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Chapter 2:
Stress and
strain-Axial
loading
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Fig. 2.19 (a) Axially-loaded rod. (b) Rod

divided into three sections. (¢) Three
sectioned free-body diagrams with internal
resultant forces Py, P;, and Pi.
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Concept Application 2.1

Determine the deformation of the steel rod shown in Fig. 2.19a under
the given loads (E = 29 X 10° psi).
The rod is divided into three component parts in Fig. 2.19b, so
L1=14=12'm. L3=16in.
A =A,=09in*> A;=03in’
To find the internal forces P,, P,, and P, pass sections through each
of the component parts, drawing each time the free-body diagram of

the portion of rod located to the right of the section (Fig. 2.19¢). Each
of the free bodies is in equilibrium; thus

P, = 60 kips = 60 X 10°Ib
P, = —15kips = —15 X 10°lb
Py = 30kips = 30 X 10°1b
Using Eq. (2.10)
= Pl - l(PlLl + PyL, + PsLa)
T AE E\ A Ay Az
1 [(so X 10%)(12)

29 X 10° 0.9
= (=15 X 10%)(12) A (30 X 10%)(16)
0.9 0.3
2.20 X 10° e
8§ =—————= =759 X 10 %in.
29 X 10
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0.4 m

—_— — \04 C
o) A
0.4 m T 30 kN
0.3m
D E\
BE
Y-
I I

0.2m

F,\B T A F(j/) 30 kN

! 0.4 m
0.2 m

Fig. 1 Free-body diagram of rigid bar
BDE.

F'yp = 60 kN
A
A = 500 mm?>
0.3 m E=70GPa
B
F 5 = 60 kN

Fig. 2 Free-body diagram
of two-force member AB.

Sample Problem 2.1

The rigid bar BDE is supported by two links AB and CD. Link AB is
made of aluminum (E = 70 GPa) and has a cross-sectional area of
500 mm?. Link CD is made of steel (E = 200 GPa) and has a cross-
sectional area of 600 mm?. For the 30-kN force shown, determine the
deflection (a) of B, (b) of D, and (c) of E.

STRATEGY: Consider the free body of the rigid bar to determine the
internal force of each link. Knowing these forces and the properties of
the links, their deformations can be evaluated. You can then use sim-
ple geometry to determine the deflection of E.

MODELING: Draw the free body diagrams of the rigid bar (Fig. 1)
and the two links (Fig. 2 and 3)

ANALYSIS:
Free Body: Bar BDE (Fig. 1)

+Y= M = 0: —(30kN)(0.6 m) + Fcp(0.2m) = 0
Fep = +90kN  Fop = 90KkN tension
NS M) = 0: —(30kN)(0.4m) — F45(0.2m) = 0

F,; = —60kN F,3 = 60kN compression

a. Deflection of B. Since the internal force in link AB is compres-
sive (Fig. 2), P = —60 kN and

PL —60 X 10°N)(0.3 m
=—= ( X ) = —514 X 10 *m

&p = = =
P AE (500 X 10"°m?)(70 X 10° Pa)

The negative sign indicates a contraction of member AB. Thus, the
deflection of end B is upward:

83 = 0.514 mm |

Fop = 90 kN

Y
A = 600 mm?
0.4 m E = 200 GPa
D
Fep = 90 kN

Fig. 3 Free-body diagram of
two-force member CD.

(continued)
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-

o = 0.514 mm
BV

TR

op = 0.300 mm

B
‘ DI

e

| x
(200 mm —x)

200 mm

~— 400 mm —

Fig. 4 Deflections at B and D of rigid
bar are used to find 8.

b. Deflection of D. Since in rod CD (Fig. 3), P = 90 kN, write

5 — PL _ (90 X 10° N)(0.4 m)
P AE (600 X 10"°m?)(200 X 10° Pa)
=300 X 10 °m 8p = 0.300 mm |

c. Deflection of E. Referring to Fig. 4, we denote by B’ and D’
the displaced positions of points B and D. Since the bar BDE is rigid,
points B, D', and E’ lie in a straight line. Therefore,

BB BH 0514mm _ (200mm) — x

X = 73.7 mm

DD’ HD 0.300mm x
EE' HE Sp (400 mm) + (73.7 mm)
DD’ HD 0.300mm 73.7 mm

8; = 1.928 mm |

REFLECT and THINK: Comparing the relative magnitude and direc-
tion of the resulting deflections, you can see that the answers obtained
are consistent with the loading and the deflection diagram of Fig. 4.

i 18 in.
o,
E
(eam
12 in.

