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Sample Problem 2.1
The rigid bar BDE is supported by two links AB and CD. Link AB is 
made of aluminum (E 5 70 GPa) and has a cross-sectional area of 
500 mm2. Link CD is made of steel (E 5 200 GPa) and has a cross-
sectional area of 600 mm2. For the 30-kN force shown, determine the 
deflection (a) of B, (b) of D, and (c) of E.

STRATEGY: Consider the free body of the rigid bar to determine the 
internal force of each link. Knowing these forces and the properties of 
the links, their deformations can be evaluated. You can then use sim-
ple geometry to determine the deflection of E.

MODELING: Draw the free body diagrams of the rigid bar (Fig. 1) 
and the two links (Fig. 2 and 3)

ANALYSIS: 

Free Body: Bar BDE (Fig. 1) 

 1lo MB 5 0: 2130 kN2 10.6 m2 1 FCD10.2 m2 5 0

 FCD 5 190 kN     FCD 5 90 kN  tension

1lo MD 5 0: 2130 kN2 10.4 m2 2 FAB10.2 m2 5 0

 FAB 5 260 kN      FAB 5 60 kN  compression

 a. Deflection of B. Since the internal force in link AB is compres-
sive (Fig. 2), P 5 260 kN and

dB 5
PL

AE
5

1260 3 103 N2 10.3 m2
1500 3 1026 m22 170 3 109 Pa2 5 2514 3 1026 m

 The negative sign indicates a contraction of member AB. Thus, the 
deflection of end B is upward:

 dB 5 0.514 mmx ◀

30 kN0.4 m
0.3 m

0.2 m
0.4 m

C

A

B D E

30 kN

0.2 m
0.4 m

B D

FAB FCD

E

(continued)

Fig. 1 Free-body diagram of rigid bar 
BDE. 

0.3 m

A

B

F'AB 5 60 kN

FAB 5 60 kN

A 5 500 mm2

E 5 70 GPa

Fig. 2 Free-body diagram 
of two-force member AB.

0.4 m

C

D

FCD 5 90 kN

FCD 5 90 kN

A 5 600 mm2

E 5 200 GPa

Fig. 3 Free-body diagram of 
two-force member CD.
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Sample Problem 2.2
The rigid castings A and B are connected by two 3

4-in.-diameter steel 
bolts CD and GH and are in contact with the ends of a 1.5-in.-diameter 
aluminum rod EF. Each bolt is single-threaded with a pitch of 0.1 in., 
and after being snugly fitted, the nuts at D and H are both tightened 
one-quarter of a turn. Knowing that E is 29 3 106 psi for steel and 
10.6 3 106 psi for aluminum, determine the normal stress in the rod.

STRATEGY: The tightening of the nuts causes a displacement of the 
ends of the bolts relative to the rigid casting that is equal to the differ-
ence in displacements between the bolts and the rod. This will give a 
relation between the internal forces of the bolts and the rod that, when 
combined with a free body analysis of the rigid casting, will enable you 
to solve for these forces and determine the corresponding normal 
stress in the rod.

MODELING: Draw the free body diagrams of the bolts and rod 
(Fig. 1) and the rigid casting (Fig. 2).

ANALYSIS: 

Deformations.

Bolts CD and GH. Tightening the nuts causes tension in the 
bolts (Fig. 1). Because of symmetry, both are subjected to the same 

 b. Deflection of D. Since in rod CD (Fig. 3), P 5 90 kN, write

 dD 5
PL

AE
5

190 3 103 N2 10.4 m2
1600 3 1026 m22 1200 3 109 Pa2

  5 300 3 1026 m  dD 5 0.300 mmw ◀

 c. Deflection of E. Referring to Fig. 4, we denote by B9 and D9

the displaced positions of points B and D. Since the bar BDE is rigid, 
points B9, D9, and E9 lie in a straight line. Therefore,

 
BB¿
DD¿

5
BH
HD

     
0.514 mm

0.300 mm
5
1200 mm2 2 x

x
    x 5 73.7 mm

 
EE¿
DD¿

5
HE
HD

     
dE

0.300 mm
5
1400 mm2 1 173.7 mm2

73.7 mm

dE 5 1.928 mmw ◀

REFLECT and THINK: Comparing the relative magnitude and direc-
tion of the resulting deflections, you can see that the answers obtained 
are consistent with the loading and the deflection diagram of Fig. 4.

