61.5°, /V′ = 28.5° 

4. 1.272 

10. (a) 2.55% (b) 0.233% (c) 4.26% (d) 1.26% 

11. (a) 2.01%, 2.10%, 5.23%, 100% (b) 2.01%, 1.91%, 

0.274%, 100% 
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12. (a) TM: /V = 67°33′, no /� ; TE: no /V, no /�             

(b) TM: /V = 22°27′, /� = 24°24′; TE: no /V,          
/� = 24°24′ 

13. (a) % = 13.85%, _ = 86.15%               

(b) % = 0.62%, _ = 99.38% 

15. (a) /� = 43.3°, /V = 55.6°, /V′ = 34.4°              

(b) % = 3.47%, _ = 96.53%; % = 8.21%, _ = 91.79% 

(c) % = 3.47%, _ = 96.53%; % = 0.67%, _ = 99.33% 

(d) 0, 0, @, 2.43 rad, 2.65 rad, @ 

16. (a) 59°51′ (b) 0.457@ and 0.539@ 

17. (a) 29.3%, 34.5%, 45.4%, 65.7%, 100% 

(b) 29.3%, 24.2%, 14.9%, 5.4%, 100% 

18. (a) 82.5%, 84.7%, 90.9% (b) 82.5%, 80.1%, 69.5% 

19. (a) 0.113 nm−1   (b) 41 nm 

21. (a) 0.164 µm (b) 5.1 × 10−6 

Chapter 24 

1. T, 3T 

2. 3T1, 3T2, 2T1 + T2, 2T1 − T2, 2T2 + T1, 2T2 − T1, T1, T2 

3. 0, 2T1, 2T2, T1 ± T2, T1 ± T3, T2 ± T3 

5. (a) 5983 nm (b) 0.046 

6. 9.84 kV; �|�  is independent of the length 

7. 7.9 × 10−6; @/2 

8. (a) Φ = 2@, 4@, … ; � = 2�|� , 4�|� , … 

(b) At � = 0, 8 = 8max; at � = �|� , 8 = 0 

9. Φpock/Φkerr = (Q/�)(�03/I0�1); 73 

10. 3.47 m; not practical 

12. The sound wave advances 150 nm, which is I/3.3 for 

I = 500 nm 

13. (d) 67 

14. 221 MHz 

16. 2.97′ 
17. For a 5-cm length, the current is 31.8 A 

18. (a) 0.0647 min/G-cm (b) 0.0956 min/G-cm 

19. 14.1°; 0.0712 µm−1 

Chapter 25 

1. (b) �8 = 0.455√�8 ; �% = 1.099√�8  

4. (a) 4.80 × 1013 s−1   (b) 1.38 × 1016 s−1 

(c) �% = 0.0292; �8 = 3.92 

6. (a) 0.856 cm  (b) 6.63 µm 

7. (a) 0.35 mm  (b) 1 m 

8. 1.7 µm 

9. (a) 0.405 m−1 (b) 11.4 m 

11. 3 = (1 + w)1/2, 4 = 2(@�/T0)2(w + 1)−1/2, 
G = 2(@�/T0)4w(3w + 4)(w + 1)−3/2 where            

w = [72/mx0T02 

Chapter 26 

5. (c) 0 (d) 1100 W/m2 (e) 1.11 × 105 W/m2 

(f) For � = 1/cm: [0/[_ = 0.993; for � = 0.01/cm: 

[0/[_ = 0.99993 reasonable for both               

(g) 1100 W/m2; 1.10 × 105 W/m2 

7. (d) 1.6565 × 107 W/m2 (e) 1.6567 × 107 W/m2 

(f) 1.6788 × 107 W/m2 

11. (a) 6.96 W/m2    (b) 49.7 W/m2    (c) 221 W/m2              

(d) 1180 W/m2   (e) 10,200 W/m2 

12. (a) 5.96 W/m2    (b) 39.7 W/m2    (c) 121 W/m2         

(d) 180 W/m2     (e) 200 W/m2 

13. (a) 2.7 W/m2, 1.7 W/m2 (b) 25.2 W/m2, 15.2 W/m2   

(c) 181 W/m2, 81 W/m2 (d) 1170 W/m2, 170 W/m2   

(e) 10,200 W/m2, 200 W/m2 

16. (a) 0.00513/cm  (b) 103 W/m2 

18. 0.0242 

21. (a) At line center, 9.69 × 10−22 m2 (b) 3.1 × 1021/m3 

(c) 1.94 × 106 W/m2 

22. 1500 MHz 

27. 2.0 × 10−10 s, 6.7 × 10−10s, 1.5 × 10−14 s 

31. (a) 100 MHz  (b) 1430 W 

32. Full-width angular spreads: 90°, 9° 

33. 1.55 eV 

34. 0.45 

Chapter 27 

4. (a) −�(1.24 m)                               

(b) for each, approximately, 50 m −�(1.24 m) 
5. (a) %50 = 50.03 m; ;50 = 20.15 × 10−3 m 

6. (a) center of cavity     (b) 0.51 mm    (c) 0.51 mm             

(d) 0.4 mrad     (e) ≥ 64.6 m      (f) 1.22 µW/cm2 

7. (b) [ 1 0−0.53125 1] 

8. (a) 1.88 m (b) 1.88 m 

9. (a) −�@;12/I  (b) 0.438 mm    (c) (−0.952 m)� 
(d) 

3G}1}2∗+45+35}1∗+4G}132}1}1∗+42 = 1
%2(ℓ) + � I

@;22(ℓ) 
(e) ℓ ≅ 6 cm; ;2(ℓ) ≅ 0.54 mm 

10. (a) ;02 = 0.543 mm; <2 = 0.0663 m 

11. (a) <�� ≫ 1.46 m (b) 0.371 mrad (c) ;in = 1.113 cm; 

;out = 11.13 cm (d) <2 ≅ 0.1 m; ;02 ≅ 1.81 × 10−7 m 

16. 14.6 m; 58.3 m; 131.2 m; 364.5 m 

20. (a) 1 − 7−292/;2
  (b) 1 − (1 + 292/;2)7−292/;2

 

(c) 1 − (1 + 292/;2 + 1
2 (292/;2)2)7−292/;2

 

(d) 1 − (1 + 2
3 (292/;2) + 1

2 (292/;2)2)7−292/;2
 

23. (a) 0.155 mm   (b) 1.32 × 104 W/cm2   (c) 3.17 W/cm2 

24. (a) 750 MHz      (b) 750 MHz       (c) 154 MHz              

(d) 154 MHz      (e) 308 MHz 
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