(6] D
<= e
P 7

b E F P b
P, — > 7
G H
<= e
P/) P’/)

Fig. 1 Free-body diagrams of bolts and

aluminum bar.

Sample Problem 2.2

The rigid castings A and B are connected by two 3-in.-diameter steel
bolts CD and GH and are in contact with the ends of a 1.5-in.-diameter
aluminum rod EF. Each bolt is single-threaded with a pitch of 0.1 in.,
and after being snugly fitted, the nuts at D and H are both tightened
one-quarter of a turn. Knowing that E is 29 X 10° psi for steel and
10.6 X 10° psi for aluminum, determine the normal stress in the rod.

STRATEGY: The tightening of the nuts causes a displacement of the
ends of the bolts relative to the rigid casting that is equal to the differ-
ence in displacements between the bolts and the rod. This will give a
relation between the internal forces of the bolts and the rod that, when
combined with a free body analysis of the rigid casting, will enable you
to solve for these forces and determine the corresponding normal
stress in the rod.

MODELING: Draw the free body diagrams of the bolts and rod
(Fig. 1) and the rigid casting (Fig. 2).

ANALYSIS:
Deformations.
Bolts CD and GH. Tightening the nuts causes tension in the

bolts (Fig. 1). Because of symmetry, both are subjected to the same

(continued)
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e P,
Pr‘ -l B
[— P,

Fig. 2 Free-body diagram
of rigid casting.

internal force P, and undergo the same deformation §,.
Therefore,
P,L, P,(18in.)

oy = + = 4 = +1.405 X 10°°P, (1
"~ TAE,  Im(0.75in.)%(29 X 10° psi) » (1)

Rod EF. The rod is in compression (Fig. 1), where the magnitude of
the force is P, and the deformation §,:

PL, P,(121in.)
AE, +r(1.5in.)%(10.6 X 10° psi)

5, = = —0.6406 X 10 ° P, (2)

Displacement of D Relative to B. Tightening the nuts one-quarter
of a turn causes ends D and H of the bolts to undergo a displacement
of (0.1 in.) relative to casting B. Considering end D,

8psp = 4(0.1in.) = 0.025in. 3)
But 6p/5 = 8 — 8, where &, and &5 represent the displacements of D
and B. If casting A is held in a fixed position while the nuts at D and H

are being tightened, these displacements are equal to the deforma-
tions of the bolts and of the rod, respectively. Therefore,

5D/B =68, — 6, (€))]

Substituting from Egs. (1), (2), and (3) into Eq. (4),
0.025in. = 1.405 X 10" ° P, + 0.6406 X 107°P, (5)

Free Body: Casting B (Fig. 2)
LsFr=0: pP,—2P,=0 P,=2P, 6)

Forces in Bolts and Rod Substituting for P, from Eq. (6) into
Eq. (5), we have

0.025in. = 1.405 X 10 °P, + 0.6406 X 10 %(2P,)
P, = 9.307 X 10°1b = 9.307 kips
P, = 2P, = 2(9.307 kips) = 18.61 kips

Stress in Rod

p, 18.61 kips .
o= — =7 """ o, = 10.53 ksi
A, ym(l.5in.)

REFLECT and THINK: This is an example of a statically indetermi-
nate problem, where the determination of the member forces could
not be found by equilibrium alone. By considering the relative dis-
placement characteristics of the members, you can obtain additional
equations necessary to solve such problems. Situations like this will be
examined in more detail in the following section.
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Fig. 2.21 ({a) Concentric rod and tube,
loaded by force P. (b) Free-body diagram
of rod. (c) Free-body diagram of tube.
(d) Free-body diagram of end plate.
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Concept Application 2.2

A rod of length L, cross-sectional area 4,, and modulus of elasticity E,,
has been placed inside a tube of the same length L, but of cross-
sectional area A, and modulus of elasticity E, (Fig. 2.21a). What is the
deformation of the rod and tube when a force P is exerted on a rigid
end plate as shown?