(continued)

C

G

D

H

18 in.

E
A B

F

12 in.

400 mm

(200 mm – x)

 D 5 0.300 mm

200 mm

B'

E'

D'
B

H D E

d E

 B 5 0.514 mmd
d

x

Fig. 4 Deflections at B and D of rigid 
bar are used to find dE.

C

E F

G

D

P'b

P'rPr

P'b

Pb

Pb

H

Fig. 1 Free-body diagrams of bolts and 
aluminum bar. 
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internal force Pb and undergo the same deformation d b. 
Therefore,

 db 5 1
PbLb

AbEb
5 1

Pb118 in.2
1
4 p10.75 in.22129 3 106 psi2 5 11.405 3 1026 Pb (1)

Rod EF. The rod is in compression (Fig. 1), where the magnitude of 
the force is Pr and the deformation dr :

 dr 5 2
 
 

PrLr

ArEr
5 2  

Pr112 in.2
1
4 p11.5 in.22110.6 3 106 psi2 5 20.6406 3 1026 Pr (2)

Displacement of D Relative to B. Tightening the nuts one-quarter 
of a turn causes ends D and H of the bolts to undergo a displacement 
of 1

4(0.1 in.) relative to casting B. Considering end D,

 dDyB 5
1
4 10.1 in.2 5 0.025 in. (3)

But dDyB 5 dD 2 dB, where dD and dB represent the displacements of D 
and B. If casting A is held in a fixed position while the nuts at D and H 
are being tightened, these displacements are equal to the deforma-
tions of the bolts and of the rod, respectively. Therefore,

 dDyB 5 db 2 dr  (4)

Substituting from Eqs. (1), (2), and (3) into Eq. (4),

 0.025 in. 5 1.405 3 1026 Pb 1 0.6406 3 1026 Pr  (5)

Free Body: Casting B (Fig. 2)

y
1

 oF 5 0: Pr 2 2Pb 5 0    Pr 5 2Pb (6)

Forces in Bolts and Rod Substituting for Pr from Eq. (6) into 
Eq. (5), we have

 0.025 in. 5 1.405 3 1026 Pb 1 0.6406 3 102612Pb2
 Pb 5 9.307 3 103 lb 5 9.307 kips

 Pr 5 2Pb 5 219.307 kips2 5 18.61 kips

Stress in Rod

 sr 5
Pr

Ar
5

18.61 kips
1
4 p11.5 in.22 sr 5 10.53 ksi ◀

REFLECT and THINK: This is an example of a statically indetermi-
nate problem, where the determination of the member forces could 
not be found by equilibrium alone. By considering the relative dis-
placement characteristics of the members, you can obtain additional 
equations necessary to solve such problems. Situations like this will be 
examined in more detail in the following section.

Pb

Pb

BPr

Fig. 2 Free-body diagram 
of rigid casting.
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Concept Application 2.3
A bar AB of length L and uniform cross section is attached to rigid 
supports at A and B before being loaded. What are the stresses in por-
tions AC and BC due to the application of a load P at point C 
(Fig. 2.22a)?
 Drawing the free-body diagram of the bar (Fig. 2.22b), the equi-
librium equation is

 RA 1 RB 5 P (1)

Since this equation is not sufficient to determine the two unknown 
reactions RA and RB, the problem is statically indeterminate.
 However, the reactions can be determined if observed from the 
geometry that the total elongation d of the bar must be zero. The elon-
gations of the portions AC and BC are respectively d1 and d2, so

d 5 d1 1 d2 5 0

Using Eq. (2.9), d1 and d2 can be expressed in terms of the correspond-
ing internal forces P1 and P2,

 d 5
P1L1

AE
1

P2L2

AE
5 0 (2)

Note from the free-body diagrams shown in parts b and c of Fig. 2.22c 
that P1 5 RA and P2 5 2RB. Carrying these values into Equation (2),

 RAL1 2 RBL2 5 0 (3)