The axial forces in the rod and in the tube are P, and P,, respec-
tively. Draw free-body diagrams of all three elements (Fig. 2.21b, c, d).
Only Fig. 2.21d yields any significant information, as:

P+ P,=P (l)

Clearly, one equation is not sufficient to determine the two unknown

internal forces P, and P,. The problem is statically indeterminate.
However, the geometry of the problem shows that the deformations

8, and 8, of the rod and tube must be equal. Recalling Eq. (2.9), write

P\L P,L
O =—T 6= 2
YTAE T A @
Equating the deformations 8, and &,
P P
1 — 2 (3)
AE AL

Equations (1) and (3) can be solved simultaneously for P, and P,:

A,E,P _ AEP

p=— e —
' AE + AE, 2 AE + AE

Either of Egs. (2) can be used to determine the common deformation
of the rod and tube.
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UL I
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LT B
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a
l fP7

B
TRB TRB
(c)

Fig. 2.22 (a) Restrained bar
with axial load. (b) Free-body
diagram of bar. (c) Free-body
diagrams of sections above and
below point C used to determine
internal forces P; and P,.

Concept Application 2.3

A bar AB of length L and uniform cross section is attached to rigid
supports at A and B before being loaded. What are the stresses in por-
tions AC and BC due to the application of a load P at point C
(Fig. 2.22a)?

Drawing the free-body diagram of the bar (Fig. 2.22b), the equi-
librium equation is

R,+Rg=P (1)

Since this equation is not sufficient to determine the two unknown
reactions R, and R, the problem is statically indeterminate.
However, the reactions can be determined if observed from the
geometry that the total elongation 6 of the bar must be zero. The elon-
gations of the portions AC and BC are respectively §, and 8,, so

5=8,+8=0

Using Eq. (2.9), 6, and 6, can be expressed in terms of the correspond-
ing internal forces P, and P,,
_PL, | Pl

0= + =0 2
AE AE @

Note from the free-body diagrams shown in parts b and c of Fig. 2.22¢
that P, = R, and P, = —Rj;. Carrying these values into Equation (2),

RyL, — RgL, = 0 (3)

Equations (1) and (3) can be solved simultaneously for R, and Ry, as
R, = PL,/L and Ry = PL,/L. The desired stresses o, in AC and o, in
BC are obtained by dividing P, = R, and P, = —Rj by the cross-
sectional area of the bar:

PL, PL,
L2 o=
AL AL

(251
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A= 250 mm?_ " 1
T 150 mm

v

i 1
300 kN 150 mm

c Y
A =400 mm%__ 150 mm
600 kN 150 mm

300 kN

300 kN l

600 kN l 600 kN

Concept Application 2.4

Determine the reactions at A and B for the steel bar and loading shown
in Fig. 2.23a, assuming a close fit at both supports before the loads are
applied.

We consider the reaction at B as redundant and release the bar
from that support. The reaction Ry is considered to be an unknown
load and is determined from the condition that the deformation § of
the bar equals zero.

The solution is carried out by considering the deformation §;
caused by the given loads and the deformation 63 due to the redun-
dant reaction Rp (Fig. 2.23b).

The deformation §; is obtained from Eq. (2.10) after the bar has
been divided into four portions, as shown in Fig. 2.23¢c. Follow the
same procedure as in Concept Application 2.1:

P,=0 P,=P,=600X10°N P, =900 X 10°N
A, = A, = 400 X 10 ®*m?

Ly =L, =0.150m

A; = A, = 250 X 10 *m?

L1:L2

Substituting these values into Eq. (2.10),

5= 01 8,4 _tog 1
Rp Rp 4 pI. 600 X 10°N
b= > on = <0 LIPS
(b) =1 AE 400 X 10 "m
600 X 10°N 900 X 10°N )0.150m
o 250 X 10 °m? 250 X 10 °m? E
1.125 X 10°

mm L = 5 (03]

o Considering now the deformation 6; due to the redundant reac-
tion Rp, the bar is divided into two portions, as shown in Fig. 2.23d

mm

P1:P2:_RB

A, =400 X 10 °m* A, =250 X 10" °®m?

TRB

(d)
Fig. 2.23 (a) Restrained axially-loaded
bar. (b) Reactions will be found by
releasing constraint at point B and adding
compressive force at point B to enforce
zero deformation at point B. (c) Free-body
diagram of released structure.
(d) Free-body diagram of added reaction
force at point B to enforce zero
deformation at point B.

L, =L, = 0300 m

Substituting these values into Eq. (2.10),

PL, P,L 1.95 X 10*R
BR: 11+22:_( )B (2)
AE  AE E
Express the total deformation 6 of the bar as zero:
§=8,+6,=0 3)
and, substituting for 6; and 85 from Egs. (1) and (2) into Egs. (3),
~ 1125 X 10°  (1.95 X 10°)Ry
= - - =
(continued)
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300 kN

600 kN

Fig. 2.23 (cont.) (e) Complete
free-body diagram of ACB.

N

Solving for Ry,
Ry =577 X 10° N = 577 kN

The reaction R, at the upper support is obtained from the free-
body diagram of the bar (Fig. 2.23e),

+12F,=0: Ry —300kN — 600kN + Rz =0

R, = 900kN — Ry = 900 kN — 577 kN = 323 kN

Once the reactions have been determined, the stresses and strains
in the bar can easily be obtained. Note that, while the total deforma-
tion of the bar is zero, each of its component parts does deform under
the given loading and restraining conditions.

-~

A A
A = 250 mm?® 300 o
300 kN

A = 400 mm?>

300 mm

600 kN
1 6
4.5 mm B B

Fig. 2.24 Multi-section bar of Concept
Application 2.4 with initial 4.5-mm gap at
point B. Loading brings bar into contact
with constraint.

Concept Application 2.5

Determine the reactions at A and B for the steel bar and loading of
Concept Application 2.4, assuming now that a 4.5-mm clearance exists
between the bar and the ground before the loads are applied (Fig. 2.24).
Assume E = 200 GPa.

Considering the reaction at B to be redundant, compute the defor-
mations 6; and &y caused by the given loads and the redundant reac-
tion Rz. However, in this case, the total deformation is 6 = 4.5 mm.
Therefore,

§=06,+6;,=45X%X10°m 1))

Substituting for §; and 8y into (Eq. 1), and recalling that E = 200 GPa
=200 X 10° Pa,

~ 1125 X 10°  (1.95 X 10°)Ry

= s =45x10°m
200 X 10 200 X 10

Solving for Rp,
Rp = 115.4 X 10 N = 115.4 kN

The reaction at A is obtained from the free-body diagram of the bar
(Fig. 2.23e):

+13F,=0: Ry— 300kN — 600kN + Rz = 0
Ry = 900kN — Ry = 900 kN — 115.4kN = 785 kN
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LIQ 111.44—12 in—-|

T

(d)

Fig. 2.28 (a) Restrained bar. (b) Bar at
+75°F temperature. (c) Bar at lower
temperature. (d) Force Rz needed to
enforce zero deformation at point B.

Concept Application 2.6

Determine the values of the stress in portions AC and CB of the steel
bar shown (Fig. 2.28a) when the temperature of the bar is —50°F, know-
ing that a close fit exists at both of the rigid supports when the tem-
perature is +75°F. Use the values E = 29 X 10° psiand a = 6.5 X 107°/°F
for steel.

Determine the reactions at the supports. Since the problem is
statically indeterminate, detach the bar from its support at B and let it
undergo the temperature change

AT = (—50°F) — (75°F) = —125°F
The corresponding deformation (Fig. 2.28¢) is
87 = a(AT)L = (6.5 X 107 %/°F)(—125°F)(24 in.)
= —19.50 X 10 *in.