Equations (1) and (3) can be solved simultaneously for RA and RB, as 
RA 5 PL2yL and RB 5 PL1yL. The desired stresses s1 in AC and s2 in 
BC are obtained by dividing P1 5 RA and P2 5 2RB by the cross-
sectional area of the bar:

s1 5
PL2

AL
    s2 5 2 

PL1

AL

P

L1

L2

RA

RB

(a) (b)

L

A

B

A

B

C C

P

RA

P

RA

RB RB

(a)

(b)

(c)

A

B

C P1

P2

(c)

Fig. 2.22 (a) Restrained bar 
with axial load. (b) Free-body 
diagram of bar. (c) Free-body 
diagrams of sections above and 
below point C used to determine 
internal forces P1 and P2.
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Concept Application 2.4
Determine the reactions at A and B for the steel bar and loading shown 
in Fig. 2.23a, assuming a close fit at both supports before the loads are 
applied.
 We consider the reaction at B as redundant and release the bar 
from that support. The reaction RB is considered to be an unknown 
load and is determined from the condition that the deformation d of 
the bar equals zero.
 The solution is carried out by considering the deformation dL 
caused by the given loads and the deformation dR due to the redun-
dant reaction RB (Fig. 2.23b).
 The deformation dL is obtained from Eq. (2.10) after the bar has 
been divided into four portions, as shown in Fig. 2.23c. Follow the 
same procedure as in Concept Application 2.1:

 P1 5 0    P2 5 P3 5 600 3 103 N    P4 5 900 3 103 N

 A1 5 A2 5 400 3 1026 m2    A3 5 A4 5 250 3 1026 m2

L1 5 L2 5 L3 5 L4 5 0.150 m

Substituting these values into Eq. (2.10),

  dL 5 a
4

i51

PiLi

AiE
5 a0 1

600 3 103 N

400 3 1026 m2 

  1
600 3 103 N

250 3 1026 m2 1
900 3 103 N

250 3 1026 m2b 0.150 m

E
 

  dL 5
1.125 3 109

E
 (1)

 Considering now the deformation dR due to the redundant reac-
tion RB, the bar is divided into two portions, as shown in Fig. 2.23d

P1 5 P2 5 2RB

A1 5 400 3 1026 m2  A2 5 250 3 1026 m2

L1 5 L2 5 0.300 m

Substituting these values into Eq. (2.10), 

 dR 5
P1L1

A1E
1

P2L2

A2E
5 2 

11.95 3 1032RB

E
 (2)

Express the total deformation d of the bar as zero:

 d 5 dL 1 dR 5 0 (3)

and, substituting for dL and dR from Eqs. (1) and (2) into Eqs. (3),

d 5
1.125 3 109

E
2
11.95 3 1032RB

E
5 0

C

A

D

K

B

A 5 250 mm2 

A 5 400 mm2 

300 kN 

600 kN 150 mm

150 mm

150 mm

150 mm

(a)

A

300 kN 

600 kN 

A

300 kN 

600 kN 

A

L�� R�  � 0

RB RB 

(b)

C

K

D
3

4

2

1

A

B

300 kN 

600 kN 

(c)

150 mm

150 mm

150 mm

150 mm

C

1

2

A

B

RB

300 mm

300 mm

(d)

Fig. 2.23 (a) Restrained axially-loaded 
bar. (b) Reactions will be found by 
releasing constraint at point B and adding 
compressive force at point B to enforce 
zero deformation at point B. (c) Free-body 
diagram of released structure. 
(d) Free-body diagram of added reaction 
force at point B to enforce zero 
deformation at point B.

(continued)
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Solving for RB,

RB 5 577 3 103 N 5 577 kN

 The reaction RA at the upper support is obtained from the free-
body diagram of the bar (Fig. 2.23e),

 1 x o Fy 5 0:    RA 2 300 kN 2 600 kN 1 RB 5 0

 RA 5 900 kN 2 RB 5 900 kN 2 577 kN 5 323 kN

 Once the reactions have been determined, the stresses and strains 
in the bar can easily be obtained. Note that, while the total deforma-
tion of the bar is zero, each of its component parts does deform under 
the given loading and restraining conditions.