Applying the unknown force R at end B (Fig. 2.28d), use Eq. (2.10) to
express the corresponding deformation §;. Substituting

L, =L, =12in.
A, =06in> A, =1.2in?
P,=P,=Ry; E=29 X 10°psi
into Eq. (2.10), write
_ kL N b,L,
AE  AE

3 Ry <1zin. N 121n.)
29 X 10°psi \0.6in* 1.2 in’

Or

(1.0345 X 10 ®in./Ib)Ry

Expressing that the total deformation of the bar must be zero as a
result of the imposed constraints, write

8=08r+8;,=0
= —19.50 X 10 *in. + (1.0345 X 10 ®in./Ib)Rz = 0
from which

Ry = 18.85 X 10°1b = 18.85 kips

The reaction at A is equal and opposite.

Noting that the forces in the two portions of the bar are P, = P,
= 18.85 kips, obtain the following values of the stress in portions AC
and CB of the bar:

(continued)
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P, 18.85kips .
oy =—=———— = +3142ksi

A1 0.6 in

P, 18.85kips .
Oy =~ =, = +15.71 ksi

A, 1.2in

It cannot emphasized too strongly that, while the total deforma-
tion of the bar must be zero, the deformations of the portions AC and
CB are not zero. A solution of the problem based on the assumption
that these deformations are zero would therefore be wrong. Neither
can the values of the strain in AC or CB be assumed equal to zero. To
amplify this point, determine the strain €, in portion AC of the bar.
The strain €,. can be divided into two component parts; one is the
thermal strain e produced in the unrestrained bar by the temperature
change AT (Fig. 2.28¢). From Eq. (2.14),

er=a AT = (6.5 X 10~ %/°F)(—125°F)

—812.5 X 10 %in./in.

The other component of €, is associated with the stress o; due to the
force Ry applied to the bar (Fig. 2.28d). From Hooke’s law, express this
component of the strain as

o, +31.42 X 10°psi e
—=——————— = +1083.4 X 10 ‘in./in.
E 29 X 10°psi

Add the two components of the strain in AC to obtain

_ on -6 -6
€xc = €T T E = —812.5 X 10 > + 1083.4 X 10

+271 X 10 %in./in.

A similar computation yields the strain in portion CB of the bar:

vy -6 -6
€cp = €r+ = ~8125 X 10° + 541.7 X 10

—271 X 10 °in./in.

The deformations 6, and 6.5 of the two portions of the bar are
Sac = €4(AC) = (+271 X 107%)(12in.)

= +3.25 X 10 *in.

8cp = €cs(CB) = (=271 X 10" °)(12in.)

—3.25 X 10 %in.

Thus, while the sum 6 = 6, + 6 of the two deformations is zero,
neither of the deformations is zero.
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12in. | 8in.

[,
A = (o) 5 2 Y

| |
10 kips 24 in.

30 in.
E_.__
Fg_gif
"*181& i 12in. | 8in.
Cc |ID
A = B
B,\
10 ki %oy Yr
1ps DF
Fog

Fig. 1 Free-body diagram of rigid
bar ABCD.

12 in. | 8in.

18 in.
’e a‘._.b_.b,
A' B I f/(sl)
A0, G &

Fig. 2 Linearly proportional
displacements along rigid bar
ABCD.

{ Afce Fprh
) X
has ~6p
T c D [
1.
< .
24 in. -
30 in
3.
E ZIY]. —~—
F L

Fig. 3 Forces and deformations
in CE and DF.

Sample Problem 2.3

The i-in.-diameter rod CE and the 3-in.-diameter rod DF are attached
to the rigid bar ABCD as shown. Knowing that the rods are made of
aluminum and using E = 10.6 X 10° psi, determine (a) the force in
each rod caused by the loading shown and (b) the corresponding
deflection of point A.

STRATEGY: To solve this statically indeterminate problem, you must
supplement static equilibrium with a relative deflection analysis of the
two rods.

MODELING: Draw the free body diagram of the bar (Fig. 1)
ANALYSIS:

Statics. Considering the free body of bar ABCD in Fig. 1, note that
the reaction at B and the forces exerted by the rods are indeterminate.
However, using statics,

12Fq; + 20Fp; = 180 ()

Geometry. After application of the 10-kip load, the position of the
bar is A'BC'D’ (Fig. 2). From the similar triangles BAA', BCC', and
BDD/',

d¢ p

= oc = 0.6 2
12in.  20in.  © . @
04 Op
—— =——— 0,=095 3
18in. 20in. P ®)
Deformations. Using Eq. (2.9), and the data shown in Fig. 3, write
_ FeeLeg _ FpeLprp
b¢=— OSp=—""—
AcgE AprE