C

A

300 kN 

600 kN 

B

RB

RA

(e)

Concept Application 2.5

Determine the reactions at A and B for the steel bar and loading of 
Concept Application 2.4, assuming now that a 4.5-mm clearance exists 
between the bar and the ground before the loads are applied (Fig. 2.24). 
Assume E 5 200 GPa.
 Considering the reaction at B to be redundant, compute the defor-
mations dL and dR caused by the given loads and the redundant reac-
tion RB. However, in this case, the total deformation is d 5 4.5 mm. 
Therefore,

 d 5 dL 1 dR 5 4.5 3 1023 m (1)

Substituting for dL and dR into (Eq. 1), and recalling that E 5 200 GPa 
5 200 3 109 Pa, 

d 5
1.125 3 109

200 3 109 2
11.95 3 1032RB

200 3 109 5 4.5 3 1023 m

Solving for RB,

RB 5 115.4 3 103 N 5 115.4 kN

The reaction at A is obtained from the free-body diagram of the bar 
(Fig. 2.23e):

1 x o Fy 5 0:    RA 2 300 kN 2 600 kN 1 RB 5 0

 RA 5 900 kN 2 RB 5 900 kN 2 115.4 kN 5 785 kN

CC

AA

B B

300 kN

600 kN

300 mm

4.5 mm

300 mm

A 5 250 mm2 

A 5 400 mm2 

d

Fig. 2.24 Multi-section bar of Concept 
Application 2.4 with initial 4.5-mm gap at 
point B. Loading brings bar into contact 
with constraint.

Fig. 2.23 (cont.) (e) Complete 
free-body diagram of ACB.
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 (22)شکل 

(b) 

 

 (29)شکل 

 



 
 

 (33)شکل  

 



Concept Application 2.6

Determine the values of the stress in portions AC and CB of the steel 
bar shown (Fig. 2.28a) when the temperature of the bar is 2508F, know-
ing that a close fit exists at both of the rigid supports when the tem-
perature is 1758F. Use the values E 5 29 3 106 psi and a 5 6.5 3 10–6/8F 
for steel.
 Determine the reactions at the supports. Since the problem is 
statically indeterminate, detach the bar from its support at B and let it 
undergo the temperature change

¢T 5 12508F2 2 1758F2 5 21258F

The corresponding deformation (Fig. 2.28c) is

 dT 5 a1¢T2L 5 16.5 3 1026/8F2 121258F2 124 in.2
 5 219.50 3 1023 in.

Applying the unknown force RB at end B (Fig. 2.28d), use Eq. (2.10) to 
express the corresponding deformation dR. Substituting

L1 5 L2 5 12 in.

A1 5 0.6 in2    A2 5 1.2 in2

P1 5 P2 5 RB    E 5 29 3 106 psi

into Eq. (2.10), write

 dR 5
P1L1

A1E
1

P2L2

A2E

 5
RB

29 3 106 psi
 a 12 in.

0.6 in2 1
12 in.

1.2 in2b
 5 11.0345 3 1026 in./lb2RB

Expressing that the total deformation of the bar must be zero as a 
result of the imposed constraints, write

 d 5 dT 1 dR 5 0

 5 219.50 3 1023 in. 1 11.0345 3 1026 in./lb2RB 5 0

from which

RB 5 18.85 3 103 lb 5 18.85 kips

The reaction at A is equal and opposite.
 Noting that the forces in the two portions of the bar are P1 5 P2 
5 18.85 kips, obtain the following values of the stress in portions AC 
and CB of the bar:

Fig. 2.28 (a) Restrained bar. (b) Bar at 
1758F temperature. (c) Bar at lower 
temperature. (d) Force RB needed to 
enforce zero deformation at point B.

C
A

A 5 0.6 in2 A 5 1.2 in2

12 in.12 in.

B

(a)

(c)

(d)

RB

(b)
T�

R�

C
A

B

C

L1 L2

A
B

C

1 2

1 2

A
B

(continued)
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 s1 5
P1

A1
5

18.85 kips

0.6 in2 5 131.42 ksi

s2 5
P2

A2
5

18.85 kips

1.2 in2 5 115.71 ksi

 It cannot emphasized too strongly that, while the total deforma-
tion of the bar must be zero, the deformations of the portions AC and 
CB are not zero. A solution of the problem based on the assumption 
that these deformations are zero would therefore be wrong. Neither 
can the values of the strain in AC or CB be assumed equal to zero. To 
amplify this point, determine the strain PAC in portion AC of the bar. 
The strain PAC can be divided into two component parts; one is the 
thermal strain PT produced in the unrestrained bar by the temperature 
change DT (Fig. 2.28c). From Eq. (2.14),

 PT 5 a ¢T 5 16.5 3 1026/8F2 121258F2
 5 2812.5 3 1026 in./in.