Substituting for 6. and &, into Eq. (2), write

FcpL Frul
Sc =068, —F =202
ACEE ADFE
Lpp Acg (30 in.)[ Lr@Gin.)? }
o Lcg Apr r 24 in. iﬂ'(% in.)2 pr Lce 'DF

Force in Each Rod. Substituting for F¢y into Eq. (1) and recalling
that all forces have been expressed in kips,

12(0.333Fp) + 20Fp; = 180 Fpr = 7.50 kips
FCE = O.SSSFDF = 0.333(7.50 kips) FCE = 2.50 klpS
(continued)

J
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Deflections. The deflection of point D is

FpeLpe  (7.50 X 10°1b)(30in.)

= 8y = 48.0 X 10 %in
ApeE lm(Gin)%(10.6 X 10°psi)

5D=

Using Eq. (3),

8, = 0.95, = 0.9(48.0 X 10 °in.) &, = 43.2 X 10 *in

REFLECT and THINK: You should note that as the rigid bar rotates
about B, the deflections at C and D are proportional to their distance
from the pivot point B, but the forces exerted by the rods at these
points are not. Being statically indeterminate, these forces depend
upon the deflection attributes of the rods as well as the equilibrium
of the rigid bar.

|<7045 m—TOSmj

Q\

0.9m

l<0.45 m ——

Fig. 1 Free-body diagram of bolt,
cylinder and bar.

Sample Problem 2.4

The rigid bar CDE is attached to a pin support at E and rests on the
30-mm-diameter brass cylinder BD. A 22-mm-diameter steel rod AC
passes through a hole in the bar and is secured by a nut that is snugly
fitted when the temperature of the entire assembly is 20°C. The tem-
perature of the brass cylinder is then raised to 50°C, while the steel rod
remains at 20°C. Assuming that no stresses were present before the
temperature change, determine the stress in the cylinder.

Rod AC: Steel
E = 200 GPa
a=11.7 X 10°%/°C

Cylinder BD: Brass
E = 105 GPa
a =209 X 107°/°C

STRATEGY: You can use the method of superposition, considering
R; as redundant. With the support at B removed, the temperature rise
of the cylinder causes point B to move down through 6;. The reaction
R must cause a deflection §,, equal to 6; so that the final deflection
of B will be zero (Fig. 2)

MODELING: Draw the free-body diagram of the entire assembly
(Fig. 1).
ANALYSIS:

Statics. Considering the free body of the entire assembly, write

(continued)
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Deflection §;. Because of a temperature rise of 50° — 20° = 30°C,
the length of the brass cylinder increases by &;. (Fig. 2a).

87 = L(AT)a = (0.3 m)(30°C)(20.9 X 107°/°C) = 188.1 X 10 °m |

Deflection &§,. From Fig. 2b, note that 6, = 0.46, and
8, = 8p + 8/p.

Ryl R,(0.9 m)
AE  1m(0.022 m)*(200 GPa)

. =11.84 X 10 °R, |

8p = 0.408. = 0.4(11.84 X 10 °R,) = 4.74 X 10 °R, !

RsL Ry(0.3m
Spp = o = < sl - ) = 4.04 X 10 °Ry 1
AE  17(0.03 m)%(105 GPa)

Recall from Eq. (1) that R, = 0.4Rj, so

8, = 8p + Sgp = [4.74(0.4Rp) + 4.04R]10™° = 5.94 X 10 °R; 1

But 6, = &, 188.1 X 10 °m = 5.94 X 10 °Ry Rz = 31.7kN

R 31.7kN
Stress in Cylinder: o =— =

=—"—_  g;=448MPa
A 17(0.03m) !

REFLECT and THINK: This example illustrates the large stresses
that can develop in statically indeterminate systems due to even mod-
est temperature changes. Note that if this assembly was statically
determinate (i.e., the steel rod was removed), no stress at all would
develop in the cylinder due to the temperature change.

Fig. 2 Superposition of thermal and restraint force deformations (a) Support at B removed.
(b) Reaction at B applied. (c) Final position.