The other component of PAC is associated with the stress s1 due to the 
force RB applied to the bar (Fig. 2.28d). From Hooke’s law, express this 
component of the strain as

s1

E
5

131.42 3 103 psi

29 3 106 psi
5 11083.4 3 1026 in./in.

Add the two components of the strain in AC to obtain

 PAC 5 PT 1
s1

E
5 2812.5 3 1026 1 1083.4 3 1026

 5 1271 3 1026 in./in.

A similar computation yields the strain in portion CB of the bar:

 PCB 5 PT 1
s2

E
5 2812.5 3 1026 1 541.7 3 1026

 5 2271 3 1026 in./in.

The deformations dAC and dCB of the two portions of the bar are

 dAC 5 PAC1AC2 5 11271 3 10262 112 in.2
 5 13.25 3 1023 in.

 dCB 5 PCB1CB2 5 12271 3 10262 112 in.2
 5 23.25 3 1023 in.

Thus, while the sum d 5 dAC 1 dCB of the two deformations is zero, 
neither of the deformations is zero.
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Sample Problem 2.3
The 1

2-in.-diameter rod CE and the 3
4-in.-diameter rod DF are attached 

to the rigid bar ABCD as shown. Knowing that the rods are made of 
aluminum and using E 5 10.6 3 106 psi, determine (a) the force in 
each rod caused by the loading shown and (b) the corresponding 
deflection of point A.

STRATEGY: To solve this statically indeterminate problem, you must 
supplement static equilibrium with a relative deflection analysis of the 
two rods.

MODELING: Draw the free body diagram of the bar (Fig. 1)

ANALYSIS: 

Statics. Considering the free body of bar ABCD in Fig. 1, note that 
the reaction at B and the forces exerted by the rods are indeterminate. 
However, using statics, 

1 l o MB 5 0:  110 kips2 118 in.2 2 FCE 
112 in.2 2 FDF 120 in.2 5 0

 12FCE 1 20FDF 5 180 (1)

Geometry. After application of the 10-kip load, the position of the 
bar is A9BC9D9 (Fig. 2). From the similar triangles BAA9, BCC9, and 
BDD9,

 
dC

12 in.
5
dD

20 in.
    dC 5 0.6dD (2)

 
dA

18 in.
5
dD

20 in.
    dA 5 0.9dD (3)

Deformations. Using Eq. (2.9), and the data shown in Fig. 3, write

dC 5
FCELCE

ACEE
    dD 5

FDFLDF

ADFE

Substituting for dC and dD into Eq. (2), write

dC 5 0.6dD    FCELCE

ACEE
5 0.6 

FDFLDF

ADFE

FCE 5 0.6 
LDF

LCE
 
ACE

ADF
 FDF 5 0.6 a30 in.

24 in.
b c

1
4p112 in.22
1
4p134 in.22 d  FDF  FCE 5 0.333FDF

Force in Each Rod. Substituting for FCE into Eq. (1) and recalling 
that all forces have been expressed in kips,

 1210.333FDF2 1 20FDF 5 180 FDF 5 7.50 kips ◀

 FCE 5 0.333FDF 5 0.33317.50 kips2 FCE 5 2.50 kips ◀

(continued)

Fig. 1 Free-body diagram of rigid 
bar ABCD. 

18 in.
12 in.

30 in.
24 in.

8 in.

10 kips

B

E

F

C DA

18 in.
12 in. 8 in.

FCE

By

Bx

FDF10 kips

B
C DA

18 in.
12 in. 8 in.

B
C' D'

C D
A

A' Ad Cd
Dd

30 in.
24 in.

Cd
Dd

C D

E

F

in.1
2

in.3
4

FCE FDF

Fig. 2 Linearly proportional 
displacements along rigid bar 
ABCD. 

Fig. 3 Forces and deformations 
in CE and DF.

bee98233_ch02_054-145.indd   86bee98233_ch02_054-145.indd   86 11/15/13   4:55 PM11/15/13   4:55 PM

www.konkur.in



Deflections. The deflection of point D is

dD 5
FDFLDF

ADFE
5
17.50 3 103 lb2 Ê130 in.2

1
4p134 in.22110.6 3 106 psi2    dD 5 48.0 3 1023 in.

Using Eq. (3),

 dA 5 0.9dD 5 0.9148.0 3 1023 in.2 dA 5 43.2 3 1023 in. ◀

REFLECT and THINK: You should note that as the rigid bar rotates 
about B, the deflections at C and D are proportional to their distance 
from the pivot point B, but the forces exerted by the rods at these 
points are not. Being statically indeterminate, these forces depend 
upon the deflection attributes of the rods as well as the equilibrium 
of the rigid bar.

(continued)(continued)(continued)(continued)

Sample Problem 2.4
The rigid bar CDE is attached to a pin support at E and rests on the 
30-mm-diameter brass cylinder BD. A 22-mm-diameter steel rod AC 
passes through a hole in the bar and is secured by a nut that is snugly 
fitted when the temperature of the entire assembly is 208C. The tem-
perature of the brass cylinder is then raised to 508C, while the steel rod 
remains at 208C. Assuming that no stresses were present before the 
temperature change, determine the stress in the cylinder.

 Rod AC: Steel Cylinder BD: Brass
 E 5 200 GPa E 5 105 GPa
 a 5 11.7 3 1026/8C a 5 20.9 3 1026/8C

STRATEGY: You can use the method of superposition, considering 
RB as redundant. With the support at B removed, the temperature rise 
of the cylinder causes point B to move down through dT. The reaction 
RB must cause a deflection d1, equal to dT so that the final deflection 
of B will be zero (Fig. 2)

MODELING: Draw the free-body diagram of the entire assembly 
(Fig. 1).

ANALYSIS: 

Statics. Considering the free body of the entire assembly, write

1l o ME 5 0:  RA10.75 m2 2 RB10.3 m2 5 0   RA 5 0.4RB (1)

(continued)

C

A

B0.9 m

0.3 m

0.45 m 0.3 m

D

E

C

A

B

0.3 m0.45 m

D E

RA

RB

Ey

Ex

Fig. 1 Free-body diagram of bolt, 
cylinder and bar.
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 Deflection dT. Because of a temperature rise of 508 2 208 5 308C, 
the length of the brass cylinder increases by dT. (Fig. 2a).

 dT 5 L1¢T2a 5 10.3 m2 Ê1308C2 Ê120.9 3 1026/8C2 5 188.1 3 1026 m w

 Deflection d1.  From Fig. 2b, note that dD 5 0.4dC and 
d1 5 dD 1 dByD.

 dC 5
RAL

AE
5

RA10.9 m2
1
4p10.022 m221200 GPa2 5 11.84 3 1029RA x

 dD 5 0.40dC 5 0.4111.84 3 1029RA2 5 4.74 3 1029RAx

 dByD 5
RBL

AE
5

RB10.3 m2
1
4p10.03 m221105 GPa2 5 4.04 3 1029RB x

Recall from Eq. (1) that RA 5 0.4RB , so

d1 5 dD 1 dByD 5 34.7410.4RB2 1 4.04RB 41029 5 5.94 3 1029RB x

But dT 5 d1: 188.1 3 1026 m 5 5.94 3 1029 RB RB 5 31.7 kN

Stress in Cylinder: sB 5
RB

A
5

31.7 kN
1
4p10.03 m22  sB 5 44.8 MPa ◀

REFLECT and THINK: This example illustrates the large stresses 
that can develop in statically indeterminate systems due to even mod-
est temperature changes. Note that if this assembly was statically 
determinate (i.e., the steel rod was removed), no stress at all would 
develop in the cylinder due to the temperature change.

(a) (b)

5
0.3 0.4   C0.75

(c)

C

C C

D
DD

E E

A AA

B
B B

RB

RA  

dT

dC dC

dD 5d dC

d1

Fig. 2 Superposition of thermal and restraint force deformations (a) Support at B removed. 
(b) Reaction at B applied. (c) Final position.
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